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Abstract

Binary operations are introduced for triples satisfying zero curvature equations and
quadruples satisfying generalized zero curvature equations, and it is shown that such
operations define Lie algebra structures on the corresponding spaces of triples and
quadruples.
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1 Introduction

Zero curvature equations play a prominent role in constructing soliton equations (see, e.g.,
Tu, 1989; Ma, 1992a). By applying the trace identity (Tu, 1989) and the variational identity
(Ma and Chen, 2006), Hamiltonian structures can be furnished for the resulting soliton equa-
tions, which generate infinitely many symmetries and conservation laws. The trace identity
and the variational identity work for semisimple and non-semisimple matrix Lie algebras,
respectively. Zero curvature equations associated with non-semisimple matrix Lie algebras
yield integrable couplings (Ma et al., 2006), becuase a general complex Lie algebra has a
semi-direct sum of a semisimple Lie algebra and a solvable Lie algebra. Integrable couplings

are a pretty new research area in soliton theory (Ma, 2010; Ma et al., 2012).

Let F be the field R of real numbers or the field C of complex numbers. Let z,t € R
be independent variables and u = u(x,t) denote a g-dimensional column vector of F-valued
dependent variables. Recall that the Gateaux derivative of a F-valued function Plu] =
P(z,t,u,ug, -+ ) in a direction v = v(x) is defined by
0
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P'(u)[v] P(x,t,u+ev,uy + vy, ), (1.1)




where v is a g-dimensional column vector of F-valued functions. By B, we denote all F-
valued functions Plu] = P(x,t,u,u,,---), which are C*°-differentiable with respect to x,t

and C*-Gateaux differentiable with respect to u = u(zx,t) as a vector function of z, and set
B ={(P,P, - ,P) |PeB 1<i<r} r>1 (1.2)

By gl(r, F), we denote all r x r matrices U = U(u,\) in gl(r, F) (the space of all 7 x r
matrices with entries in F'), which are C*°-Gateaux differentiable with respect to u = u(x,t)

as a vector function of x and C*°-differentiable with respect to \.

For K € B4, we consider an evolution equation
u = Klu] = K(z,t,u,uy, - ). (1.3)

If there are matrices U = U(u, \), V = V(u, ) € gl(r, F) and a C>-differentiable function
f such that the following matrix equation (Ma, 1993a) holds:

UK+ fNUN =V + [U, V] =0, (1.4)

where the Gateaux derivative U’ (U' = (Uj;)rxr if U = (Uij)rx,) is assumed to be injective
and Uy and V, are partial derivatives, then (U, V) is called a Lax pair of the equation (1.3)

associated with the evolution law of the spectral parameter, A\, = f(A).

The injective property of the Gateaux derivative U’ guarantees that if U'[K] = 0, then
K = 0. Therefore, if there is a Lax pair (U,V) associated with the evolution law of the
spectral parameter, \; = f(A), then the equation (1.3) is equivalent to the compatibility
condition

of the following spectral problems

(1.6)

0 = U(u, N,
or = V(u, N,

under the evolution law of the spectral parameter, A, = f(\) (Ma, 1993a). The equation
(1.5) is called a zero curvature equation, and it presents a zero curvature representation
of the evolution equation (1.3) while the matrix equation (1.4) with the injective Gateaux

derivative U’ holds (for the case of Lax representations, see Ma, 1992b).

More generally, motivated by a Manakov pair (Ma, 1992¢), the evolution equation (1.3)
may be represented as
U —V,+[UV]+W =0, (1.7)
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or more concretely,

Uw)[K]+ fNUN =V + [U,V]+W =0 (1.8)
for three matrices U = U(u, \), V = V(u, \), W = W (u, ) € gl(r, F) and a C*-differentiable

function f, under the evolution law of the spectral parameter, A, = f(\). The equation (1.7)
is called a generalized zero curvature equation, and it presents a generalized zero curva-
ture representation of the evolution equation (1.3) while the matrix (1.8) with the injective

Gateaux derivative U’ holds.

Zero curvature representations are good tools for computing symmetries of soliton equa-
tions, and related algebraic structures help in recognizing diverse symmetry algebras (Ma,
1992d) (for the case of Lax representations, see Ma, 1993b). Generalized zero curvature
representations will bring more possibilities to get symmetries and their algebras, since gen-
eralized zero curvature equations become zero curvature equations when W = 0. In this
paper, we would like to show that there exist Lie algebra structures behind zero curvature

equations and generalized zero curvature equations.

2 Lie algebra structures

Let U = U(u, \) be a given square matrix in the loop algebra gl(r, F). We do not need the
injective property of the Gateaux derivative U’ in discussing related Lie algebra structures

in this section.

2.1 The case of zero curvature equations
Assume that P(U) denotes the set of all triples (V, K, f) satisfying (1.4), i.e.,
U'(w)[K]+ f(NUN =V, + [U, V] =0,

where V = V(u,\) € gl(r, F), K = K[u] € B? and f is C*-differentiable with respect to
A. Obviously, P(U) forms a vector space on the field F' under the usual addition and scalar

multiplication:
(‘/17K17f1) + (‘/27K27f2) - (‘/1 + ‘/27K1 + KZafl + f2)a CY(V, K7 f) = (Od/? OéK, Olf), (21)

where (V1, Ky, f1), (Va, Ko, fo2), (V, K, f) € P(U) and « € F.



Theorem 2.1 Let U = U(u,\) be a given square matriz in the loop algebra gl(r, F). The
bracket [—, —] on the space P(U):

[(V1, Ky, f1), (Va, Ko, f2)] = ([Va, V2l [Ky, Ko, [, fol), (2.2)
where

(K1, K] = K (u)[ K] — K5 (u)[Kq], (2.3)
[f1, f2I(N) = fraQ) fo(A) = Fr(A) f2a(A) = FL(A) f2(A) = F1(A) f2(A),

defines a Lie algebra structure on P(U).

{ [Vi, Vo] = Vi (u)[ K] — V3 (u)[K1] + [Vi, Vo] + foVin — fiVan,

Proof: Tt is direct to show that the bracket [—, —] is closed on the space P(U) (see also Ma,
1993a). Obviously, it is bilinear and satisfies

[(V, K 1), (V. K, )] =0, ¥V (V. K, f) € P(U).

Therefore, one needs only prove the Jacobi identity (Erdmann and Wildon, 2006). To this
end, we denote the first component of [—, —] by [—, —]; and compute that

[[(V1, Ky, f1), (Va, K, f2)], (Vs, K, f3)]a

= [([V1, V2], [Ky, Ko, [ f1, fa]), (Va, K3, f3)]

= [Vi, Vo] [ K] — V5[ K0, K] + [[Va, Vo], Va] + f3[Vi, Vala — [f1s f2] Vs

= (V[K)) [Ks) — (Vo [K1]) [Ks) 4 [Vi, Vo [Ks] + fa(Vin) [Ks] = fi(Van)'[Ks]

—V3[[K1, Kol] + [V (W) [ K] — Va(u)[Kq] + [Vi, Vo] + f2Via — fiVan, Vi)
+f3(V1'7,\[K2] — ‘/2/7,\[K1] + V1, Valx + foaVia + f2Vipn — fiaVar — fiVeon)
—[f1, f2]Vaa.

We further group all the terms as follows:

[[(Va, Ko, f1), (Va, Ko, fa)], (Vs, K3, f3)]a
= {(V{[K2]) [Ks] — (V5 [KA])'[Ks] = VE[[Ky, K]l
V1, Vo] [K] + VI (w)[K] — Vo (u)[ K], Val e
2 (Vi) [KG] — fi(Va) [Ks] + fs(VI L [Ka] — Vo, (K] }s
V1, Vel Vsl ha + {[f2Vix — fiVax, Vsl + f3[Vi, Vala}s
Hfa(forVix = fiaVax) = [f1s Lol Vaate + {fs(foVion — fiVan) br

= Z{Tium)}



Nothing (Ma, 1992b) that
(P'[K])'[S] — (P'[S])'[K] = P'[[K, S]],
we have
T1(1,2,3) + cycle(1, 2, 3)
= (VI[Ka]) [ K] — (V3 [Kq]) [ K] — V3[[K, Ko
+(VZ[K3]) [K1] — (V5[KR]) KL ] — VY[[K2, K]
+(V3[KA]) [Ka] — (VI [K3)) [Ke] — V3 [[ K, K]
= (V[[Ka2, K3]] + V5[ K3, Ki]] + V3[[K, Kol])
—(V3[[Ky, Kal] + V{[[Ka, Ks]] + V5[ K3, Ki]])
=0.

Since the commutator of matrices is a Lie bracket, we have
Ti(1,2,3) + cycle(1,2,3) = [[V1, V2], V] + [[V, Vs], Vi] + [[Vs, V], V2 = 0.
It is also direct to check that
T;(1,2,3) + cycle(1,2,3) =0, i = 2,3,5,6, 7.

This proves that the first component of the Jacobi identity holds. More easily, owe can
show that the second and third components of the Jacobi identity hold (see also Ma, 1993a;
Ma, 1993b). Therefore, [—, —] satisfies the Jacobi identity, and so it defines a Lie algebra

structure on the vector space P(U). O

2.2 The case of generalized zero curvature equations

Let Q(U) be the set of all quadruples (V, W, K, f) satisfying (1.8), i.e.,
where V = V(u,\), W = W(u,\) € gl(r, F), K = K[u] € B? and f is C™-differentiable
with respect to .

Obviously, Q(U) forms a vector space on the field F' under the usual addition and scalar

multiplication:

{ (‘/iawlyKlvfl) + (‘/é)WQaKZan) = (Vi +‘/27W1 +W2aK1 +K27f1 +f2)7 (2 4)

a(V,W K, )= (aV,aW,aK, af),



where (‘/17 W17 K17 f1)7 (‘/2) W27 K27 f2)7 (‘/7 W? K7 f) € P(U) and «a € F. Let (‘/17 W17 Klu fl)
and (Va, Wy, Ky, f2) be two elements in the space Q(U). Introduce the bracket

[[(Vla Wi, K, fl)v (V%WQv Ko, fQ)]] = (HVlv VQH) [[Wl’ WQ]]? [Kl’ KQ]v [[fla fQ]])a (2'5)

where
[Vi, Vo] = V{(u)[K3) — Va(u) K] + [V, Vo] + foVix — [iVa,
[Wi, Wa] = Wi(u)[Ks] = Wiuw)[Kq] + [Wh, Vo] — [Wa, Vi] + faWix — filVa,
(K1, Ko = K (u)[Ka] — K (u)[Kal,
[f1, f2I(N) = FiaN) f2(A) = fi(A) far(A) = FiA) f2(A) = [r(A) f5(N),

motivated by an algebraic structure for Manakov’s pairs in (Ma, 1992c¢).

(2.6)

Theorem 2.2 Let U = U(u, \) be a given square matriz in the loop algebra 51(7«, F). The
space Q(U) is closed under the bracket [—, —] determined by (2.5) and (2.6).

Proof: Let (Vi, W1, Ky, f1) and (Va, Wa, Ky, f5) be two elements in the space Q(U), that is

to say, we have
U)K+ fi(NUs = Vig + [U, V] + Wi =0, i = 1,2. (2.7)

First, it is direct to see that [Ki, K] € B9, [Vi, V3], [W1, W] € g?l(fr, F), and [f1, f2] is
C>-differentiable. We would then like to prove that

U'(w)[[Ky, K] + [f1, o )(NUL = Vi, Vala + [U, V1, Vo] + [W, W] = 0. (2.8)

It follows from (2.7) that

{ (U'[Kq]) [Ka] + [U, A]'[Ka] = Vi, [Ks] — fiU3[ K] — WK, (2.9)
(U'[Ko]) [Ka] + [U, Vo] [Ki] = V5, [Ki] — foUs[ KL — WK,
and
{ UNKL] = Vigxr — [U,Vila = fiaUs — filin — Wiy, (2.10)
ULK2] = Vaun — [U, Va]x — faaUx — faUxy — Wo .

Let © = V/[Ky] — V5 [K1] + [V4, Va]. Then we have
O — [U, 6] = VI [Ka] = Vo [Ki] + Vi, Vo] + Vi, V| — [U, VI[IG] = V3[KQ] + [V, V2.

Note that we can compute that

[U, [V1,Va]] = [V, [U, Va]] = [Va, [U, V]|
= [V1, Voo = U'[Ks] = foUs = Wa] = [Vo, Vi, — U'[Ki] — fiUx — Wil
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Therefore, we can further have

0, — [U, 0]
= Vl’,x[Kﬂ - V2’,I[K1] - [U, Vll[KQ] - V2’[K1]]
+[V1, U'[Ka] + foUs + Wa] — [Vo, U'[KA] + iUy + Wi
= VI [] = Vi [KG] = [U Vi) [Ko] + [U, Vo] [ K]
+fo[Vi, Ux] = f1[Va, U] + [V, Wa] — [Va, W]
= U'[[Ky, K] + AULKS] + WH[K,] — fU K] — Wi K]
+ o[V, Un] = fi[Va, UN] + [Vi, Wa] — [Vo, W]
= U'[[K1, K| + [fr, f2]Ux + fiVaur — f1lU, Va,i]
—f2Vien + LolU, Vinl + [Wi, Wa].

where the last two steps followed from (2.9) and (2.10), respectively. Now, this equality

obviously implies that (2.8) holds. To conclude, the space Q(U) is closed under [—, —]
defined by (2.5) and (2.6). O

It is also direct to see that the bracket [(Vi, Wi, K1, f1), (Va, Wa, Ks, f2)] is bilinear on the
space Q(U). Therefore, the bracket [(Vi, Wy, K1, f1), (Va, Wa, Ka, f2)] defines an algebraic
structure on the space Q(U). This, actually, defines a Lie algebra structure on the space

Q(U).

Theorem 2.3 Let U = U(u,\) be a given square matriz in the loop algebra gl(r, F). The
bracket [—, —] determined by (2.5) and (2.6) defines a Lie algebra structure on the space
Q(U).

Proof: Obviously, the bilinear bracket [—, —] satisfies

[(VIW. K, [), VW, K, [)] =0,V (VW K, f) € Q).

Therefore, one needs only prove the Jacobi identity (Erdmann and Wildon, 2006). Based on

Theorem 2.1, it is sufficient to check the second component of the Jacobi identity. To this



end, we denote the second component of [—, —] by [—, —]2 and we compute that

[V, Wi, Ky, f1), (Va, Wa, Ko, fo)], (Va, Wi, K3, f3)]2
= [([V1, V2], [Wh, W2, [Ku, Kol [ fo]), (Vs, W, K, fs)]
= [Wh, Wo]'[ K] — Wi[[ Ky, Kol + f3[Wi, Wals = [f1, fo]Wa,
+[[Wr, Wa], V3] — W3, [V4, V2]
= (W{[EG]) [Ks] — (W3 [KA])'[KG] 4 f2 W]\ K] — fiW3 5[]
+HWHK], Vo] + [Wh, Vi [KG]] — W[ K3), Vil — [Wa, VIKG]] — Wi[[Ky, Ko
+ (WA = Wo [Ka] + faaWin + faWiaa — fiaWan — filWa
Wi, Vo] + Wi, Vo] = [Wan, Vil — [Wa, Vi) — [f1, f2]Wsa
HWIK,] = WhlKA] + faWix — fiWa + [Wh, Vo] — [Wa, V], V3]
—[Ws, V[ K] — VI[KA] + [Vi, Vo] + foaVix — fiVal.

We further group all the terms as follows:

[[Vi, Wi, Ky, f1), (Va, Wa, Ko, fo)], (Va, Wa, K, f3)]2

= {(W1[K,]) [K5] — (W3[KA]) [ K] — WE[[Kq, KolTh
H WL L\Ks] — AW [KG] + f3(W] A [Ka] — Wa,\[Ki]) }e
H{[WH[Ks], Vo] — (W[ K], Vi] + [WH[KS] — Wi KA, Val}s
Wi, V3[K3]] — [Wa, VI[EG]] — [Wa, VI[IG] — V5 [K1]]
H (oW = fiaWan) = [f1, fo]Waals
H Wi — i) e
H (Wi, Vo] = [Wo, Vi]) + [faWix — filVan, Vsl }r
H (W, Vau] = W, Vinl) — [Wa, faVix — fiVanl}s
H[[Wh, Vo] — [Wa, Vi, V3] — [W3, [Vi, Va]] }o

9
=> {Si(1,2,3)}
i=1
We can directly prove that for all groups of terms, we have
Si(1,2,3) 4+ cycle(1,2,3) =0, 1 < <09.

For example, we can readily check that
S2(1,2,3) + cycle(1, 2, 3)
= faW] K] — W5\ [Ks] + f3(W] \[K] — W3\ [Ki])
+SsWo K] = foWi [0 ] + fu(W5 5 [Ks] — Wi \[K))
F 1WA K] — fsW \[Ko] + f2(W3 [ Kq] — W \[K3])
= ()’



S5(1,2,3) + cycle(1, 2, 3)
= fs(foru Wi — fiaWan) — (finfo — fifor)Wsa
+fi(fsaWar = fauWsn) = (forfs — fafan ) Wi
+ o (fiaWax = faaWin) — (fsafi — fafin)Wan
=0,

and
So(1,2,3) + cycle(1, 2, 3)

= [[Wh, Vo] — [Wa, Vi], V3] — [W3, [Vi, V2]
+[[Wa, Va] — W3, Va], Vi] — [Wr, [Va, V3]]
+[[Ws, Vi] = [Wh, V3], Vo] — [Wy, [V3, VA]]
= ([Wh, Vo], Va] — W1, [Va, V3]] — [[W1, V3], Va))
+([[Wa, V5], Vi] — [[Wa, Vi, V3] — [Wo, [Va, VA]])
+([[Ws, Vi, Vo] = [W3, [Va, Vo] — [[W3, V2], Vi)

e

Therefore, the bracket [—, —], defined by (2.5) and (2.6), satisfies the Jacobi identity, and

so it defines a Lie algebra structure on the vector space Q(U). O

3 Concluding remarks

Lie algebra structures were furnished on the vector space of triples satisfying zero curvature

equations and the vector space of quadruples satistying generalized zero curvature equations.

There are diverse symmetry algebras for soliton equations (see, e.g., Ma, 1991; Ma, 1994;
Chen and Zhang, 1996), because there exist Lie algebra structures behind their zero curvature
representations. Generalized zero curvature representations should bring more possibilities

for getting symmetries and their algebras for soliton equations.

Assume that the Gateaux derivative U’ is injective. Then evidently, if two quadruples
(Vi, Wy, K1, f1) and (Va, Wa, Ky, f) satisfy

then two autonomous evolution equations
= Kifu] = Ki(u,ug, -+ +), wp = Kafu] = Ko(u,ug, -+ -),

commute with each other, i.e.,
[Kh KQ] = OJ
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provided that
[[‘/17 ‘/2]] = 07 [[Wla WQ]] = 07 [[fb fQ]] = 0.

Therefore, we can search for quadruples commuting with a given quadruple (V, W, K, f) to

find symmetries for a given autonomous evolution equation
u = Klu] = K(u, tug, ).

Lie algebras are an important and beautiful area in mathematics (Erdmann and Wildon,
2006), and so, we expect that beautiful properties on symmetries can be explored, based on

our Lie algebra structures established above.
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