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Abstract. Let Ag C A; C --- C A;—1 C A; be a chain of unitary commutative rings (each A; is constructed
by the direct product of suitable Galois rings with multiplicative group A} of units) and Ko C K1 C -+ C
Ki—1 C K be the corresponding chain of unitary commutative rings (each K; is constructed by the direct
product of corresponding residue fields of given Galois rings, with multiplicative groups K} of units), where ¢ is
a non negative integer. In this work presents three different types of constructions of generator polynomials of
sequences of BCH codes having entries from A} and K} for each i, where 0 < ¢ < ¢.
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1 Introduction

Let A be a finite commutative ring with identity. The ring A", with n € Z™, being a free A-module
preserve the concept of linear independence among its elements is similar to a vector space over a field. Though
it is the constraint that an r x r submatrix of r X n generator matrix M over A is non-singular, or equivalently,
has determinant unit in 4. The existence of non-singular matrices having not obligatory the unit elements
is, in fact the primary obstacle in working over a local ring instead of a field. The notion of elementary row
operations in a matrix, and its consequences, also carry over A with the understanding that only multiplication
of a row by a unit element in A is allowed, which is in contrast to the multiplication by any nonzero element in
the case of a field. The structure of the multiplicative group of units of A is the main motivation to calculate
the McCoy rank [1] of a matrix M, that is the largest integer r such that r x r submatrix of M has determinant
unit in A.

Linear codes over finite rings have been discussed in a series of papers initiated by Blake [2], [3], and
Spiegel [4], [5]. However a remarkable development, nonetheless, began by Forney et al. [6]. The structure of,
the multiplicative group of unit elements of certain local finite commutative rings have recently raised a great
interest for its wonderful application in algebraic coding theory. Using multiplicative group of unit elements of a
Galois ring extension of Z,m, Shankar [7] has constructed BCH codes over Z,~. However, Andrade and Palazzo
[8] have further extend these construction of BCH codes over finite commutative rings with identity. Both
construction techniques of [7] and [8] have been addressed from the approach of specifying a cyclic subgroup
of the group of units of an extension ring of finite commutative rings. The complexity of study is to get the
factorization of z® — 1 over the group of units of the appropriate extension ring of the given local ring.

There exist corresponding Galois ring extensions R; = GR(p™, h;), where 0 < i < ¢, h = b', b is prime,
t is a positive integer and h; = b* (respectively, there residue fields K;, where 0 < i < ¢ and h; = b%) of
unitary local ring (R, M) with p™ elements (respectively, p elements and residue field R/M). For each i, for
0 < i <t, it follows that R} has one and only one cyclic subgroup G,,, of order n; (divides pli — 1) relatively
to p (an extension in [7, Theorem 2]). Furthermore, if 37 generates a cyclic subgroup of order n; in K?. Then
% generates a cyclic subgroup of order n;d; in R, where d; is an integer greater than or equal to 1, and (3%)%
generates the cyclic subgroup G,,; in R} for each ¢ [7, Lemma 1]. Then by extending the given algorithm [7]
for constructing a BCH codes with symbols from the local ring A for each member in chains of Galois rings
and residue fields, respectively. Consequently there are two situations: s; = b’ for i = 2 or s; = b’ for i > 2.
By these motivations in this paper for any ¢t € ZT, we let Ag C A; C --- C A;_1 C A; be a chain of unitary



commutative rings, whereas for each i, such that 0 < i <, it follows that A; is direct product of Galois rings,
i.e.,

Ao = RO,l X RO’Q X e X Rom
N n N N
.Al = Rl,l X RLQ X e X Rl,r
N N N N
N n N N
.At = Rt,l X Rt72 X e X Rt,’r

Whereas Ro; C Ri,j C -+ C Re—1,; C Rej, for each 1 < j < r, is the chain of Galois rings. In construction I
we have different R; ; with same characteristic p. In constructions II and III we take different R; ; with different
characteristic p;, where 1 < j <r.

Through of the chain Ag C Ay C--- C A1 C Ay, Kg C Ky C -+ C Ky_1 C K there is a chain of rings
constituted through the direct product of their residue fields, i.e.,

Ko = Ko1 x Koo x -+ x Ko
N N n n
Ki = Kii x Ko x -+ x Ky,
N n N N
N N n n
K:t = Kt}l X Kt’Q X e X Kt,r~

Whereas Ko ; CK;; C - CKeoq; C Ky, for each 1 < j <r, is the chain of corresponding residue fields. In
construction I we have K; ; = K; ;11 and different in remaining types. It follows that A} and K7, for each 4,
where 0 < 4 < t, are multiplicative groups of units of A; and K;, respectively.

2 Construction I

For each j such that 1 < j <, let p be any prime and m; be a positive integer. Then ring A; = Z,m; is

]\% = Zyp. The natural

projection m; : A;[z] — K[z is defined by m; (> j_, arz®) = > ;_, @ga®, where ay = ay + M; for k=0,---,n
Thus, the natural ring morphism A; — K is simply the restrictions of 7; to the constant polynomial. Now, if

fj(x) € Aj[x] is a collection of basic irreducible polynomials with degree h = b', where each b is a prime and ¢

is a positive integer, then R; = (‘; @) = GR(p™, h) is the Galois ring extension of A; and

oo Ri o AL Ak (K g,
M (M, () /(fi (@) (M, fi(x)  (m(f5 () (m;(f5()))
is the residue field of R, where M; = (M;, f;(x))/(f;(z)) is the corresponding maximal ideal of R;.
Since 1,b,b%,---,b""1,b! are the only divisors of h, and take hg = 1,h; = b hy = b?,--- hy = b* = h,

the unitary finite local commutative ring with maximal ideal M; and residue field K =

therefore by [1, Lemma XVI.7] there exist basic irreducible polynomials f1 j(x), fo;(x),- -, fi;(x) € Aj[z] with
degrees hy, ho, - - -, hy, respectively, such that we can constitute the Galois subrings R; ; = % = GR(p™i, h;)

of R; with the maximal ideal M; ; = (M, fi ;(x))/(fi j(x)), for each i,j, where 0 <i <t and 1 < j <r. Thus
the residue field of each R; ; becomes

Ry AX]/(fig() O Ajlel (A/My)[=] . K[z] hi
K= My = 00 Fos ) s @)~ Oy oy @)~ g @)) — Gy~ CF @

As each h; divides h;y; for all 0 < i < ¢, so by [1, Lemma XVI1.7] it follows that

Aj = ROJ C 'Rl)j C RQJ c---C Rt—l,j - Rt7j = Rj
is the chain of Galois rings with corresponding chain of residue fields

ZpZK()CKlCKQC"'CKt_lCK.



If A;=Ri1 x Ri2 x Rijz x -+ X R4, for each ¢ such that 0 < ¢ < ¢, then we get a chain of commutative rings,
i.e.,

Aoc A cA C---CcA_1CA=A

with an other chain of rings Ko C K1 C Kg C --- C K4—1 C K¢ = K where each K; = K], for each ¢ such that
0<1 <t

Let A7, R; ; and K7 be the multiplicative groups of units of A;, R; ; and K; respectively, for each 4, j, where
0<:<tandl S j <r. Now, the next theorem extended [1, Theorem XVIII.1], which has a fundamental role
in the decomposition of the polynomial z* — 1 into linear factors over the ring A}. This theorem asserts that
for each element a; € A] there exist unique elements 3; ; € R} ,, for each 4,j, where 0 <i¢ <tand 1 <j <,
such that Q= (/B'L,la 61,27 Ty /BZ,’I‘)

Theorem 1 Let A; =R;1 X Ria X Rijg x -+ X RZ r for each i such that 0 < i <t, where each R; ; is a local
commutative ring. Then A7 = R 1 xRjo X Ri3 x -+« xR} ., for each i,j, where 0 <i <t and1<j<r.

R

i,77

Note that Bi,l = Bm = Bi,?; == Bi,r = f3;, and therefore @; = (B, 3;, 8;,- - -, 3;). Following theorem
indicates the condition under which z* — 1 can be factored over A}, for each 4, such that 0 < ¢ < ¢.

Theorem 2 For each i such that 0 <1 <, the polynomial z° —1 can be factored over the multiplicative group
Af as 2% — 1 = (z — a;)(z — a2) - (z — «f) if and only if B;, has order s; in K}, where ged(s;,p) = 1 and
Q; = (61;,17 ﬁi,Qa T 7ﬁi,7’)-

Proof. Suppose that the polynomial x° — 1 can be factored over A} as z° —1 = (z — ;) (x — o) -+ (x — o).

Then z% — 1 can be factored over R} ; as x% —1 = (x — Bi;)(x — B7;) - (z — Bii)s for each i such that
0<i<tandl<j<r. Nowitfollows from the extension of [7, Theorem 3] that B; has order s; in K}, for
each i such that 0 < i < t. Conversely, suppose that B; has order s; in K}, for each i such that 0 < i < t.
Again it follows from the extension of [7, Theorem 3] that the polynomial x — 1 can be factored over R; ;as
% —1=(x—Bi;)(z— ’j) (a:—ﬂffj),for()gigt and 1 < j <r. Since a; = (Bi1, B2, -, Bir), for each

i such that 0 < i <t, therefore 25 —1 = (v — ;) (z — a?) -+ (x — o) over A}, for each i such that 0 <i <t.

7

Let H,, s, denotes the cyclic subgroup of A} generated by «;, for each ¢ such that 0 < i <t¢, ie., Hy, s,
contains all the roots of £°* — 1 provided the condition of Theorem 2 is met. The BCH codes C; over A} can
be obtained as the direct product of BCH codes C; ; over R; ;. To construct the cyclic BCH codes over A7,
we need to choose certaln elements of H,, »,, where n; = s;, as the roots of generator polynomials g;(z) of the

codes. So that, a3, o2, a2, - " are all the roots of g;(z) in Hy, »,, we construct g;(x) as

€n. —
i
, O

gilw) = lem{M{" (x), M{* (), -+, M;" 7" ()},

K3
where for each 7 such that 0 < ¢ < ¢, it follows that Mf “(z) is the minimal polynomial of af“’, for | =
1,2,---,n; — ki, whereas each a;" = (,BZlf ; ﬂzlg, e ,BZL;' ), and M;"(z). The following theorem is the extension

of [7, Lemma 3] and provides us a method for construction of M (), the minimal polynomial of a;"" over the
ring A;, for 0 < i <t.

Theorem 3 For each ¢ such that 0 < ¢ <t, let M:li () be the minimal polynomial of a:li over A;, where a?i
generates Hy, pn,, forl; =1,2,--- ,n; —k;. Then Mf'(a:) = Hgieri(a: —&;), where Bf = {(a?")mm‘ tmy =
[[j=ip%9, 1<l <nj—ki, 0<¢qi; <h;—1}. |

Proof. Let M, (x) be the projection of M;"(z) over the field K; and M;" (z) be the minimal polynomial
of af” over K, for each i,j, where 0 < i < t and 1 < l; < n; — k;. We can verify that each M?i (x)
(minimal polynomial of Efli) is divisible by M?J@ (z) (minimal polynomial of B?i), for0<i<tandl <Il; <

n; — k;. Thus it has, among its roots, distinct elements of the sequences @fli , (@), (@f“)pz, cee (af“)phrl,
fm" 0< i <t and 1 <l <n;—k;. Hence Mfl(a:) has, among its roots, distinct elements of the sequence
(P, (af ) N (e L h'_l, for each i such that 0 < i <t and 1 <1l; < n; — k;. Thus the element

m

= (oy ’)plzstherootofM i(x), for each i such that 0 < i <t, 0<m; <h;—1and 1 <1l <n;—k.
enee 417 ) 1T, )

Remark 4 Since, for each i such that 0 < i < t, it follows that M;" (x) (minimal polynomial of @' ) is the
projection of M;' (z) (minimal polynomial of a;'') over the rings K;. So M () generates the sequence of
codes over the special chain of rings K; = K.



The lower bound on the minimum distances derived in the following theorem applies to any cyclic code.
The BCH codes are a class of cyclic codes whose generator polynomials are chosen so that the minimum distances
are guaranteed by this bound. In this sense, the following extended [8, Theorem 2.5].

Theorem 5 [9, Theorem 11] For each i such that 0 < i < ¢, let g;(x) be the generator polynomial of BCH
code C; over the ring A; from the chain Ay C Ay C Ay C -+ C A1 C Ay, with length n; = s;, and let
ait ol af"rki be the roots of gi(x) in Hy, n;, where a; has order n;. The minimum Hamming distance
of this code is greater than the largest number of consecutive integers modulo n; in E; = {e1,ea,es, -+, €n,—k, },
for each i such that 0 < i <t.

Corollary 6 [8, Theorem 2.5] Let g(x) be the generator polynomial of BCH code over A with length n = s such
that o', a°?,---,a°* are the roots of g(x) in Hy,pn, where o has order n, then minimum Hamming distance
of the code is greater than the largest number of consecutive integers modulo n in E = {e1,ea,€3, ", €n_k}.

2.1 Algorithm

We can also use the extension of [7, Theorem 4] for the BCH bound of these codes. The algorithm for
constructing a BCH type cyclic codes over the chain of rings Ag C A1 C Ay C --- C A;_1 C A; = A is then as
follows.

1. Choose irreducible polynomial f; j(x) over Z,m; of degree h; = b?, forl < i < t, which are also irreducible

over GF(p) and form the chains of Galois rings

Ly = GRO™, ho) C GR(™,hy) C -+ C GR(™, hu_1) € GRG™ ) or
A; Roj CR1j CRe; C---CRi—1; CRe; =R

and its corresponding chain of residue fields is

Z, = GF(p)CGF@p")c---CcGF@™1)c GF(p") or
= KyCK;CKy---CKy1 CK,
where each GF(p/i) ~ %, for 1 <i<t.

2. Now put A; =Ri1 X Ri2 X Ri3 X -+ x Ry, for 0 <4 <t, where each R; ; is a local commutative ring,
and get a chain of rings

AcAiCcACc---CA1CA=A
with an other chain of rings

KocKicKoC---CKy_1 CKi =K,
where each ; = K], for 0 <¢ <t

3. Let m; ; =7; be the primitive elements in K}, for 0 < ¢ <. Then 7 ; has order d; j.n; in R; ; for some
integers d, ;, put B;; = (nl-’j)divf. Then o; = (B1,,P2,,Ps,, -, Br,) has order n; in R}, and generates
H,, n,. For each i, where 0 <i <t, let o;; be any element of Hy, »,.

4. Let o', a8, a, -, a;" " are chosen to be the roots of g;(z). Find M;" (z) are the minimal polynomials
of a?", forl; =1,2,---,n; — k;, where each a?" = (ﬂ:”,ﬂ:”,ﬂ:“,---,5:”). Then g;(x) are given by

gi(x) = lem{M{" (x), M{*(x), -, M;" ™" ()}

K2

The length of each code in the chain is the lem of the orders of afl,afz,a?,---,af"i_k"', and the
minimum distance of the code is greater than the largest number of consecutive integers in the set
E; ={e1,ea,e3, +,€n,_k,  for each i, where 0 < i <.

Example 7 We initiate by constructing a chain of codes of lengths 1, 3 and 15, taking Ay = Z4 and As = Zg.

Since My = {0,2} and My = {0,2,4,6}, so K; = ]‘37] ~ Zs for i = 1,2. The regular polynomial fi(x) =

rt+x+1 € Zylx] and fao(z) = 2t + 2+ 1 € Zg[x] is such that w1 (f1(z)) = 2t + 2+ 1 and ma(f2(z)) = 2* + 2+ 1
are irreducible polynomials with degree h = 22 over Zs. By [9, Theorem 3], it follows that fi(z) and fo(x) are

wrreducible over A1 and As, respectively. Let Ry = (fo(g]) = GR(2%,4) and Ry = (Zfi%}) = GR(23,4) be the

4



Galois rings and K = % = GF(2%) be their corresponding common residue field. Since 1, 2 and 2% are

the only divisors of 4, it follows that put hy = 1, ho = 2 and hs = 22. Then there exist irreducible polynomials
fir(@) =22 —x+1 and f;2(z) = fa(x) in Zy]x] with degrees ha = 2 and hy = 4 such that we can constitute

the Galois rings R;1 = (Zfz[";])) = GR(2%, hi), and R;2 = (fzz([z)) = GR(23,h;), where 1 < i <2. So A; =

Ro,; CRi1; C Rej =R;, for j =1,2. Again by the same argument K; = % = GF(2,h;) = GF(2"),

where 1 < i <2 and 1 < j < 2. That is, Koy = GR(2,1) = Z, K; = GR(2,2), Ky = K = GR(2,4), with
Ki C Ky CK. Now A; = R;1 X Ri2 such that Ag C Ay C Ay, i.e.,

Ao = Ro1=12Z4 . X Roo =7Zg o
Zoolx Zo3 [
A= Ruswinm ¢ Re s wtas
A = Ror=piily X Rea=getin
and
Ko = Ko=2Zs x Kog=27Zs
K, = K= -2Bl_ K ,= Ll _
S A AR
Ke = Ken=gromny X Kee= grioy

Let u = {x} in R;1 such that w = {z} in K;. Then w+ 1 has order 15 in Ky, so By = u+ 1. But u+ 1 has
order 30 in Ra1 and Ra2, so put fa1 = Bao = (u+1)? and get ay = (B2,1, B2,2) which generate Hy, 15. Alsow
has order 3 in Ky, so Bl =u. Butu has order 6 in R11 and Ri12, s0 11 = P12 = u? and get ay = (Bi,1,P1,2)
which generates Hy, 3. Put Bo1 = Bo2 =1 and get ag = (Bo,1, Bo,2) which generates Hy, 1. Choose oy and 04;?’
to be roots of the generator polynomials g;(x) of the BCH codes C; over the chain Ay C Ay C Aa. Then M§(z),
M} (z) and M3 (x) has as roots all distinct element in the sets By = {aw} C Hag1, Bl = {o1,03} C Hy, 3 and
B3 ={as,03,03,08} C Ha, 15, respectively. So

ME(z) = (2 — a0), M) = (2 — ar)(z — a2) and MY(x) = (z — az)(z — a2)(z — ad)(z — o)
Similarly,

M (x) = Mg (z) = (z — ao), MP(2) = (z = 1) and M3(z) = (v — a3)(z — a9)(z — ap”)(z — 03).
Thus the polynomials g;(z) = lem(M} (x), M3 (z)) are given by

go(z) = (z = 1), g1(2) = (z = 1)(& — a1)(z — o),

g2(w) = (x — az)(z — a3)(z — a3)(z — a3)(z — a3)(z — ab)(z — a3)(z — a3?),
which generates the cyclic BCH codes Cy, C1 and Co of length 1, 3 and 15 with minimum hamming distance at
least 2, 4 and 5 respectively. Also, if we replace a; with @, then we get codes over IC;, for 0 <i < 2.

3 Construction I1

Since for any prime p; and a positive integers m, the collection of rings A; = Z m is the collection of
unitary finite local commutative rings with maximal ideals M; and residue fields K; = M , for each j such
that 1 < j < r. The natural projections 7; : A;[z] — K;[z] is defined by 7(>_,_, axz®) = Zk:o apz”, where
ay = ap + Mj for k = 0,---,n. Thus, the natural ring morphism A, — K; is simply the restriction of 7; to
the constant polynomial. Now, if f;(z) € A;[z] is a basic irreducible polynomial with degree h = b*, where b

is a prime and ¢ is a positive integer, then R, = (? ([l = GR(p}", h) is the family of the Galois ring extension

of A; and K; M' =1 MA f[]w(]/ )()f ;((;;])()I)) =1 Mf,J}j(]x)) = Ef;(/ ;\J/[(Jz?)[f)] is the collection of residue field of R;, where
M; = (Mj, fj(x)) is the corresponding collection of the maximal ideals of R;. For the construction of a chain
of Galois rings, [1, Lemma XVI.7] facilitate us.

Since 1,b,b%,---,bt~1, b are the only divisors of h, and take hg = 1,h; = b,hy = b2,---,h; = bt = h, so
by [1, Lemma XVI.7] there exist basic irreducible polynomials fi ;(z), f2 ;(x), -, fi;(z ) Ajlx] with degrees

Zym [a]
hi,ha,---, hy, respectively, such that we can constitute the Galois subrings R, ; = TFoon (w = GR(p] v hi), of R



with the maximal ideals M, ; = (M;, f; ;(x))/(fi,;(z)), for each ¢, j, where 0 < ¢ < ¢ and 1 < j <r. Then the
residue field of each R; ; becomes

K, = R o All/Uis@) Al (AM)l] Kl e
Y My (Mg fig @)/ (@) (Mg, fig(e) o (m(fig(2))  (Fi()

As each h; divides h;q; for each ¢ such that 0 < i < ¢, so by [1, Lemma XVI.7], there are chains

h;
p; )

Aj=Ro; CR1; CRy; C---CRi—1,; CRe; =R,
of Galois rings, with corresponding chain of residue fields
Zy, =Ko CKyj CKyj--- CKimqy CKyy =K
Let A;i=Ri1 X Ri2 X Ri3 X -+ X R;,, for 0 <i <t Then we get a chain of commutative rings, i.e.,
AcA CcAC--CA1CA=A
with an other chain of commutative rings
KicKicKeC---CcKii K=K

where each K; = K; 1 x K; 2 X --- X K; ,, for each ¢ such that 0 <13 <.

Let A7, K7, R} ; and K} ; be the multiplicative groups of units of A;, K;, R, ; and K; ;, respectively, for
each 4,7 where 0 < ¢ <t and 1 < j < r. Now the next theorem, extension of [1, Theorem XVIIL.1] has a
fundamental role in the decomposition of the polynomial % — 1 into linear factors over the rings A}. This
theorem asserts that for each element o; € A} there exist unique elements 3; ; € R}, for each 4, j, where
0<i<tand1l<j<r, such that o; = (52717&’2, <y Bir)-

1,57

Theorem 8 Let A; = R;1 X Ri2 X Riz X -+ X Rip, for 0 <4 < t, where each R; ; is a local commutative

ring. Then for each i, j, where 0 <i <t and 1 < j <r, it follows that A =R X Riy X Rig X+ X R} ..
Note that corresponding @; = (5, , Bl -+, B; ). Following theorem indicates the condition under which

2% — 1 can be factored over A7, for 0 g §

Theorem 9 For each i, where 0 < ¢ < t, the polynomial z° — 1 can be factored over the multiplicative groups
Af as 2% — 1 = (z — o) (x — a?) - (x — o) if and only Zf each Bi;, 1 < j <r, has order s; in K} ;s where
ged(si,p) =1 and a; = (Bi1, Bi2, -+, Bir), for each 1,0 <i < t.
Proof. For each i, where 0 < i < t, suppose that the polynomial % — 1 can be factored over A} as z°* — 1 =
(z—ai)(x—af) - (x—aj"). Thenz* —1 can be factored over R ; as x* —1 = (x—fi;)(x—B7;) - (x = B7%)
for 0<i<tandl<j<r. Nowit follows from the extension of [7, Theorem 3] that B; ; has order s; in
K, for 0 < i <t and1l < j <r. Conversely, suppose that Bm has order s; in K7 ;, for 0 < i@ < ¢ and
1 < j <r. Again it follows from the extension of [7, Theorem 3] that, the polynomial % — 1 can be factored
over Ri; as z° — 1 = (z — B ;) (v — f])(w — f’j), for each i,j, where 0 < i <t and1 < j <r. Since
a; = (Bix, B2y Big), for 0<i<t, soz’ —1=(z—a;)(x—a?) - (x—aj") over A%, for each i such that
0<qi<t.

Corollary 10 /8, Theorem 3.4] The polynomials x* — 1 can be factored over the multiplicative group R* as
2 —1=(z—a)(x—a?) - (z—a®) if and only if B; has order s in K3, where ged(s,pj) =1 and a corresponds
o /8 = (ﬂl:ﬂQv"'aﬁr)) wherej = 172737"'7T

Let H,, s, denotes the cyclic subgroup of A} generated by «, for each ¢ such that 0 <14 < ¢, ie., Hy, s,
contains all the roots of ** — 1 provided the condition of above theorem are met. The BCH codes C; over A}
can be obtained as the direct product of BCH codes C; ; over R; ;. To construct the cyclic BCH codes over A7,
we need to choose certain elements of H,, ,,, as the roots of generator polynomials g;(z) of the codes, where

~* are all the roots of g;(x) in Hy, n,, we construct

-

n; :ng(p}lhvp}thpgbaapf}l) So thatv afl,af2,~-~,a: ‘
gi(z) as .
gi(w) = lem{M;* (x), M (x), -, M; """ ()},

K3
where M:“ (z) are the minimal polynomials of ozf” ,forl =1,2,---,n;—k;, where each af” = (ﬂflf , 5:3 R Bfl; ).
The following theorem is the extension of [7, Lemma 3] and provides us a method for construction of M; " (z),
the minimal polynomial of a;'" over the ring A;.



Theorem 11 For each i such that 0 < i <'t, let Mle”(:c) be the minimal polynomial of af” over A;, where
o't generates Hy, p,, for l; = 1,2,--- . n; —k; and 0 < i < t. Then M;"(z) = Hg-eBl.'i (x — &), where
Bji = {(aj" )™ cmi; =[Goy pi, for 1<l <nj—ki, 0< qiy <hi—1 and 0 <i <t}

Proof. Let M;' (z) be the projection of M;' (x) over the fields K; ; and M;lj‘i (z) be the minimal polynomial
of af“‘ over K;:j, for each i such that 0 < i <t, 1 <j<randl <Il; <n;—k;. We can verify that each
M?" () is divisible by M?J’ (), for 0 <i<t, 1 <j<randl <l <n;—k;. Thus it has, among its

hi—1
roots, distinct elements of the sequences 6?1' (@) (af“‘)ﬁf, e (af‘i Yi |, for each i,j such that 0 <i <t,
1<j<randl <1l; <n; —k;. Hence Mil"(:r) has, among its roots, distinct elements of the sequence
h;—1

ot (a?i)pi, (a:”)p?, e (af” Vi, foreachi,j suchthat0 <i<t, 1<j<randl <l; <n;—k;. Thus any
element v; = (o' )Pi " of the above sequence is the root of M, ' (x), for each i,j such that 0 <i <t, 1<j <r,
0<m; <h;—1 and 1é l; < n; —k;. Choose any k in the range 1 < k < r such that k # j. Then we
know that ~; 1, a root of Mfl,;(x) implies that (yix)’s is a root of M (z) (which has coefficients in K; ), for

€l

0<q < h;—1. Hence (v;)Ps = (a?i)p;‘ni”? is a root of M ' (x). Proceeding in this manner, we can show
that M:” (z) necessarily has as roots all distinct member of Bf‘ But the polynomial HgﬂeB“ (x — &) has, by

construction, coefficient in the direct product of Aj. Hence M, (x) = HgﬂeBlﬁ‘ (x—&).

Corollary 12 [8, Theorem 3.5] For any positive integer 1, let M(z) be the minimal polynomial of a! over
R, where a generates Hy . Then Mi(xz) = erBz (x — &), where By is all distinct elements of the sequence

{(a)™:m = 15—, q;.f, qj = p;.nj, where 0 < s; < h —1}.

Remark 13 Since M?i () be the projection of M:li (x) over the field K, ;, for each i,j such that 0 <1i <t and
1<j5j<r. So M?" (x) generates the sequence of codes over the special chain of rings K; = K; 1 XK; 2 x -+ - XK, .,
for each i such that 0 < i <'t.

The lower bound on the minimum distances derived in the following theorem applies to any cyclic code.
The BCH codes are a class of cyclic codes whose generator polynomials are chosen so that the minimum distances
are guaranteed by this bound. In this sense, the following extended [8, Theorem 2.5].

Theorem 14 [9, Theorem 11] For each i such that 0 < i < t, let g;(x) be the generator polynomial of
BCH code C; over A; from the chain Ag C Ay C As C -+ C A1 C A;, with length n; = s;, and let
ait ol ot :"“k" be the roots of gi(x) in Hq, n,, where o; has order n;. The minimum Hamming distance
of this code is greater than the largest number of consecutive integers modulo n; in E; = {e1,ea,e3, -, €n, k. },

for each i such that 0 < i <t.

Corollary 15 [8, Theorem 2.5] Let g(x) be the generator polynomial of BCH code over A with length n = s such
that o', a°?,---,a°* are the roots of g(x) in Hy,pn, where o has order n, then minimum Hamming distance
of the code is greater than the largest number of consecutive integers modulo n in E = {e1,e9,€3, -, €n_k}-

3.1 Algorithm

The algorithm for constructing a BCH type cyclic codes over the chain of such type of commutative rings
A Cc Ay Cc Ay C--- C A1 C A = A is then as follows.

1. Choose irreducible polynomial f; ;(z) over ijm, of degree h; = b, for 1 < 4 < t, which are also irreducible
over GF(p) and form the chains of Galois rings
Lyn = GR(p}",ho) C GR(p}",h1) C --- C GR(p}', ht—1) C GR(p}", ht) or
Aj Roj CR1; CR2; €+ CRi-15 SRty =Ry

and its corresponding chains of residue fields are

Z,, = GF(pj)CGF(p!)C - CGF@')c GF@pl) o

= Ko; CKy; CKyj--- CKij CKey =K,

where each GF(p;l) ~ %, for 1 <i <t



2. Now put A; = R 1xRi2 X Riz X -+ xRy, for 0 < i < ¢, where each R, ; is a local commutative ring,
and get a chain of rings

AcA cAC---CA1CA=A
with an other chain of rings
KoCckKiCckyC---CKis K=K
where each K; = K; ;1 x K; 2 X -+ x K; ,, the direct product of corresponding residue fields r times, for

0<e<t.

3. Let 7, ; be the primitive elements in K7 ;, for 0 <i < ¢ and 1 <j <r . Then n;; has order d; jn; in

R; ; for some integers d; j, put 8;; = (n; )%, Then a; = (B1,, B2, B3+ Br:) has order n; in R;; and
generates H,, n,. Assume for each i, where 0 < i <t, let a; be any element of H,, ,,.

4. Let ael a? agd, - ,a%i_ki are chosen to be the roots of g;(x). Find M;" (z) are the minimal polynomials

(At A 2

of a3 forl =1,2,---,n; — k;, where each a;'* = (8", 8;",B;", -+, B;'"). Then g;(X) are given by

gi(x) = lem{M{" (x), M{*(x), -+, M;" 7" (x)}.

The length of each code in the chain is the lem of the orders of of',aj? a53,~~~,af"“ki, and the
minimum distance of the code is greater than the largest number of consecutive integers in the set
E; ={e1,ea,€3, -, en,—k, } for each i, where 0 < i < t.

Example 16 We initiate by constructing a chain of codes of lengths 1, 8 and 16, taking A1 Zg and Ay = Zas.
Since My = {0, 3,6} and My = {0,5,10, 15,20}, it follows that K, = A1 ~ Zs and Ko = £% ~ Zs. The reqular
polynomials fi(x) = 2* +1+8 € Zg[x] and fo(X) =2t +22+x+1 € 225[ | are such that 7T1(f1( ) =a*+2+2
and mo(f2(x)) = 2* + 2% + 2 + 1 are irreducible polynomials with degree h = 2% over Z3 and Z5, respectively. By
[9, Theorem 3], it follows that f1(x) and fa(x) are irreducible over Ay and Ay. Let Ry = (?f o] = GR(3%,4),

x . . Zs3]:
Ro (fsz(L] GR(5%,4) be the Galois rings and Ky = % = GF(3%), Ky = m = GF(5%) be
their corresponding residue fields. Since 1, 2 and 22 are the only divisors of 4, therefore let hy = 1, hy = 2,
hs = 22. Then there exist irreducible polynomials f1 1(x) = 2241, fo.1(z) = f1(z) in Ze[z], and f12(z) = 22 +2,

fo2(x) = fa(x) in Zos|z] with degrees ho =2 and hs = 4 such that we can constitute the Galois rings Ro1 = A1,

Rl,l = ZSZF;])) = GR(327h2) RQ 1= Rl and RO 2 = AQ, Rl 2 = Z52(3;])) = GR(52 hz) and Rl 2 = Rg SO

Aj:Ro,j C Rl,j - Rz’j = Rj, for j=1,2.

Again by the same argument Ko1 = Zg, Ky 1 = % = GF(3?), Ko1 =Ky and Koo = Z5, Ky 2 =

% = GF(5%),Ka2 = Ky. So we get chains of fields

Aj = KOJ - Kl,j - KQJ = Kj, fOT 7 =172

Now A; = R;1 X R 2 such that Ag C Ay C Ay, i.e.,

Ao = Roi1=12Zy X Ro2=2Zss

.Al - Rl,l = (ngzzfi]) X R1,2 = (Z;zﬁxg])

Ay = Ron= (w%’fiﬁl) X Ropo= %
and

Ko = Koi1=2%3 x Koo =7Zs

Ki = Kii= (ffi[ﬂ) x Kig= (wzzsﬂ)

Ko = Kop= % X Koo= %-

Let u = {z} in R;; such that w = {z} in K, ;. Then w+ 1 has order 8, 24, 80 and 624 in Ky 1, Ky 2, Ko
and Kg o, respectively. So BLl = 3172 = 3271 = 32_’2 =u+ 1. But u+ 1 has order 24, 120, 240 and 3120
m Rl,ly RLQ, ’R,QJ and R2’27 SO put ﬂl,l = (’LL+ 1)3, 51’2 = ﬂg’l = (U+ 1)15 and ﬁz,g = (u+ 1)195 and
get ag = (P21, B2,2) which generates Hy, 16 and a1 = (B11,01,2) which generates Hy, . Also 2 has order 4
in Koo and has order 2 in Ko 1, so 3071 = 5072 = 2. But 2 has order 20 in Ro,2 and has order 6 in R 1,
s0 fo1 = 8 and Bo2 = 24 get oy = (Bo,1,P0,2) which generates Hy, 2. Choose o and a? to be roots of the



generator polynomials g;(z) of the BCH codes C; over the chain Ay C A1 C As. Then Ma(z), Mi(z) and

M3} (z) has as roots all distinct element in the sets Bf = {ag} C Hay2, Bl = {a1,03,03,a]} € H,, 5 and

i 3 5 7 9 11 13 15 :
B; = {ag, 03,03, a8, a3, a5, a3°, a3} C Hy, 16, Tespectively. So

M3 (@) = (x — ag), M (2) = (¢ — ) — a})(@ — of)(@ — ),

and

M;(2) = (z — az)(z — o3)(z — a3)(z — af)(z — a3)(z — a3") (2 — 03°) (v — a3”).

Similarly,
Mg (2) = (z = 1), Mi(z) = (¢ — af)(z — af) and M3 (z) = (z — aj)(x — a3)(z — a3”)(z — a3?).

Thus the polynomials g;(z) = lem(M} (x), M?(x)) are given by

go(z) = (z = 1)(z — ), g1(2) = (z — a1)(z — af)(z — af)(z — a})(z — af)(z — af), and

g2(7) = (¢ — az)(z — a3)(z — 3)(w — 03) (2 — af) (z — ad)(z — a3) (z — 03°)(z — a3 ") (& — &) (v — a3") (2 — 03”)

which generates the cyclic BCH codes Cy, C1 and Co of length 2, 8 and 16 with minimum hamming distance at
least 3, 4 and 4, respectively. Similarly we can construct a sequence of cyclic codes over KC; if we replace «; with
@;, for 0 <1< 2.

4 Construction IIT

For any j such that 1 < j < r, let p; be a prime and m; a positive integer. The ring A; = mej
j

is a unitary finite local commutative ring with maximal ideals M; and residue fields K; = % The natural
J
projections ; : Aj[z] — K;[z] is defined by (Y p_, axz®) = Y p_, ana®, where ay = ap+M; for k =0,1,-- -, n.

Thus, the natural ring morphism A; — K is simply the restriction of 7; to the constant polynomial. Now,
if f;(z) € Aj[z] is a basic irreducible polynomial with degree h = b', where b is a prime and ¢ is a positive

integer, then R; = (2’(5;])) = GR(p;",h) is the collection of the Galois ring extension of A; and K; = /\73171 =
(M‘?Jf[f(z)()f/’((;])()x)) = (M?’}:C(]z)) = ((’:;(/;74(11?)[";)] is the residue field of R, where M; = (M, f;(x)) is the corresponding

maximal ideal of R; for each j such that 1 < j < r. For the construction of a chain of Galois ring, [1, Lemma
XVL.7] facilitate us.

Since 1,b,b%,---,bt1, b are the only divisors of h, and take hg = 1,h; = b,hy = b%,---,h; = b* = h, so
by [1, Lemma XVI.7], there exist basic irreducible polynomials fi ;(z), f2,;(x), -, fi,;j(x) € A;[z] with degrees

Z mg [aj]
hi,ha, -+, ht, respectively, such that we can constitute the Galois subring R, ; = m = GR(p’;”, h;), of R;
with the maximal ideal M ; = (M;, fi j(x))/(fi,;(z)), for each ¢ such that 0 < ¢ < ¢ and 1 < j <r. Then the
residue fields of each R; ; becomes
g R ARG Al M Kb
T Mg (M, fi(@)/(fig(@) (M, fig(@)  (mi(fig(2)  (fiy(x) !

As each h; divides h;q; for all 0 <1 <, so by [1, Lemma XVI.7], there is a chain

Aj=Roj CR1j CRyj Coo- CRy1,j CRej =R
of Galois rings with corresponding chain of residue fields
ij = Ko,j C KLJ C KQJ c---C Kt—l,j C Kj.
Let A; =Ri1 X Ria X Ri3 x -+ x Ry, for each i such that 0 < ¢ < ¢. Then we get a chain of commutative

rings, i.e.,

Ac A cAC---CA 1 CA=A

with an other chain of commutative rings

KoCcKiCcKeC---CKy1 CK =K,



where each ; = K;, x Ky, x --- x K,,, for each i such that 0 <i <¢.

Let A7, Kf, R} ; and K} ; be the multiplicative groups of units of A;, KC;, R;; and K j, for 1 < j <,
respectively, for each ¢ such that 0 < ¢ < ¢t. Now the next theorem, extension of [1, Theorem XVIII.1], is
fundamental in the decomposition of the polynomial x* — 1 into linear factors over the rings Af. This theorem
asserts that for each element «; € A} there exist unique elements 3; ; € R; ;. for each ¢, where 0 <4 < { and
1 <j <r,such that a; = (81, Bi2, -+ Biyr)-

Theorem 17 For each i such that 0 < i <, let A; = Ri1 X Ria2 X Rig X -+ x Ry, where each R; ;, for
1 <j <, is alocal commutative ring. Then A7 =R} X Ry X Rj3x -+ xR}, for eachi such that 0 <i <t.

Note that @; = (8,1, 8,9, B;,). Following theorem indicates the condition under which 2% —1 can be
factored over A7, for each ¢ such that 0 <i <¢.

Theorem 18 For each i, where 0 < i < t, the polynomial z° — 1 can be factored over the multiplicative group
Afasa® — 1= (z —a;)(z — a?) - (v — «f) if and only if B, j, for each j such that 1 < j <r, has order s; in
K} ; such that ged(si,p) =1 and a; = (BixsBizs- s Bir)-

Proof. Suppose that the polynomial x* — 1 can be factored over A} as x° —1 = (v — ;) (x — a?) -+ (x — &),
for each i such that 0 < i <t. Then z% —1 can be factored over R ; as x* —1 = (z—Big)x—B7;) - (x—87%),
for each 1 < j < r. Now it follows from the extension of [7, theorem 3] that ﬁ_” has order s; in K ;, for each
0 <i<tand for each 1 < j < r. Conversely, suppose that B” has order s; in K ;, for each 1,7, where
0<i<tandl<j<r. Again it follows, from the extension of [7, theorem 3], that the polynomial % — 1 can
be factored over R} ; as x% —1 = (z — Bi;)(x = B7;) - (x = B;}), for each i, j, where 0 <i <t and1<j <r.
Since oy = (Bi1,Bizy s Biw), for 0 < i <t, sox% —1=(z—a;)(x—a?)--(x —aj') over A}, for each i,
where 0 <1 < 't.

Corollary 19 /8, Theorem 3.4] The polynomial z° — 1 can be factored over the multiplicative group R* as
z*—1=(z—a)(x—a?) - (z—a®) if and only if B; has order s in K%, where ged(s,p;) =1 and a corresponds
to /8 = (517/627"'767‘)7 where.j = 1,2,3,"',7".

Let H,,, s, denotes the cyclic subgroup of A} generated by «;, for each i, where 0 < i < ¢, i.e., Hq, s,
contains all the roots of z** — 1 provided the condition of above theorem are met. The BCH codes C; over A}
can be obtained as the direct product of BCH codes C; ; over R; ;. To construct the cyclic BCH codes over Az,
we need to choose certain elements of Hy,, ,,, as the roots of generator polynomials g;(x) of the codes, where

n; = gcd(p}fi,pgi,pgi, -oo,pM). So that, af',af?, .-, aie"i*’” are all the roots of g;(z) in Hy, »,, we construct
gi(z) as .

gZ(JJ) = lcm{Mz‘el (‘I)7 Miez (I)7 e 7Mi e (1:)}3
where Mie” (z) are the minimal polynomials of afli ,forl=1,2,---,n;—k;, where each a?i = (5?11 ) 5:3 R 57} ).

The following theorem is the extension of [7, Lemma 3] and provides us a method for construction of M; " (z),
the minimal polynomial of af” over the ring A;.

Theorem 20 For each i such that 0 < i < t, let M:l(x) be the minimal polynomial of oc:li over A;, where
oSt generates Hp, oy, for l; = 1,2,---,n; —k; and 0 < i < t. Then M, (z) = HgieBﬁ" (x — &), where
be = {(a:li)mid TMy = H§:1 pi?, where 1 <1; <mn; —k;, 0< g < h; —1}.

Proof. Let M;'(z) be the projection of M, ' (x) over the fields K; ; and Mflj () be the minimal polynomial
of @f“ over K;j, for each i, where 0 < i <t, 1 <j<randl <Il; <n; —k;. We can verify that each
M () is divisible by M?Jl (), for 0 <i<t, 1 <j<randl <l <n;—k;. Thus it has, among its

3

h;—1
roots, distinct elements of the sequences af“’, (@f“)pf, (af“)l’?, oo (@ )Pt for each i, j, where 0 < i < t,
1<j<randl <Il; < n; —k;. Hence Mfl(a:) has, among its roots, distinct elements of the sequence
h;—1
a?",(a?i )Pi, (afli)pi, e (a?i Yi o, for eachi,j, where 0 <i<t, 1<j<randl<l; <n;—k;. Thus any

element v; = (a?"i )p;ni of the above sequence is the root of Mfl (x), for eachi,j, where 0 < i <t, 1<j<r,
0<m; <h;—1 and 1§li < n; — k;. Choose anyq_k in the range 1 < k < r such that k # j. Then we know
that if v;  is a root of Mfl,g(x) implies that (v x)P¥ is a root of M (x) (which has coefficients in K;},), for
0<¢q < h;—1. Hence (’yi)pii = (aj" )p;nlpzi is a root of M, (x). Proceeding in this manner, we can show
that M; " (z) necessarily has as roots all distinct member of BY. But the polynomial ngB’:i (x — &) has, by
construction, coefficient in the direct product of A;. Hence M (z) = HgieBﬁ" (x —&).

10



Corollary 21 [8, Theorem 38.5] For any positive integer I, let M;(x) be the minimal polynomial of ol over
R, where o generates Hy . Then Mi(x) = erBz (xz — &), where By is all distinct elements of the sequence

{(al)m:mzngzlq;—j, qup;”, 0<s; <h-—1}.

The lower bound on the minimum distances derived in the following theorem applies to any cyclic code.
The BCH codes are a class of cyclic codes whose generator polynomials are chosen so that the minimum distances
are guaranteed by this bound. In this sense, the following extend [8, Theorem 2.5]

Theorem 22 [9, Theorem 11] For each i such that 0 < i < t, let g;(x) be the generator polynomial of
BCH code C; over A; from the chain Ag C Ay C Ay C -+ C A1 C Ay, with length n; = s;, and let
QS af? af - al" M be the roots of gi(x) in Ha, ,, where oy has order n;. The minimum Hamming distance
of this code is greater than the largest number of consecutive integers modulo n; in E; = {e1,ea,€3, -, €n,—k; }-

Corollary 23 [8, Theorem 2.5] Let g(x) be the generator polynomial of BCH code over A with length n = s such
that o', a°?,---,a°* are the roots of g(x) in Hy,n, where o has order n, then minimum Hamming distance
of the code is greater than the largest number of consecutive integers modulo n in E = {e1,ea,€3, ", €n_i}.

4.1 Algorithm

The algorithm for constructing a BCH type cyclic codes over the chain of such type of commutative rings
Aoc A c A, C---C A1 C A = A is then as follows.

1. Choose irreducible polynomial f; ;(z) over mej of degree h; = b%, for 1 < i < t, which are also irreducible
i

over GF(p) and form the chains of Galois rings

Zm; = GR(p;"”,ho) C GR(p;”, 1) C --- C GR(p}”,hi—1) C GR(p;"”, hy) or
J
Aj = RojCRij CRoj C-- CRe-1j SRej =Ry

and its corresponding chains of residue fields are

Zy, = GF(p;)CGF(p!")c - CGF@p!'™") c GF(p!) or

= Ko,; CKy; CKyj--- CKyj CKyy =Ky,

where each GF(p?) o~ %, for 1 <i<t.

2. Now put A; = Ri1 X Ria X Rig x -+ X Ry, for 0 <4 < t, where each R; ; is local commutative ring,
and get a chain of rings

AcAcAC---CcA1CcA=A

with an other chain of rings
KocKicKyC---CKy1 CKy =K

where each K; = K], for 0 <¢ <t

3. Let m; ; = 7; be the primitive elements in K}, for 0 <4 <¢. Then 7; ; has order d; jn; in R} ; for some
integers d, ;, put B;; = (nl-’j)divf. Then o; = (B1,,P2,,Ps,, -, Br,) has order n; in R}, and generates
H,, ;. Assume for each i, where 0 <i <t, o; be any element of Hy, »,.

Lt At A 7 [

4. Let oS, 0%, a, -, a;" " are chosen to be the roots of g;(x). Find M;" (z) are the minimal polynomials
of aj't, for I; = 1,2,---,m; — ki, where each o) = (85", 85", 85", -, 8;"). Then g;(x) are given by

g%(x) = lCTn{]wi61 (x)7M;2 (CE)7 ) M (CL‘)}

K2

The length of each code in the chain is the lem of the orders of afl,afz,af3,~~,af"“k?‘, and the
minimum distance of the code is greater than the largest number of consecutive integers in the set

E; ={e1,ea,€3, -, en,—k, } for each i, where 0 < i < t.
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Example 24 We initiate by constructing a chain of codes of lengths 1, 8 and 16, taking A1 = Zg and Ay = Zs5
Since My = {0,3,6} and My = {0}, so K1 = ~ Z3 and Ky = 37 ~ Zs. The regular polynomials
filz) = 2t + 2+ 8 € Zglx] and fo(z) = 2t + 22 —i—x—|—1 € Zs|x] are such that m(fi(z)) = 2* +x + 2 and
mo(fo(x)) = 2* 4+ 2% + 2 + 1 are irreducible polynomials with degree h = 22 over Zs and Zs, respectively. By
[9, Theorem 8], it follows that f1(x) and fa(x) are irreducible over Ay and As. Let Ry = ﬂ = GR(3%,4),

Zs|x Zs|x T
Ra = 74 [x)) = GR(5,4) be the Galois rings and K; = % =GF (3%, Ky = m = GF(54) be their
corresponding residue fields. Since 1, 2 and 2% are the only divisors of 4, it follows that hy = 1, hy = 2 and
hs = 22. Then there exist irreducible polynomials f11(x) = 2*+1, fo1(z) = f1(z) in Ze[z], and f12(z) = 22 +2,
fo2(x) = fa(x) in Zs[x] with degrees he = 2 and hg = 4 such that we can constitute the Galois rings Ro1 = A1,

Riy = 228 = GR(3%,hy), Roy =Ry and Roz = Az, Ria = 72ty = GR(5,ha) and Ry » = Ra. So

Aj:R()’j C Rlﬁj - Rg’j = Rj, fO?"j =1,2.

Again by the same argument Ko 1 = Z3, K11 = 5 = GF(3?), Koy = Ky and Koo = Zs, Ky 2 =

Z3[x]
(m1(f1,1(2))
% = GF(5%), Koo = Ky. So we get chains of fields

Aj = Ko’j C Kl’j C Kz’j = Kj, fO?"j =1,2.

Now A; = R;1 x R, 2 such that Ag C Ay C Ay, i.e.,

Ao = Ro1=2Zg X Roo = Zs

A = Rgg=g2E xRy, = Al

Ay = Ron= % X Roz= w@%
and

Ko = Ko1=123 x Koo =17Zs

Ki = Kii= (f;_[ﬂ) x Kig= (fgﬂ)

Ky = Kg1= % X Kgo= @;4@527%

Let w = {x} in R;; such that w = {X} in K; ;. Then uw+ 1 has order 8, 24, 80 and 624 in Ky 1, K2, Ko
and Kj o, respectively. So Bl,l = BLQ = 3271 = 32,2 =u+ 1. But u+1 has order 24, 120, 80 and 624 in
R171, R172, R271 and R272, S0 put [‘31,1 = (u + 1)3, 51,2 = (U + 1)15, ﬂ271 = (U+ 1)5 and ﬂgjg = (u + 1)39
and get ag = (821, Pa,2) which generates Hy, 16 and oy = (81,1, f1,2) which generates Hy, 3. Also 2 has order
4 in Koo and has order 2 in Ko 1, so BO,I = 30’2 = 2. But 2 has order 4 in Roz2 and has order 6 in R,
s0 Boa1 = 2 and Bo2 = 24 get oy = (Bo1,Po,2) which generates Hy,y 2. Choose a; and a? to be roots of the
generator polynomials g;(X) of the BCH codes C; over the chain Ay C Ay C As. Then MO( ), Mi(z) and
M3 (z) has as roots all distinct element in the sets By = {ag} C Hay2, Bl = {a1,03,08,a]} C Hy, 3 and

i 3 08 A7 a9 All 413 15
B; = {ag, 03,03, ad, a3, a5', a5°, a3°} C Hy, 16, Tespectively. So

Mg (z) = (z — o), M{(x) = (z—a1)(z —af)(z — a})(z — o),
and
Mj(z) = (z — az)(x — a3)(z — a3)(z — a3)(z — ah)(z — az')(z — a3’) (z — a3”)

Similarly,
Mg(z) = (z = 1), Mi(2) = (z - of)(z — af),
M;(z) = (z — 03)(zx — a3)(z — a3°)(z — ag?)
Thus the polynomials g;(z) = lem(M} (x), M2 (x)) are given by

2

go(z) = (z = 1)(z = a0), g1(2) = (z — an)(z — af)(z — af)(z — o) (= — af) (z — o),

92(2) = (¢ — az)(z — a3)(z — 03)(z — 03)(z — af) (z — ag)(z — a3)(z — 03°)(z — a3")(z — 03®) (& — 23" (2 — 3”)

which generates the cyclic BCH codes Cy, C1 and Co of length 2, 8 and 16 with minimum hamming distance 2,
3 and 3, respectively. Similarly, we can construct cyclic codes over IC; if we replace o; with @;, for 0 < i < 2.
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5 Conclusion

For a non negative integer ¢, let Ag C A; C --- C A;—1 C A; be a chain of unitary commutative rings
(each A; is constructed by the direct product of suitable Galois rings with multiplicative group A} of units) and
Ko C Ky C -+ C Ki—1 C K; be the corresponding chain of unitary commutative rings (each K; is constructed
by the direct product of corresponding residue fields of given Galois rings, with multiplicative groups K} of
units).

Despite [8], the construction of BCH codes with symbols from the commutative ring A;, the direct product
of local commutative rings R; ;, where 0 < 4 <t and 0 < j < t having residue fields K; ;, where 0 < ¢ < ¢.
For each member in the chain of direct product of Galois rings and residue fields, respectively, we obtain the

sequence of BCH codes Cy,Cy, - - -,C:—1,C over the direct product of local commutative rings R; ; with different
lengths and sequence of BCH codes C)),C}, - --,C;_1,C’ over the direct product of residue fields K; ; with proper
lengths, i.e.,

Co = Copo X Co1 X - xX Copr

Ci = Cpop x Ci1 x -+ X Cp

C = Ct,O X Ct71 X X Ct,,,«
and ,

C, = 0670 X Ct/),l X e X C{LT

1= Ci,o X 1,1 X X Ci,r
¢ = Co x Cq X x Ci,-

In fact this technique provides a choice to select a most suitable BCH code C; (respectively, BCH code
C!), where 0 < i < ¢, with required error correction capabilities and code rate but with compromising length.
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