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A Survey on Elliptic Filters

Review

Abstract: The objective of this review paper, is the presentation of the basic features of the well known class of elliptic
filters. Even though this is not a new subject, the theory of the elliptic filters found in most books is restricted
only to a few resulting equations, due to the great complexity associated with the Jacobian elliptic functions.
The aspects of the elliptic filters described in this paper include the detailed estimation of the minimum filter
order, the construction of the filter transfer function via the identification of its poles and zeros in the complex
plane, as well as the application of the resulting design procedure for the construction of an elliptic filter that
meets prescribed specifications.
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1. Introduction to the theory of filters

Analog and digital filters are one of the most important paradigms of continuous and discrete time systems with
great theoretical and practical value. At it is well known from the fundamental system theory [1][2], their time
behavior is described by the impulse response h(t) namely the system response to the delta (or Dirac) function
0(t), while in the domain of the complex frequency, this behavior is described by the Laplace transform of their

impulse response

+oo
H(s) :ﬁ{h(t)}:[ h(t)e *tdt (1)

where s = o + jw is the complex frequency. The function H(s) is known as transfer function. If the region of
convergence of the Laplace transform includes the imaginary axis, the frequency response of the filter is defined

as

+oo .
H(jw) = / h(t)e 7“"dt (2)
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and therefore, it is the continuous time Fourier transform of the impulse response h(¢). The frequency response
of a filter can be expressed in polar form as H(jw) = |H(jw)|e’“"*) where the function |H(jw)| is known as
amplitude response and the function £{H(jw) is known as phase response.

The heart of the filter design theory is the convolution theorem, according to which the convolution operation in
the time domain corresponds to a multiplication in the frequency domain. It is well known that the input z(¢),
the output y(¢) and the impulse response h(t) of each continuous time system, are related via a convolution in
the form y(t) = h(t) * z(¢). If the Fourier transforms of these signals are YV (jw), H(jw) and X (jw) respectively,
the convolution theorem says that Y(jw) = H(jw)X (jw) = |H(jw)||X (jw)|eEHETLXGD] - Therefore, if we
want to eliminate the frequency component wg of the input signal (according to Fourier analysis each signal is
the superposition of an infinite number of frequency components whose frequencies are integral multiples of its
fundamental frequency) we just have to set |H(jwo)| = 0. If we want to perform this elimination for an entire
frequency region we just have to design the filter accordingly. According to the position of the frequency region
to be eliminated in the frequency spectrum, a filter can be characterizes as low pass, high pass, band pass and
band stop filter. In the case of the discrete time domain, the situation is exactly the same but there are two
differences: (a) the Z transform is used instead of the Laplace transform with the corresponding discrete time
Fourier transform to be defined if the region of convergence of the Z transform contains the unit circle in the
complex plane and (b) the amplitude and phase response of the filter are defined up to an upper frequency of
Wmax = 7, since this is the maximum frequency associated with a discrete signal z[n] [3][4][5].

The amplitude response of an ideal filter is characterized by an absolutely constant amplitude response with a
value of unity in the passband, as well as a discontinuity (namely, a step-like behavior) in the cut-off frequencies
(a single frequency for low pass and high pass filters and a pair of frequencies for band pass and band stop filters).
However these filters are not causal and therefore, not realizable. Instead, in real applications a lot of different ideal
filter approximations are used, characterized by ripples in the passband and/or in stopband as well as a transition
band whose width varies according to an inverse proportionality with the filter order. This order is defined as
the degree of the polynomial D(s) in the denominator of the rational filter transfer function whose general form
is H(s) = N(s)/D(s) (in the circuit level the filter order is defined as the number of the energy storage elements
contained in the filter circuit). The roots of the polynomials N(s) and D(s) are known as the zeros and the poles
of the filter transfer function and their identification allows the complete description of the filter’s behavior. There
are four fundamental analog filter prototypes, the Butterworth approximation characterized by the absence of
ripples in the passband as well in the stopband, the Chebyshev I filter approximation whose magnitude response
is characterized by ripples only in the stopband, the Chebyshev Il approximation whose magnitude response
is characterized by ripples only in the passband and the elliptic (or Cauer) approximation that leads to ripple
behavior in the passband as well in the stopband [6].

To describe the specification of a low pass or a high pass filter design, there are four different parameters that

have to be defined, namely the maximum passband loss A, the minimum stopband loss A, the passband edge
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5 wp and the stopband edge ws. On the other hand, the specifications of a band pass or a band stop filter need
6
7 more parameters, even though the can be implemented via the combination of a low pass and a high pass filter.
g The parameters A, and A, expressed in dB units (decibels), are related to the ripple amplitudes §s and ¢, in the
10 passband and the stopband via the equations [9]
11
12 A, =—20lo 1=0 and As =—-20lo O
ii P €7 T3, s &1 + 6p
15
16 The ratio k = wp/ws is known as selectivity factor, while, two additional parameters that are used frequently in
ig the filter design are defined as e = /104#/19 — 1 and A = 104/,
19 The above filter characteristic are also valid for the digital filters that can be either FIR or IIR. In the fist case the
%2 filters are mainly designed via the application of an appropriate window function [7] and the frequency sampling
22 method [3], while for the IIR case the filter can be derived by their analog prototypes using the techniques of the
23
24 impulse invariance and the bilinear transformation [3]. In most cases the filter is designed to work as a low pass
25 filter and if we need another filter type (such as a high pass, a band pass of a band stop filter), it can be derived
26
27 by the analog low pass prototype via selected frequency transformations (see for example [8] for the case of digital
gg filters). The topics covered in this paper are restricted only to the design of analog lowpass elliptic filters.
30
3 2. Elliptic filters
33
34 Elliptic filters (also known as Cauer filters) are special types of analog and digital filters characterized by passband
35
36 ripples of equal amplitude, as Chebyshev I filters as well as stopband ripples of equal amplitude as Chebyshev 1T
g; filters, while, at the same time offer a very narrow transition band; however, their passband is associated with
39 a maximal nonlinearity, regarding their phase response. The passband as well as the stopband ripple amplitude
32 can be adjusted independently and the filter reduces to Chebyshev I or Chebyshev II filter if one of them tends to
42 zero (note that if both amplitudes reach a zero value, the elliptic filter reduces to a Butterworth filter). Elliptic
43
44 filters give the smallest filter order with respect to the other filter types for the same values of the filter design
jg parameters. The ripples of the amplitude response of the elliptic filters in the passband and the stopband for
47 even and odd filter order are shown in Figure 1 while the equation describing this response has the form
48
50 ()| = 3)
w =
22 J V14 e2TE (w,ws,wp, s, Ep)
52 . . o .
53 where Jn(w,ws, wp, €5, €p) is the Jacobian elliptic function of order N defined as [9]
54
22 IN (W, ws, wp, Es,€p) :sn[/ssnf1 <wi’%) +qK1,spss] (4)
D s
57
gg In the above equation, the function sn(z, k) is the Jacobian elliptic sine function with elliptic modulus k, the
60 symbols w;, and ws describe the passband and the stopband edge frequencies, while the parameter x depends on
61
62
63
64
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Figure 1. The passband and stopband ripples in the amplitude response of the prototype lowpass elliptic filter for parameter
values A, =1 dB and A, = 30 dB and for filter orders N =1 — 10.

the filter order and the values of the elliptic integrals associated with the filter design. On the other hand, the
parameters €, and e, are the passband and the stopband rippple amplitudes, ¢ is an auxiliary constant allowing
the unified description of the odd (¢ = 0) and even (¢ = 1)order filters, while K is the complete elliptic integral
of first kind of the elliptic module epes. It is convenient to define the elliptic modules k1 = epes and k2 = wp/ws
as well as the parameters € = rsn ™" (w/wp, wp/ws) and ¢ = w/wy, since, in this way, we can express the Jacobian

elliptic function in the simpler form
RN(wvavavasvsp) = Sn[nsn_l(g k:Q) +gKx, kl] = Sn(£ +gKx, kl) (5)

As with the other filter types, the elliptic filters can be built using passive as well active circuit elements. An
example circuit of each one of these approaches is shown in Figure 2.

By adopting the usual convention and applying the basic filter theory, the parameter A, is defined (as in the
case of Chebyshev I filters) as A, = 10log(1 + ¢2) (dB) and therefore we have g, = v/104»/10 — 1. On the other
hand, the stopband is characterized by equiripples of amplitude €2, with the minimun amplitude to be expressed
as 1/(epes) = 1/k1. Therefore, in complete accordance with the Chebyshev II filters, we can write down the

equation

1 . Es . 1
A Vit JI+(/2) (©)

or, in dB units,

1

1 .
As =10 10g (1 —+ g) that gives Es = m
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27 Figure 2. A typical passive and active third order elliptic analog filter.

30 Therefore, for specific values of the A, and A, parameters we can use the above relations to estimate the values

32 of 5 and ¢, associated with the amplitude response of the elliptic filter.

34 2.1. Estimating the minimum filter order

37 To identify the minimum filter order that meets the prescribed specifications, we start from the squared amplitude

38 filter response at the frequency w = wy

1 1
41 H(iw,)|? = =
42 [H(gwn)] 14 3T (wp,ws, wp, €s,6p) 14 €3

44 that allows the description of the Jacobian elliptic function as

a7 Tn (Wp, ws, wp, €5, 6p) = sn°(bww, + K1, k1) = 1

50 or equivalently

53 s (Ewmw, + qK1, k1) = £1 (8)
56 If we take into account the well known property sn[(2m + 1)K, k] = +1 we can write that

“Yr “p
)

59 Ew=w, + qK1 = (2m+ 1)K, /ssn_l( ) =0(2m+1-q¢K

Wy Ws
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or equivalently

— m+1-g2 )

2m+1—gq 2m+1—gq
_ K,
K>

T osn L (wp/wa)] L sno (1 ka)

since, from the defining equation of the Jacobian inverse elliptic function

we get

5

6

7

8

9

10

11

12

13 ~1,. @ d9
14 s i) = [ e
16

17

18

19

20

sn (1 k)—sn_l{sin(z) k] —/W/Qdiﬂ—K(k)—K
T 2) 0o /1—k3sin®d ’ ’

22 On the other hand, at the frequency w = ws, the amplitude response function is written as

24 . 1 1 1
25 |H (jws)| = == (10)

1
26 1+ e2sn?|ksn—? &, ot 20 I qK1,epes I+ =)
27 Wp Ws s

29 and if we compare the radicand in the second and the forth expressions we easily see that

31 1 ws w 1
32 aisn2 |:I€SH ! (—, —p) + qu,spss} = g

wp Ws

or equivalently

- s 1 1
37 sn[nsn 1<w_ &) +qK175p53:| = = =

)
wp Ws esep k1

40 Performing a comparison between the last equation and the expression

1
43 sn[(2m + 1)K + K1, ki] = T
1

46 we have

_ s _ 1 .
48 Ksn 1<w_7 ﬂ) + qK1 = Kksn l(k—,k2> +qKi1=02m+ 1)K, + K
2

wp Ws

51 and therefore

57 Finally, using the equation

59 (1 K|
60 sn 1<—,k) =K +jK’ to get Ky +jK) =Ko+ j—L
k K
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the resulting expression is

K, K]
=02m+1—-q)— = —

(12)
Equation 12 is an important one in the elliptic filter design, since it provides a relationship between the parameters
wp, Ws, €p and £, as a consequence of the fact that the elliptic integrals K; and K} depend on the ripple amplitudes
gp and €5, while the elliptic integrals K> and K3 depend on the frequencies w;, and ws. Note the appearance of

the term 2m + 1 — ¢ in the last expression: its value is an even number if ¢ = 1 and an odd number if ¢ = 0, and

in fact, it describes the filter order N. Therefore, we can set N = 2m + 1 — ¢ to get

K, K;
=N—/—=— 13
"TUK, T K (13)
and express the minimum filter order associated with the values of the four filter design parameters as
K> K;
N=="F=— 14
K| K, (14)

In most cases, the value estimated by this equation is a decimal number that has to be rounded to the next
greater integer.

Even though the above relation allows the estimation of the minimum order of an elliptic filter, it is not commonly
used since it involves the estimation of elliptic integrals which is not a trivial task (note, however that there is an
efficient way of estimating these integrals based on the arithmetic - geometric mean) [10]. In practical applications,
the value of this parameter is estimated by a more simple expression that will be constructed later in this section.
The practical importance of the above relation is that it defines a restriction regarding the design specifications in
the form f1(V,wp/ws) = f2(Ap, As) that has to be satisfied by the four design filter parameters. Therefore, if we
know the values of those parameters, the filter order that ensures the validity of the above relation is estimated
as follows:

Starting from the expression that relates the Jacobian elliptic sine function with J(u, q),

[u, K] ! " {%7(](@] 2+/q(k) i(_l)nqn(nﬂ)(k) sin {(271 + 1)%]
snfu, k] = — _ =
\/EW {%rq(k)] vk 1+2;(,1)nqn2(k) o (Qm%]

and since (1) for u = K this function is equal to sn(K1, k1) =1 and (2) it holds that

™ ™ U
sin {( n+ )2K1L_K1 sin {( n+ )2} cos( n2K1)u—K1 cos (nm) = (1)

we can write the expression

23/ [ nimin E
%){ Q1(+)(k1)}/{1+2;‘h (kl)}zl

n=0
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or equivalently

_ N : 142 (k) +¢° (k) + "2 (k) - 2
k1=41/q (k1) [{Z (D) }/{1+2Zq (k2) H =44/q (k1) x T 2q0k) 124" (k1) 1290 (k1) £

where g(k1) = exp(—7K1/K1). Using the simplifications k1 ~ 0 k] &~ 1 that generally hold, we have K{/Ki > 1
and ¢g(k1) < 1 and therefore the enclosed in square brackets and raised to the second power quantity can be

approximated by unity. Therefore we can set ki ~ 41/q(k1) and get the expression
E; =~ 16q(k1) = 16 exp(—7m K| /K1) = 16 exp(—mN K3/ K2) = 16 [exp(—7 K} /K2)]™ = 16¢" (k2)

where we used the fact that N = KgK{/KlKé. Substituting this expression in the equation

i 104»/10 — 1 1
B T E Tas

we get

5 104191 1 N
M= fomm—y — p - 00 (k)

For given values of the design parameters €5, €5, A, and A, the minimum filter order can be estimated by solving
the above equation with respect to N. In this case, we can easily verify that N = log(16D)/log[1/q(k2)] where
D = (10471 — 1) /(104»/1° — 1). Tt is interesting to say, that if we know the filter order N as well as the values
of the A, and k parameters, the value of the Ay that ensures that the constraints of the design are satisfied, can
be estimated from the above equation as

4 | 1040710 1
s=1 e 1
otes (s + ) (15)

2.2. Poles, zeros and min-max frequencies of the Jacobian elliptic function

By studying the form of the power response function |H(jw)|® it can be easily noted that it gets its maxi-
mum value for frequencies such that Jn(w,ws,wp,es,ep) = 0 and its minimum value for frequencies such that
T3 (w,ws,wp, €s,6p) = 1 (remember, that the Jacobian elliptic functions are defined in the interval [—1, +1]). To
|2

identify the frequency values that maximize the function |H(jw)|* the roots of the equation

sn {nsn_l <i ﬂ) +qK1,spss} =0 (16)

Wp Ws

have to be estimated, a task, that can be easily performed since the function sn(u, k) is zeroed in the values

u = 2mK. Therefore, we have
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or equivalently

s =

1w wp 2m—-—qK:i (2m—q)K:
sn —— ) =
wp Ws k N

since k = NK1/K>. The solution of the above equation with respect to the frequency w is based on the equivalence
sn~!(2,k) = a & = = sn(a, k) and leads to the result

max (2m — Q)KQ Wp
wp™ = wp sn | ————, —
N W

for values m = 0,1,2,..., (N —1)/2 for odd order N and m = 0,1,2,..., N/2 for even order N. This equation
allows the identification of frequencies that maximize the squared magnitude of the frequency response function
in the passband.

On the other hand, the frequencies that minimize the above function, are estimated as the roots of the equation

sn? |:HSH_1 (i, ﬂ) + qu,spss} =1

wWp Ws
or equivalently

sn [nsn_l (i, ﬂ) + qK175p<€s:| ==1

wp Ws
To proceed, we use the property sn(u, k) = +1 where u = (2m + 1) K, and working in the same way we get

min

2 1—-q9 K
o :wpsn[w &}

U ()

where m = 0,1,2,..., (N — 3)/2 for odd filter orders N and m = 0,1,2,...,(N — 1)/2 for even filter orders
N. This expression allows the estimation of frequencies that minimize the squared magnitude of the frequency
response function in the passband.

Let us proceed now to the estimation of the cutoff frequency w. in terms of the values of the parameters wp, ws,
ep and €. As it is well known, the cutoff frequency w = w. corresponds to an attenuation equal to A, = 3 dB.

Therefore, we have

1 1
H(jwe)| = —=|H(jwe)|max = —=
e )| = s e e =

or equivalently

. 1 1
(o) = L -1
1+ e2sn? |:HSH_1 (—c, —p) + qu,spss}

wp Ws
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A direct comparison allows us to write the expression

€pSN {nsnf1 <&, ﬂ) + qu,spss} =1

wp Ws

leading to the result

—1
1 we wp sn”(1/ep,epes) — ¢K1
Ze b ) — K.
s (wp’ws) [ NK, 2

where we used again the fact that k = NK; /K. The function sn™'(z, k2) (k2 = wp/ws) is a complex one, for

z = we/wp > 1, with its imaginary part

oo (3:2)) o [= ] )

to vanish for w. = wp, or equivalently for z = 1 (this is not true for z < 1, or equivalently for w. < w, as it can
be seed from Figure 3 that shows the variation of the real and the imaginary part of the function sn™"(z, kz) for
values k2 = 0.2,0.3,0.5,0.7). Noting that the real part of this function is equal to K2, we can write our initial

function in the form

-1
1 we wp . sn” (1/ep, epes) — g K1
= ) =K S K.
o <wp’ws) 2+“{[ NK; ?

In this case, the solution with respect the frequency w. will give the desired cutoff frequency as

—1 _
We = Wp SN {Kg + 7 {sn (1/5?\7;;253) qu] } (18)
1

Finally, lets estimate the frequencies associated with the poles of the Jacobian function Jn(w,ws,wp,€s,ep)
that send it to infinity. Using the fact that the elliptic sine function vanishes every 2K, or mathematically,

sn(2mK + jK', k) = oo, we can write that

Hsn_l(i, ﬂ) 1 gK1 = 2mK; + K,

Wp Ws

Considering the expression

1
snt (—,1@) = Ks + jK}
k2

where ko = wp/ws, this equality is satisfied by the frequency wg = ws/wp. On the other hand, for frequencies

w > wo this function gets a value of x + jK4 where x < K> and therefore, for frequencies w > wo we have
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Figure 3. Variation of the real and imaginary part of the complex function sn’l(z,kg) for elliptic module values ko =
0.2,0.3,0.5,0.7.

k(z +jK35) +qK1 = 2mK; + jK1. Using the k value as it is expressed by its defining equation and solving with

respect to the x parameter, it is found that

Lo Pm—g K and therefore st <£, ﬂ) _Cm- 9K,
N Wp Ws N
The poles of the Jacobian function w are therefore given by the expression
oo (2m - q)KQ -1 Wp Ws WpWs
= ~ LK, 22 = = 1
Wm = WpSL N Ik ws sn[(2m — q) Ko /N, wp/ws]  wmax (19)

that is derived using the property sn[u + jK', k] = 1/[ksn(u, k)]. In the above expressions, the m parameter gets
the values m = 1,2,...,(N — 1)/2 for odd filter orders and m = 1,2,..., N/2 for even filter orders. Note, that
the Jacobian function associated with the odd order elliptic filters has an extra pole in the infinity.

The defining equations of the poles and zeros of the Jacobian elliptic function, reveal an inverse proportionality
relation between them. An important consequence of this property, is that the existence of equiripples in the
passband, imposes the existence of equiripples in the stopband, too.

After the identification of the poles w," = wy, and the zeros wl" = w;,™ of the elliptic function Jn (this function

in the literature is known as the Chebyshev rational function), it can be expressed as [10]

I]w? = @2 I]w? = @2
INn=Dw' Ix2=L__ _ pu'Tix

IT* @)™
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Figure 4. The Chebyshev rational function for odd and even orders.

where the value of L is equal to N/2 for even orders and equal to (N — 1)/2 for odd orders, while the scaling

factor D, has the form

N/2 wm 2 N/2 w2w
() -1 ]
m m)4
m=1 (wz ) m=1 (w )
D= (N—-1)/2 (N—-1)/2
[T ) =l [T -
m=1 m=1
= wp X
(N-1)/2 (N-1)/2
wp [] [wp = (@I")7] [T @y = @7
m=1 m=1

for even and odd filter orders respectively. This values ensure that in the passband edge w = w, as well as at
the frequency w = 0 the magnitude of the function Jn is equal to unity. It can be proven that this function is
charecterized by equirriples in the interval [—1,+1] as well as in the intervals (—oo, —1] and [+1,400) and its
plot for odd and even filter order is shown in Figure 4. The frequecy w in the expression of the Jn for odd filter
orders is due to the fact that the degree of the numerator polynomial for odd filter orders is equal to N — 1 and

therefore a first degree polynomial term has to be added to get a polynomial of a degree of V.

It is interesting to note, that in practical problems the poles and zeros of the elliptic functions are not estimated
from the above relations but via the next expressions, where the elliptic sinus function is expressed in terms of
the functions 91 (u, q), J4(u, q) and q(k) [11]

R B v )

om=2r N SV ¥p 2N M1, k)
LR taw) YR [Pt g (R MO
o () £ o (] )
" 3 {0 o (- LN 22 1]
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M(Lm)ﬂ

2m —gq 4 2m—q . K} (
9 ) Y + ) -
L wp 1( 2N alk ))_wi 1{ oN ok, P

e 2K _ M(1, k) _

() (Bt v e (-HGEE)]
) o (A )
" R e e e I )

The above relations do not include elliptic functions and allow the easy calculation of the poles and zeros of the
elliptic function Jy, since the arithmetic - geometric mean of two numbers M (z,y) is estimated quickly and
easily, while furthermore, the functions 91 (u, q), 94(u, q) and g(k) are estimated via their defining equations with

the accurate estimation of their value to require the calculation of a few terms only.

2.3. Poles and zeros of the transfer function

To identify the poles and zeros of the transfer function lets start by the function [10]

H(syH(—s) = [H(jw)|% =)y = ! _ 1

1+€127R?V(s/.77w57wp76575p) L 52 2
14 e3D?(—1)a+152(1-a { U1 — }
L
11+ @)
— m=1
L L (20)
H s” + UJP +E D ( )q+152(1_‘1) H [82+ (w;)Q]Q
m=1 me—1
whose zeros, being the roots of the algebraic equation s? + (w;")Q =0, are estimated as
o 2m—-qKs ., w ) Ws waw o
= 450 (7 K 7_P =4 =+ P _ 4 J%
e M”SH[ N IR, " [(2m—q)K2 wp] Tor Q.
wpsn | ~———=—, —F

where

O, = LSH{M ﬂ} (21)

N " we

The above equation is valid for odd as well as even filter orders, namely for values ¢ = 1 and g = 0 respectively.
On the other hand, the poles of the transfer function are the roots of the equation 1+512,R?V (8/j,ws,wp,€s,p) =0

or equivalently

sn {nsn_l(,i, ﬂ) + qu,Epss] =2
13

JWp Ws P

Since the Jacobian elliptic sine function is doubly periodic with a real period of 4m K, we have

sn {msn_l(,i, ﬂ) + (g + 4m)K1,8p53] = EL

JWp Ws P
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Figure 5. Pole-zero plot for the fourth order lowpass elliptic filter.

and therefore, the poles of the filter transfer function can be estimated as

sn(j/ep, pes) = (g +4m) K1 wp

3 o (22)

Pm = jwpsSh

for values m = 1,2,..., N. The pole zero plot for the fourth order lowpass elliptic filter is shown in Figure 5.
2.3.1. Pole and zeros approximations
The pole defining equation of the elliptic filter transfer function can be simplified and expressed in terms of

trigonometric and hyperbolic functions that are much simpler; to do this, the simplification k1 = epes = 0 can be

applied, that generally holds in practice. Using the results sn(u,0) = sinw and K;(0) = 7/2 we have

K}(k1 :O) = EKI(O) = 2K2

and the pole defining equation gets the form

N 1 s wp m TN s wy T i
— =, 0| = — - == 23
Sn{ﬂ{f“ (jwp’ws)+q2’ } Sln|:2Kgsn G we ) T2 TG, (23)

At this point we distinguish between two cases:

N is odd

In this case we have ¢ = 0 and the last equation gets the form

sin ﬂsn_1 S Y - or equivalentl
2K, Jop ws )| T 5, d Y
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From the mathematical analysis we know that jsinu = sinh(ju) and therefore we have

. TN 1 s wp 1 TN 1 s wp L -1 1 o1 1
—sinh |j sn —, = = — or ¥ sn ——,— ) =sinh — — | = —sinh —
2K, Jwp Ws €p 2K, Jwp ws €p €p

11 Using the identity sinh™ & = In(z + v/22 + 1), the right part of the equation is expressed as

13

1 2 1+ 4/1 2
14 sinh ™! (i) = n<i+ ig"‘!‘l) =In <i+ +28p> =In + te
15 Ep Ep V €2 Ep €2 Ep

17 and since g, = 1/104»/10 — 1 we get the expression

OCoO~NOUTAWNE

= —p4f =" T _ S
\/104p/10 _ 1 " \/10AZ,/20 + 1\/10AZ,/20 -1 . 104»/20 _ 1 2 n 104»/20 _ 1

20 1 (i) R VA o (et S 1+ 1042/20 10472041 1 1047/20 4 1

Therefore we have

26 AN i s wp) _ 1. 10%/20 41
tU T2 M oA

or equivalently,

Ay /20
32 on (2 wr) o Ky 1000 A1
Nrm ' 1042/20 — 1

35 and solving with respect to s,

‘/ K. 10Ap/20 +1
§ = Jwysn 'élnw Wp —iw ’ Z 2)Sln j( " )N7T7rn10‘4p/20,1
40 e N 1040/20 — 17w s P K> 1049/20 4 1
41 1+ 22 k2 ) cos {271'an—1 W}

n n n . K2 0Ap/20 + 1
43 2 \ q kQ Z +1)(k2) sinh [(2n + 1) N In W
45 = Vs

K 10%7/%° 41
46 1+2Z k)g COSh|: WIHW

=po (24)

49 where we used the identities sin(ju) = jsinhu and cos(ju) = coshu. It is clear that the s = po value derived
above, is not a complex but a real number. Therefore, the odd order elliptic low pass filters have a real pole
52 s = po that does not appear to the even order filters, even though this pole appears in the pole equations of the
54 last filter type.

55 On the other hand, to identify the remaining poles of the transfer function, the periodicity of the Jacobian
57 elliptic sine has to be used; this property is described as sn(u + 4K, k) = sn(u, k) and results to a fundamental
period of sn(au, k) equal to T = 4K /. In this case, the multiplicative coefficient of u = sn™"(s/jwp, wp/ws) is

60 a = NKi/Ks; = Nw/2K>, a fact that can be easily verified noting that K;(0) = w/2. Therefore, the period
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of the elliptic function that appears in the pole defining equation is 7' = 4K, /a = 27 /(N7 /2K2) = 4K /N,

allowing us to say that if the expression

K 100
20 =17J N 10Ap/20 1

is a solution of this equation, then the same is true for the quantities

AmK, _1( s wp)
Zm = 20 + s Z = sn _—
N JWp Ws

In other words, we can write that

= In— "~ 44=2m,

2 s wp Ko . 1049/20 41 K,
sn =jJ—1In
Nr ' 104»/20 — 1 N

Jwp’ ws
and therefore, the poles of the filter transfer function can be estimated as

Ap/20
K> 10 +1+4&m,&>7 m=0,1,2,...,N -1 (25)

Pm = Om + jwm = jwpsn (]m 0,720 1 N

as it can easily be verified by solving the above equation with respect to s. The value m = 0 is associated
with the real pole pg, while the other values of m are used to estimate the remaining N — 1 poles. Noting that

sn(u+ 2K, k) = —sn(u, k) and sn(u + 4K, k) = sn(u, k), we have

K> 1049/20 41 N-—1

. . w
Pm = Om + jwm = jwp(—1)"sn <J L

K>
NWHWiQWm’w_S>’ m—0,1,2...,

(26)

To identify the elliptic function in the above equation, we can use the sum property of the Jacobian elliptic sine

sn(u, k)en(v, k)dn(v, k) £ sn(v, k)en(u, k)dn(u, k)

k) —
sn(u+v, k) 1 — k2sn?(u, k)sn?(v, k)
for parameter values
Ko 1079720 11 2K, b = WP
U=)7——mM— 5, v = m, = = —
I N7 104720 _ N 27w

Starting from the estimation of the denominator which is much more simpler and using the equation

1042720 41 ﬁ)

. .I(Q1
Po = J@pSt\ I M 0A,720 10 o,

we get

2 2 2 s of Kz, 10%/% 41 Wp 2 2Ks wyp
L= e, jen{v, k) =1~ Kan (”mlnm’w_ N ™) T

2 2
=1+ w—gp—gsn2(2K2m ﬂ) =1+pp [isn <2K2m ﬂ)] =1+ poQ,
w2 w3

) b
N Ws Ws N Ws
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where

OCoO~NOUTAWNE

23/q(k2)

i(l)nqn(mrl) (k2) sin [(2n + 1)%]

L [2Ke w] 1
N "Tws| Joswy

to construct the auxiliary function

22 en(u, k)dn(u, k) =

25 Therefore we have

(Ko
2 22
8 sn <] N In oA /20—

30 K .
31 o (52

17 ws

1+2Z

sn’(u, k) + en®(u, k) =

1047/20 41w, 2K>  wp 2Ky w
- - =P ZP ) q hat
)cn<Nm,ws n Nm’ws

1047720 11w, 2K  w 2K  w
e _an? Wp 2.2 2 Wp
104720 _ 1’ ws) {1 sn < ~ ws)] [1 k“sn ( ~ ws)}

k cos 2nmm
2) N

To estimate the expressions in the numerator we combine the properties

and k*sn®(u, k) 4+ dn®(u, k) =

V1 = sn2(u, k)][1 — k2sn2(u, k)]

34 and using the defining equation of the parameters po and €2,, we get

1047720 11w, 2K
1042720 17 . o

36 K> I
37 s1n ]m n

where

N )

2K
m ﬂ) dn ( 2m, ﬂ) = ,”—0\/(1 —w202)(1 - w22) = 22y,
w N Ws Jwp Jwp

E]

48 2K2 ﬂ Kg
sn< N m, o cn N?Tl

Vi = /(1 - w302,)(1

- wiQ,), (28)

For the second expression in the numerator we have

10420 41 w, an (B2
1049/20 — 17w, TN ™

1047720 41w,
OA /20 _ 1 Ws -

50
51 sn (2§2m7ﬁ)\/[1sn2 <j
52 e

54 Using the expressions of po and €2, we get

Nm  104»/20

>0 sn 21{2mﬂ cn ,&111710‘41’/20+1 “p
N 7w jNﬂ' 1

— 17 ws N 104»/20 — 17 w

&1 10Ap/20+1 wp):| [1—k25n2(j£1 10Ap/20+1 wp):|

1047720 41 w

“r) _
10Ap/20 _ 1’ ws)

,—)dn<]K21
—1 ws Nm

04» /20

59 g Y _
59 st (14 B (14 ) =
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where

Substituting the above expressions in the defining equation of the poles p,,, it gets the form

(o jeon)Vin + OV _

Pm = Om + jwm :jwp(*l)m

1+ p3Q3,
(=1)™poVim £ jwpws(—=1)" QW (=1D)™poVim £ jwpwsQm W N
— = =1,2 —
1+ p3Q2, 1+ p3Q2, pm T (30)

This is the final result. Therefore, the transfer function has a negative real pole po contributing the term s+ po,

as well as (N — 1)/2 pairs of complex conjugate poles o, & jwm each one of them contributes the term

1 1 1 1

(s—pm)(s— k) 82— (Pm +Din)s + Dmbly 82 — 20ms + 02, + w2, 2poVm_ . (Po Vi )2 4 (wpwsQm W)?
1+p3Q2, (1+p592,)?

s24

The transfer function it is also characterized by complex conjugate pairs of zeros in the locations z,, = tjwp/Qm

(m=1,2,...,(N —1)/2) with each pair to contribute the term

. . ,
(s—zm)(s—z,*n):(1_&)(1+&)282+5_;

Wm m

Based on the above results, the transfer function of the low pass elliptic filter of odd order is expressed as

{|:82 + w—’Q’] / [32 b 2oV (poVin)” + (wastW)QH (31)

Qz, 1+ pgQ2, (1+pgQ3.)?

Hy (N—-1)/2

H(s) = Py

m=1

The constant Hp can be estimated from the normalization requirement Ry (w,wp,ws,&p,€s) = 1 for odd filter

order N, leading to the value H(0) = 1. Therefore,

2

(N-1)/2 Yp
Ho 't Q2
H(0) = — m =1
O =5 1L\ G T ey
(1+p5Q%,)?
and the constant Hy is defined as
m 2 st 2
vy [(2Vm) £ (ﬁpw W)
(1 eroﬂgn)Q
0 =Ppo H 5
m=1 Y
Q2
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N even

In this case we have ¢ = 1, and therefore,

TN i s wy n
sin sn” | —, —
2K Jwp " Ws

Working in the same way we get the expression

1 S Wp K> IOAP/QO +1 K>
sn —,— | =17 n—m—--——— —
Nm ' 104»/20 -1 N

jwp7 Ws
Since the elliptic function involved in the pole equation has a fundamental period of 4K5/N we have

2m — 1
N

Zm = 20 + Kz (32)

and therefore, the pole equation of the filter transfer function is

. : m (Ko 10%7/ 411 2m -1 w,
Dm = Om + Jjwm = jwp(—1)""sn <‘7N_7r1n 104,730 — 1 + N Kg,w—s (33)
In this case, we have m = 1,2,..., N/2 and the filter function does not have a single real pole but only a number
of pairs of complex conjugate poles.
The subsequent analysis is exactly the same as previously and the final result is
j -1)™mQ
Pm = £(om + jwm) where Om + jwm = ElpoVm + ]wpw23(2 )" W] (34)
1+ pgQ2,
where V,, and W have already been defined, while €Q,, is defined as
Qm = Lsanil g,ﬁ] (35)
Ws Ws

(note that this is a special case of the general expression for the value ¢ = 1). Therefore, the transfer function for

even order elliptic filters has the form

N/2

H(s) = Ho H Hs? + %] / {32 L2V (poVm)® + (wpstmW)Q]} (36)

1+ p3Qs, (14 p3Q.)?

Ap /20

with the estimation of the Ho constant to rely on the requirement G(0) = 10~ , as in the case of the Chebyshev

I filters. Therefore we have

2
(N—-1)/2 ﬁ
HO)=Ho |] 5 =10""%4
o | (2oVin)® + (wpws 2 W)?

(1 +p3Q2,)?

19
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and the value of Hj is estimated as

(PoVin)® + (wpwsQm W)*

(N-1)/2
_o. 1+ p202,)2
Hy = 10054 H ( 0 2)
m=1 Y
Q2

Having identified the transfer function for odd as well as even order elliptic filters, we can easily identify the

central frequency w. = wp and the quality factor @ as

m_ V(P0Vin)? + (wpwsQm W)? 1 wpws W\
v 1+ p3Q3, and @m=g\tt PoVim

2.4. Selectivity and frequency shaping factor

The selectivity of an ideal filter approximation is defined as the negative slope of the amplitude response and for

the case of an elliptic filter is given by the equation

po UWHEGOF | __d ! __4d 1
o d(/J w::c dw \/1+6%R?V(w7w57wp7657517) j dw w W
w=we 1+eZsn |:I€SH_1 (w_’ w—p) +qKi, spss}
D s

jepken |:I€SH_1 (%, %) —I—qu,spss} \/1 — e2¢e2sn? [Hsn*l (%, %) —I—qu,spss]
_ P P (37)

o (@)oo (o (]

as it can be proven using the derivation properties of the Jacobian elliptic functions.

On the other hand, to estimate the frequency shaping factor let us consider an attenuation level of

A =10log {1 + sf,an [nsn71 (ﬁ, ﬁ) + qu,spss] }

wp Ws

The solution of the above expression with respect to the frequency w using the properties €, = 1/104r/19 — 1 and
k = NK./K>, leads to the result

£/104/10 _ 1
snt <07, spss) — qu] K
/10Ap/10 —1 wp

W = wWpsSn NEK, e (38)

Assuming that the last expression gives the filter bandwidth BW | the frequency shaping factor can be estimated
as S’g = BW3/BW,, with the bandwidth BW, to correspond to the attenuation level A = o and the bandwidth

BWj3 to correspond to the attenuation level A = 5.
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A(w)

OCoO~NOUTAWNE

T ===

24 Figure 6. Loss characteristics for fifth order lowpass filter.

27 2.5. The loss characteristics

30 The loss characteristics of the low pass elliptic filter has the form

33 A(w) = 101log |1+ e5 R (s/4, ws,wp,ss,sp)] = 10log {1 +epsn® {nsnf1 <i, —) + qu,Epss} } (39)

36 A typical curve for this function and for a fifth order lowpass filter is shown in Figure 6.

38 2.6. Phase characteristics and time response function

The phase response of the prototype lowpass elliptic filter for cutoff frequency w. = 1, parameter values A, = 1 dB,
42 As = 30 dB and filter orders N = 1 to 10 is plotted in Figure 7. The defining equation of this function can be

44 derived from the general frequency response equations for even and odd filter orders

pi ] S 1 K -1 Brrw -1 Q1w

47 anti) =Y Huie) = 3 { et () (e o

k=1 k=1
1 [ C1gW R 1 ﬂmw 1 1w

53 for the parameters ap = po, a1 =1, a2 =0, Bo =1, f1 = P2 =0, azr = for = 1, 1 = 0 and

55 w

e Bor = (PoVi)? + (wpws U W)? 2po Vi

) Al = —5~5
(1+p2Q3) 1+ p3Q3

SN

,  Qok =

=
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Figure 7. The phase response of the prototype lowpass elliptic filter for cutoff frequency w. = 1, parameter values A, =1dB,
Ags = 30 dB and filter orders N = 1 — 10.

leading to the results

N/2
! 2p0 V(1 + P30}

; (PoVi)? + (wpws Qe W)2 — (1 + p2Q2 )w?

LH(jw) =~

(N even) (42)

N—-1)/2
R 2po Vi (1 + p3Q} w

AH(jw) =—tan " i) -
H(jw) an (po Z (PoVi)? + (wpwsUW)2 — (1 4 p2; )w?

k=1

(N odd) (43)

The set of parameters «; and (; appearing in the defining equations, are the coefficients of the polynomials of the

denominator and the numerator respectively of the rational filter transfer fraction

_ Bo+ Bis+ Pas®+ -+ Bus™
T agtais+ass? 4o +ansV

H(s)

The differentiation of the above equations with respect to w allowing us to derive the group delay as the negative
slope of the phase response, and for the case of the elliptic filters this delay for even and odd filter orders is

expressed as

T(w) = NZ/Q{ 2po Vi [(pOVk)2 + (wprQkW)Q . w2:| } / {(poVk)Q + (UJpUJstW)Q - w2:| 2
prfl R LS (1 +p5€27)? 1+ 12

(N—-1)/2

) = { 200V {(povw%(wpwsnkvv)?wﬂ} / H(povk>2+<wpwsmw>2wQ]Q} Po

Jr
— \1+pp (1+pgQ7)? (1+pgQ7)? pg + w?

The impulse and the step response of typical examples of elliptic filters are ploted in Figure 8 and their equations

have the well known exponential form characterizes the other ideal filter approximations.
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Figure 8. The impulse response and the step response of the prototype elliptic filter for cutoff frequency w. = 1, parameter values
31 A, =1dB, A; = 30 dB and filter orders N =1 — 10.

34 3. The design procedure of elliptic filters

37 After the analytical description of the fundamental properties of the elliptic filters, let us now summarize the filter

39 design procedure for the low pass prototype elliptic filter. This procedure is composed of the following steps:

41 1. The filter design parameters are identified, namely, the maximum passband loss A, the minimum stopband

loss A, the passband edge w;, and the stopband edge ws.

45 2. The elliptic modulus

a7 1040/10 — 1 1 104710 1
48 le = EpEs = m = ﬁ where D = W

51 is estimated as well as the modulus k2 = wy,/ws that gives the value of the filter selectivity.

53 3. The parameter values ki = /1 — k? and kj = /1 — k2 as well as the elliptic integrals K, K7, Ko and

K are estimated using the arithmetic - geometric mean.
57 4. The minimum filter order is estimates as

59 _ log(16D)

_log(16D) N KiK>
60  log(1/q(k2))

or alternatively by the relation =
Ve by K, K,
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and rounded to the next integer number.

5. The parameters

> . , K, 10%°/20 11

2 4/q(k)2) Zo(il) q ( +1)(k:2) sinh [(Zn + 1)— In 1047720 _ |
Po = *\/UTWP 3 K, 104»/20 +1
1+22 kg cosh 2n—1 —_—

10Ap/20 -1

2\/722 )¢ " (k) sin {(271—5— )7;\/;}
1+22 ) cos (273\7;“)

2 2
Po Po 1
W = 14+ = 14+ = d Q=
( *wz)( *wz) o Nexon

are estimated for

m N 1,2,...,(N-1)/2 N
23 n= where m = ( )/

24 m—(1/2) N 1,2,...,(N/2) N

leading to the identification of the values

28 2 2y 2
_ _ 202 _ 202 _ Y __200Vm _ (poV ) (Q ”)

32 6. In the last step the filter transfer function is estimated as

34 _ _Ho 5° + am
H(s) = ) 1_:[1 1 Bons + v’ where

L
37 | | AL N odd
po
38 ( )/ O 7 ( ) S pO O 7 «

39 N/2 N even 1 N even 10—Ap/20 H Im N even

and the amplitude and phase response are derived and plotted.

The application of the above procedure for the design of a filter with prescribed specifications is shown in the

46 next example.

50 3.1. An example

To illustrate the above described elliptic filter design procedure, let us design an elliptic filter with selectivity
54 k2 = wp/ws = 0.95 and attenuation levels A, = 0.3 dB and As = 60 dB.
We start with the identification of the minimum filter order via the equation N = log(16D)/log[1/q(k2)]. The

57 value of the D parameter is estimated as

59 104:/10 -1 1000/10 _ 1 999999
b= = = = 13982284.427914
60 104#»/10 _ 1 100-3/10 _ 1 0.071519 398228 79
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2
3 L
4
2 On the other hand, to estimate the function g(k2) = ¢(0.95) we can apply two alternative techniques, and
7 since this review is actually a tutorial on elliptic filters, let us present both of them. The first technique uses
g the defining equation of this function, q(k2) = exp(—7K5/Kz2). To estimate the elliptic integrals we can use
10 the arithmetic geometric mean, a computationally simple and very efficient method that provides the results
11
12 K> = K (k) = K(0.95) = 2.590011 and K} = K(kj) = K (/1 — k3) = K(0.312249) = 1.611337. Therefore,
13
14 K} 1.611337
k2) = q(0.95) = —nT—==| = — 314159 X —— | = —1.954493) = 0.141636
e a(kz) = q(0.95) = exp ( R ) = exp x ST — e )
16
17 . . . . e
18 The second method is the prior estimation of the auxiliary parameter
19
20 Y AEANE! (1 - \/0.312249) 1 <0.441207) 41522
21 =91+, /Kl 2 \ 1+ 1/0.312249 2 \ 1.558972 '
22
23 . . . . .
Y and then the computation of the required value via the approximation
25
gg q(k2) = q(0.95) = qo + 2¢5 + 15¢5 = 0.141522 + 2(0.141522)° + 15(0.141522)° = 0.141636
28
gg Even though both methods reach the same result, the second one is clearly more preferable, since it does not use
31 elliptic integrals. Therefore, the minimal filter order is equal to
32
gj _log(16D)  log(16 x 13982284.427914)  1og(223716550.846628)  8.349698 9.836756
35 " log[1/q(k2)] log(1/0.141636) N 7.060351 T 0.848826
36
37 and since this value is a decimal number (as happens in almost cases) it has to be rounded to the next available
gg integer leading thus to the value N = 10.
40 Since the prescribed specifications do not include the frequencies w, and ws but only the selectivity factor
41
42 k2 = 0.95, we can set wp, = Vk2 = v0.95 = 0.974679 and ws = 1/Vk2 = 1/4/0.95 = 1.025978 to construct
33 a normalized filter with a cutoff frequency we = /wpws = 1 (this is a commonly used approach). Therefore,
32 Ky 107%/%0 41 2.590011 . 10%%/20 41 1095 +1
47 I N7 " 10270 —1 ~ 0 x 3 14150 " om0 —q — 7 0008244200 qar—y = 0334365
48
49 and the parameter po is estimated as
50
51
Ay /20
52 _ ._2110P +1 wp| _ 4 . 162
e Po = jwpsn|j o In ST 7 0.974679 sn(j 0.334625, 0.75)
54
55 At this point we have to estimate the Jacobian elliptic sinus function, and this is not a trivial procedure. One
56
57 way to do it, is to develop a user defined software function to compute this value from its series expansion
gg in terms of the 6 function. However, since this is not a crucial task in this presentation, we simply use the
60 [SN,CN,DN]=ellipj(u,k) MATLAB function [12][13] that gets as inputs the parameters v and k and returns the
61
62 .
63 25
64
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values of the elliptic functions sn, cn and du. The problem is that this MATLAB routine has been designed to
work with real arguments, but in this situation we want to estimate the elliptic sinus of an imaginary quantity.

To overcome this limitation we can use the identity

. iy _sn(u, m1)
sn(ju, m) = jsc(u,myi) = Jcn(u, )

where u = 0.334625, m = k3 = (0.95)% = 0.9025 and m; = (k3)> =1 —k3 =1 —m1 = 1 — 0.9025 = 0.0975.
Therefore we have sn(0.334625, 0.0975) = 0.327852 and cn(0.334625, 0.0975) = 0.944728, reaching the result

0.327852
1 0.334625, 0. =j— =
sn(j 0.334625, 0.0975) I 5042728

70.347033
which in turn gives
po = jwp(70.347033) = 5 (0.974679) (5 0.347033) = —0.338245
In the final step we use this po value to estimate the W parameter as
2 2 2 2
g g (—0.338245) (—0.338245)
W = 14+ = 14— | = 14— 1+ ——-—F | =1.114634
\/< + w§)< + wg) \/< + (0.974679)2 + (1.025978)2

At this stage of the design procedure, we have in our disposal all of the required information for the estimation

of the filter transfer function and lets start with the identification of its zero values. The 2, parameters are

estimated as

1

Q. — —sn[2m -1

N

Ws

K>, %] = 0.974679sn[0.259001(2m — 1),0.75], m =1,2,3,4,5
Using the ellipj MATLAB function we get
Q1 =0.247614, Qo = 0.648846, Q3 =0.868917, Q4 =0.959913, 5 = 0.970943

and therefore, the zeros of the transfer function are the following:
_J _J
0.247614 0.648846
J J . J J .
=+ =+——— = +1.150857 =t—=4+——— = $1.041760

T, T 0868917 S T g, T 0959913 J

j j .
Jo_ I 4102992
210 £ O = Ean00a3 — 1029926

On the other hand, to identify the poles of the transfer function, we need the values

o=+l =+ = +4.038539) 234 = £ =+ — +1.545961j
Q Qo

Vi = \/(1 —w202)(1 - w292), m=1,2345
that are estimated as
Vi =0.938601, V2 =0.578042, V3 =0.240895, V4 =0.061221, V5 = 0.028267

leading, in turn, to the results
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P12 = —0.315265 & 0.275998;, psa = —0.186534 & 0.689991j,  ps.¢ = —0.075002 £ 0.891514;
prs = —0.018732 £ 0.9679135,  po10 = —0.008630 £ 0.976882;

OCoO~NOUTAWNE

The normalization constant Hy can be identified from its defining equation for even filter order and it is found
10 equal to Hyp = 0.001197.
12 To construct the filter transfer function we have to build the contribution of each pole and each zero and the

14 results are the following:

16 e The pair of zeros z1,2 contributes to the numerator the term s +16.309797

18 e The pair of zeros z34 contributes to the numerator the term s% + 2.389995

e The pair of zeros z5,6 contributes to the numerator the term s +1.324471

23 e The pair of zeros z7,s contributes to the numerator the term s +1.085263

25 e The pair of zeros zg,10 contributes to the numerator the term s 4 1.060747

27 e The pair of poles p; 2 contributes to the denominator the term s® 4+ 0.630539s + 0.175566
e The pair of poles ps 4 contributes to the denominator the term s> + 0.373068s + 0.510881
32 e The pair of poles ps,¢ contributes to the denominator the term s + 0.150004s + 0.800422
34 e The pair of poles pr s contributes to the denominator the term s* + 0.037464s + 0.937205
e The pair of poles pg 19 contributes to the denominator the term s? 4 0.017260s + 0.954372

39 After the identification of all those terms, we can construct the polynomial of the numerator by multiplying the
first five terms associated with the five zeros, while, the denominator polynomial can be constructed in a similar
42 way by multiplying the five terms associated with the five poles. The degree of both polynomials is equal to
N = 10. The numerator polynomial contains only even powers of s, while the denominator polynomial contains
45 all the powers of s between 0 and 10. To complete the design, the numerator polynomial must be multiplied by

47 the normalization constant Hp. The final result expressed with an accuracy of three decimal digits has the form

49 H(s) = 0.001197(s' 4+ 22.1705% + 1.078s°% + 2.1445* 4+ 1.8415? 4 59.433)
50 T 510 1 1.2085° 4 3.82858 + 3.66657 + 5.45655 + 4.01655 + 3.5095% + 1.85153 + 0.94452 + 0.2935 + 0.0642

53 The amplitude and phase response of this filter are plotted in Figure 9. However, it is clear that these results

54 are only approximative, since we used the approximated expressions. If we construct the same filter using the
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Figure 9. The amplitude and the phase response of the designed example filter.

appropriate MATLAB functions the results are

212 = £4.076817j  p1,2 = —0.327805 + 0.285514;
23,4 = £1.583155] p34 = —0.195119 + 0.705739;
25,6 = £1.195265]  ps.¢ = —0.085341 £ 0.902603;
278 = £1.084517j  prs = —0.031622 % 0.977975

29,10 = £1.0516355  p9,10 = —0.007805 + 1.0024705

and Ho = 9.9999 x 1074, and as it can be easily seen, our solution is associated with a good precision. In
practice and in real applications, the elliptic filters are designed using specialized software packages due to the

complications associated with their mathematical foundations.

4. Conclusions

The objective of this review paper was the detailed and rigorous mathematical presentation of the main aspects,
properties and features of the low pass analog elliptic filter approximation. These features include the minimum
filter order that meets the prescribed specifications, the the poles and zeros of the Chebyshev rational function as
well as the filter transfer function, the selectivity and the shaping factor, the amplitude and the phase response
and the group delay, as well as the impulse and step response. Even though it would be interesting to cover more
aspects of the elliptic filters such as their comparison with the other filter approximations, their applications in

the continuous and the discrete time domain and maybe a short introduction to the elliptic integrals and elliptic
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functions, the limited space of the paper does not allow that. The interested reader can find all the related

information in the rich available literature.
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