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On Cartesian Products of Any Finite Number of Orthogonal Double Covers

Abstract

We are concerned with the cartesian products of any finite number of sym-
metric starter vectors of orthogonal double covers of the complete bipartite
graphs and using this method to construct ODCs by new infinite classes of dis-
joint unions of complete bipartite graphs.
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1. Introduction

A generalization of notion of an ODC to arbitrary underlying graphs is as
follows. Let H be an arbitrary graph with n vertices and let G ={Gy,G1, ...,
Gn—1} be a collection of n spanning subgraphs of H. G is called an ODC of
H if there exists a bijective mapping ¢ : (V(H)) — G such that:

(i) Every edge of H is contained in exactly two of the graphs G, G1, ...,
Gp_1.

(ii) For every choice of different vertices a,b of H,

[ 1 if {a,b} € H,

|B(é(a) N E(g(b)] = { 0 otherwise.

In this paper, we assume H = K, ,, the complete bipartite graph with
partition sets of size n each. A graph G is called a spanning subgraph of H if

G contains all the vertices of H and the edges of G is a sub set of the edges of
H.

We use the usual notation: K, , for the complete bipartite graph with
partition sets of sizes m and n, P, for the path on n vertices, C,, for the cycle
on n vertices, K, for the complete graph on n vertices, K; for an isolated
vertex, G U F for the disjoint union of G and F', and IG for [ disjoint copies of
G.

An algebraic construction of ODCs via symmetric starters has been exploited
to get a complete classification of ODCs of K, , by G for n < 9: a few
exceptions apart, all graphs G are found by this way (see [1], Table 1). This
method has been applied in [1, 2] to detect some infinite classes of graphs G for
which there are ODCs of K, ,, by G.
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All graphs here are finite, simple, and undirected. Let T' = {v¢, ..., V,_1}
be an (additive) abelian group of order n. The vertices of K, ,, will be labeled
by the elements of T' x Zs. Namely, for (v,7) € T' x Zy we will write v; for the
corresponding vertex and define {a;,b;} € E(K,, ;) if and only if ¢ # j, for all
a, b €T"and i, j € Zy. If there is no chance of confusion (a,b) will be written
instead of {ag, b1} for the edge between the vertices ag, b;.

Let G be a spanning subgraph of K, ,, and let x € I'. Then the graph G+
with E(G+2) = {(u+z,v+z): (u,v) € E(G)} is called the z-translate of G.
The length of an edge e = (u,v) € E(G) is defined by d(e) = v — u.

G is called a half starter with respect to I' if |E(G)| = n and the lengths
of all edges in G are mutually distinct; that is, {d(e) : e € E(G)} = I'. The
following three results were proved in [1].

(i) If G is a half starter, then the union of all translates of G forms an edge
decomposition of K, ., i.e. UgerE(G + ) = E(K, ).

Hereafter, a half starter G will be represented by the vector v(G) = (vy,,. ..,
vy, ) € I'", where v,, € I" and (v,,)o is the unique vertex ((v,,,0) € I'x
{0}) that belongs to the unique edge of length v, in G.

Two half starter vectors v(Go) and v(G1) are said to be orthogonal if {v,(Go)—
vy(Gy):yeT} =T.

(ii) If two half starter vectors v(Gy) and v(Gy) are orthogonal, then G =
{Gs;i : (z,i) €T x Zo} with G, ; = G+« is an ODC of K, .

The subgraph G of K, ,, with E(Gs) = {(uo,v1) : (vo,u1) € E(G)} is called
the symmetric graph of G. Note that if G is a half starter, then G4 is also a
half starter. A half starter G is called a symmetric starter with respect to I" if
v(@) and v(Gs) are orthogonal.

(iii) Let n be a positive integer and let G be a half starter represented by
the vector v(G) = (vy,,-..,vy,_,). Then G is symmetric starter if and only if
{vy—v_y+v:yeTl}=T.

The vertices of the partition sets of K, ,, take the labelling {0y, 1o, ..., (n —
1)o} and {01,14,...,(n — 1)1 }. The length of an edge xzoy; of K, , is defined
to be the difference y — z, where z, y € Z,,. Note that sums and differences are
calculated modulo n.

Much research on this subject focused on the detection of ODCs with pages
isomorphic to a given graph G. For a summary of results on ODCs, see [2, 3].
In [4], the other terminology not defined here can be found.

The above results on ODCs of graphs motivated us to consider ODCs of
Kpingeonmming--nm if we have the ODCs of K, ,, by G’, where G symmetric
starters and 1 < j < m. El Shanawany et al. In [5] got some results for ODCs
by using the Cartesian product of two symmetric starter vectors. In this paper,
we have settled the existence problem of ODCs of Ky pny..n,ning-n,, DY afew
infinite families of graphs which presented in the next section.

All our following results based on two major points :

a) The Cartesian product construction in Theorem 1 which is introduced in

the following section, and
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b) The existence of symmetric starters for a few classes of graphs that can be
used as ingredients for Cartesian product construction to obtain new symmetric
starters. These are

1) K1, which is a symmetric starter of an ODC of K,, ,, whose vector is

n times
—_——
v(Ki,n) =(0,0,0,...,0) € Z?, see Corollary 2.2.7 in [6].

2) mKy o which is a symmetric starter of an ODC of Ky, 4, Whose vector is
v(mKy2) =(0,1,2,...,2m—1,0,1,2,...,2m — 1) € Z{", see Lemma 2.2.13 in

4m»
[6].
3) Kio U K 2(n—1) Which is a symmetric starter of an ODC of Kay, 2, whose
(n—1) times (n—1) times
vector is v(K12 U Ky 5(—1)) = (0,7, 7,...,n,1,0,,n,...,n,n) € z3n, n >

2, it is easily checked that v;(Ki2 U K a(n—1)) = v—i(K1,2 U Ky 3(n—1)), and
hence {Ui —v_;+1:1€ Zgn} = Loy,

4) nK 2 which is a symmetric starter of an ODC of Ky, 2, whose vector is
v(nK12)=(0,1,2,...,2n — 1) € Z3", see Lemma 2.2.11 in [6].

5) nKsy which is a symmetric starter of an ODC of K, ,, whose vector is
v(nKs) =1(0,1,2,...,2n—1) € Z*, n=1,5 mod6, see corollary 2.2.9 in [6].

6) K12 U Ky ,,—1 which is a symmetric starter of an ODC of K, 2, whose

(n—1) times (n—1) times

vector is v(K12 U Kop,—1) = (0,1,1,1,...,1,,n,n+1,n+1,...,n+1) €
73", n > 2, see [5].

7) 2K5 U Ky ,,— o which is a symmetric starter of an ODC of K, , whose
vector is v(2Ky UKy ,— 2) = (0,0,0,...,0,1,n—1) € Z, see Lemma 2.2.17 in
[6].

2. The Main Results

In the following, if there is no danger of ambiguity, if (1,42, - ,im) €
Ln, X L, X +++ X Ly, we can write (i1,dg, - ,im) as ({192 im) -

Theorem 1 The Cartesian product of any finite number of symmetric starter
vectors is a symmetric starter vector with respect to the Cartesian product of
the corresponding groups.
Proof. Let v(G7) = (v], v/, ...,vfllrl) € Zn) bea symmetric starter vector
of an ODC of K, », by G’ with respect to Zy,, where v}, k € Ly, 1<j<m
then _ _ '

{v] —! , g 115 € Ly} = Ln,. (1)

5 n;—1u

Then v(G') x v(G?) x --- x v(G™) = ((vgv3 - v§) (vgvd - vyt V)

i ) (oh vk, g eeeolt ) where i € Zp, and 1 < j <
m. From (1) we conclude

{(,Ui11 vi22 T IL):L(:L) - (v’rlu—illuglz—if e ?mn—im). + (7’17’22 o Zm2) : (7’122 T Zm) €
Lin, X Ly X .. X L} = vy, — vp, g, Hin} x {vi, —vp, i +ia} xoo0 X
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i, — vl i im } i € L, yi2 € Lpyyeeesim € Ly, } = L, X Ly X oo X
Zn,,. Then v(G') x .-+ x v(G™) is a symmetric starter vector of an ODC of
Koinomm,nins--nn Dy @ new graph G with respect to an xZn2 X X ZLp,, - The
graph G can be described as follows E(G) = {((v} vZ -+ o), (v} vZ -+ o)+

i1 ig T i1 42 m
(iviz -+ im)) @ (iri2 - im) € Zn, X Ln, X ... X L, }. W

Lemma 2 Let m be a positive integer with ged(m,3)=1, then there is an ODC
of Keam 6am by mKggU112mK;.

Proof. From the fact that the vectors v(Ks2), v(K22), and v(mKy o) are sym-
metric starter vectors in Z4, Z4, and Z,y, respectively, then applying Theorem
1, the vector v(Kz2) X v(Ka2) x v(mKs 2) is a symmetric starter vector with re-
spect to Zy X Zy X Ly, of an ODC of K64m,64m by ng’gLJllQmKl, E(mK&g) =
{((v} v},0}), (v v} vl )+(ivizis)) : (ivigis) € ZaX LyXLam, v}, € V(K2 2), v}, €
U(Kgg) v S 'U(mK272)}. ]

» Yig

Lemma 3 Let m be a positive integer with ged(m,3)=1, then there is an ODC
of Keam2 6am2 by m*Kg s U112m2 K.

Proof. From the fact that the vectors v(Ks2), v(mKs2), and v(mKs o) are sym-
metric starter vectors in Zy, Z4ym,, and Zg,, respectively, then applying Theorem
1, the vector v(K22) X v(mKs 2) x v(mKs 2) is a symmetric starter vector with
respect t0 ZyX Zam X Lam, then v(Kz2) X v(mKa2) X v(mKy2) is a symmet-
ric starter vector with respect to Zyx Zumy, X Zim of an ODC of Kgypm2 4m2 by
m2K878U112m2K1,E(m2K878) = {((’L}illl}?zl}%), (’Uzl U?2U?3)+(i1i2i3)) : (112223) S

Ly X Logy X Loy, vill € v(Kaz2),v2 € v(mKa2),v3 € v(mKap)}. m

) Y1 Y13

Theorem 4 Let oo, m,n be positive integers with ged(m,3)=1, then there is an
oDC Of KSamn,Samn by aK2,4m U OZK274m(n_1) @] 40[(377’”1 — 1)K1

Proof. From the fact that the vectors v(aKz2), v(K1,m), and v(K1 2UK; 2(n—1))
are symmetric starter vectors in Zsq, Zy,, and Zs, respectively, then applying
Theorem 1, the vector v(aKz ) X v(K1,m) X v(K12U K a(,—1)) is a symmetric
starter vector with respect to Zao X Zy, X Zay of an ODC of Kgamn,8amn by
aK3 4mUaKy 4 (n—1)J4a(3mn—1)K1, E(aKs 4mUaKs 4mn-1)) = {((villvi2 vf’B),
(’Uil1vi22v?3) + (iligig)) : (’il’igig) € Zyo X Lipy X Loy, ’Uill S ’U(OéKg,g)/Uiz S
U(Klfrn) v € ’U(Kl)g UKLQ(nfl)) } |

» Yig

Theorem 5 Let a,m,n be positive integers with ged(m,3)=1, then there is an
oDcC Of KSamn,&lmn by mnK2,4a U 2771”(604 - 1)K1.

Proof. From the fact that the vectors v(Ki o), v(nKi2) and v(mKs, o) are
symmetric starter vectors in Z,, Zso,, and Zg, respectively, then applying
Theorem 1, the vector v(K ) X v(nKi2) X v(mKszz2) is a symmetric starter
vector with respect to Zy X Zay, X Zap, of an ODC of Kgamn,samn by mnKs 40U
2mn(6a — 1)Ky, E(mnKs40) = {((v] v} 03,), (v v7v)) + (ivigis)) : (i1izis) €

1 2 3
Lo X Ligp X L, Vi, € V(K1,0),v;, € v(nK12),v;, € v(mKa2)}. ®

) Yig » Yig
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Theorem 6 Let o, m,n be positive integers with ged(m,3)=1, then there is an
ODC of Kaamn,2amn 0y K1 25 U Ky 9mn—1) U 2a(mn — 1) K.

Proof. From the fact that the vectors v(aKs), v(K1 m) and v(K12UK] 5(5—1))
are symmetric starter vectors in Z, Z.,, and Zs, respectively, then applying
Theorem 1, the vector v(aks) X V(K1) X v(K12U Ky 3(n—1)) is a symmet-
ric starter vector with respect to Zy X Zy, X Zsay, of an ODC of Kaamn,2amn by
K1 2m UK o (n—1)U2a(mn—1)K1, E(aK1 20 UK omn-1)) = {((v} 03, 0}),

(v} v2 V3 )+ (i1ioi3)) : (i19203) € Zg X Ly X Loy, vill € v(aKy),v? € v(Kim),v3 €

i1 Vi i3 ? P2 [ %3

V(K12 UKy omn—1))}. ®

Theorem 7 Let o, m,n be positive integers, then there is an ODC of Ksamn samn
by maks 4 Umaks 4,1y U4dam(3n — 1)K;.

Proof. From the fact that the vectors v(aKy), v(K12U Ky 2(,-1)),

and v(K7 ) are symmetric starter vectors in Z,, Zsay, and Z,, respectively, then
applying Theorem 1, the vector v(aKy) x v(K1,2UKq 2(n—1)) X V(K1,m) is a sym-
metric starter vector with respect to Zg X Zay, X Zyy, of an ODC of Kgamn,gamn
by makKs s U makKs 4m—1) U dam(3n — 1)Ky, E(maKs 4 U maKs 4m_1)) =
{((wivZv), (vl v vl )+(iriziz)) : (i1izis) € ZaXZLonX L, v}, € v(aK3),v3 €

i1 Vi Vi3 i1 Vi i y Vi
'U(KLQ U K172(n—1))’vi3 S ’U(Klym)}. ]
Theorem 8 Let oo, m,n be positive integers with ged(m,3)=1, then there is an
ODC of Kaamn,2amn 0y Ko m UKy pn_1)Ua(3mn —4)K;.

Proof. From the fact that the vectors v(aKs), v(K1,m), and v(Ki UK (,—1))
are symmetric starter vectors in Zg, Z.,, and Zs, respectively, then applying
Theorem 1, the vector v(aKs) X v(K1m) x v(Ki2U Kj(,—1)) is a symmet-
ric starter vector with respect to Zy X Zy, X Za, of an ODC of Koamn,2amn
by a Ky UaKy -1y Ua(3mn—4) K1, E(aKs mUaKs 1)) = {((villvivf’ ),

(v}, v2 03 )+ (irigis)) : (i1i2i3) € Lo XL X Loy, v, € v(aKy), v}, € V(K1 m), v}, €

11 12 713 7 T2 73

v(K12U K2,(n—1))}' L

Theorem 9 Let a,m,n be positive integers with n > 5, then there is an ODC
of Kaamn,aamn by maKy gm_o) U2maks s Ubma(n —1)K;.

Proof. From the fact that the vectors v(aK>), v(2K2UK7 (,—2)), and v(Ky ) are
symmetric starter vectors in Z,, Zsoy,, and Z,

respectively, then applying Theorem 1, the vector v(aks) x v(2K2 UK (,—9)) X
v(K1,m) is a symmetric starter vector with respect to Zg X Zay, X Zy, of an ODC
of Kiamn,aamn by maKs o2y U2makKy o Ubma(n — 1)Ky, E(makKs; o;,—2) U
2maks2) = {((vf v, v}), (v} v} v} )+ (ivigis)) : (irinis) € ZuX LyXLam, v, €

v(aKs), vizg cv(2Ky U Ky (—2)) v € v(K1m)}

» Yig
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Theorem 10 For any positive integers m > 2,n > 2, and o with ged(a, 3) = 1,
there exists an ODC of Kisamn,16amn 0y aKag U Ky gm—1) U @Ky gm—1) U
aKs g(m—1)(n—1) U8a(3mn — 1) K;.

Proof. From the fact that the vectors v(a Kz 2), v(K1,2UK1 2(m—1)), and v(K; 2U

K172(n_1)) are symmetric starter vectors in Zyy, Zom, and Zay,

respectively, then applying Theorem 1, the vector v(aKz 2) xv(K1,2UK1 2(m—1)) X

V(K12 U Ky 2(,—1)) is @ symmetric starter vector with respect to Zya X Zapy, X

Lign of an ODC of Klﬁamn,lGamn by aK?,S U aK2,8(n71) U aK2,8(m71)U

&Kg’g(mfl)(nfl) U 80((377’17’1 — 1)K1, E(OAKQ@ U OéKQ’g(nfl) U OéKQ’g(mfl) U

Ko 3(m-1)(n-1)) = {((v}, v} 0}), (v} V7 v3)+(i1iziz)) : (i1i2i3) € Zag X ZLom X

Lon, v}, € v(aK32),v7 € v(K12UKj a(m_1)), v}, € 0(K12UKj 5,-1))}. ®
The following conjecture generalizes the above results.

Conjecture 11 Let o (3; 0; andr be positive integers. Then there is an ODC
m
of Ky, by U{O‘iKﬂiﬁi U (2r— a;(B; + ;) K1)}, where m is the number of the
i=0
disjoint complete bipartite graphs.
3.Conclusion

In conclusion, known symmetric starters are used as ingredients for the
Cartesian product construction to obtain new symmetric starters which are
ng,g Ull2mkKy, m2Kg’8 U 112m2K1, CkKQAm U OéKQAm(n,l) U 4a(3mn — 1)K1,
mnKs 40 U2mn(6a — 1)Ky, aKy om U Ky 2, n-1) U 2a(mn — 1) K1, maKs 4 U
makKsy 4,—1)Udam(3n—1) Ky, aKs n Ua Ky 1 -1y Ua(3mn—4) K1, maKy g, —2)U
2mOéKQ72 U 6ma(n — 1)K1, O[KQ,S @] aKQ,S(n_l) U OlK2,8(m—1) @] aKQ,S(m—l)(n—l) U
8a(3mn — 1)K;.
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