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Abstract

We are concerned with the cartesian products of any finite number of sym-
metric starter vectors of orthogonal double covers of the complete bipartite
graphs and use this method to construct ODCs by new infinite classes of dis-
joint unions of complete bipartite graphs.
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1 INTRODUCTION

A generalization of notion of an ODC to arbitrary underlying graphs is as fol-
lows. Let H be an arbitrary graph with n vertices and let G ={Gy, G1, ...,
Gn—1} be a collection of n spanning subgraphs of H. G is called an ODC of
H if there exists a bijective mapping ¢ : (V(H)) — G such that:

(i) Every edge of H is contained in exactly two of the graphs Gg, G, ...,
Gp_1.

(ii) For every choice of different vertices a,b of H,
_J1 if {a,b} € H,
BN EGON ={ § ypommise.

In this paper, we assume H = K, ,, the complete bipartite graph with
partition sets of size n each. A graph G is called a spanning subgraph of H if

G contains all the vertices of H and the edges of G is a sub set of the edges of
H.

We use the usual notation: K, , for the complete bipartite graph with
partition sets of sizes m and n, P, for the path on n vertices, C,, for the cycle
on n vertices, K, for the complete graph on n vertices, K; for an isolated
vertex, G U F for the disjoint union of G and F', and [G for [ disjoint copies of
G.
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An algebraic construction of ODCs via symmetric starters has been exploited
to get a complete classification of ODCs of K, , by G for n < 9: a few
exceptions apart, all graphs G are found by this way (see [1], Table 1). This
method has been applied in [1, 2] to detect some infinite classes of graphs G for
which there are ODCs of K, ,, by G.

All graphs here are finite, simple, and undirected. Let T' = {v,...,v,,_1
be an (additive) abelian group of order n. The vertices of K, ,, will be labeled
by the elements of I x Zs. Namely, for (v,i) € T' X Zg we will write v; for the
corresponding vertex and define {a;,b;} € E(K,, ;) if and only if ¢ # j, for all
a, b €T"and i, j € Zy. If there is no chance of confusion (a,b) will be written
instead of {ag, b1} for the edge between the vertices ag, b;.

Let G be a spanning subgraph of K, ,, and let x € I'. Then the graph G+
with E(G+2) = {(u+z,v+z): (u,v) € E(G)} is called the z-translate of G.
The length of an edge e = (u,v) € E(G) is defined by d(e) = v — u.

G is called a half starter with respect to I' if |E(G)| = n and the lengths
of all edges in G are mutually distinct; that is, {d(e) : e € E(G)} = TI'. The
following three results were proved in [1].

(i) If G is a half starter, then the union of all translates of G forms an edge
decomposition of K, ., i.e. UgerE(G + ) = E(K, ).

Hereafter, a half starter G will be represented by the vector v(G) = (vy,,. ..,
vy ) € I'", where v,, € I" and (v,,)o is the unique vertex ((v,,,0) € I' x
{0}) that belongs to the unique edge of length v, in G.

—

Example 1 An edge decomposition of K44 by 2K1 2 can be obtained by using
the following half starter v(2K;2) = (0,1,2,3).

Two half starter vectors v(Gy) and v(G1) are said to be orthogonal if {v.,(Go)—
U'y(Gl) 1y € F} =TI.

(i) If two half starter vectors v(Gy) and v(Gy) are orthogonal, then G =
{Gy;i :(z,1) €T x Zy} with Gy ; = G; + z is an ODC of K, ,.

Example 2 An ODC of K44 by 2K1 2 can be obtained by using the following
two orthogonal half starters v(Go) = (0,1,2,3) and v(G;1) = (0,2,0,2).

The subgraph G of K, ,, with E(Gs) = {(uo,v1) : (vo,u1) € E(G)} is called
the symmetric graph of G. Note that if G is a half starter, then G4 is also a
half starter. A half starter G is called a symmetric starter with respect to I" if
v(G) and v(Gs) are orthogonal.

(iii) Let n be a positive integer and let G be a half starter represented by
the vector v(G) = (vy,,.-.,vy, ,). Then G is symmetric starter if and only if
{vy —v_y+7y:7y€T}=T.

Example 3 An ODC of K5 5 can be obtained by using the following symmetric
starter K1 5 represented by the vector v(K1 5) = (0,0,0,0,0).

The vertices of the partition sets of K, ,, take the labelling {0y, 1o, ..., (n —
1)o} and {01,14,...,(n — 1)1 }. The length of an edge xzoy; of K, , is defined
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to be the difference y — x, where =, y € Z,,. Note that sums and differences are
calculated modulo n.

Much research on this subject focused on the detection of ODCs with pages
isomorphic to a given graph G. For a summary of results on ODCs, see [2, 3].
In [4], the other terminology not defined here can be found.

The above results on ODCs of graphs motivated us to consider ODCs of
Kpingeommming--nn if we have the ODCs of K, ., by G7, where GY symmetric
starters and 1 < j < m. El Shanawany et al. In [5] got some results for ODCs
by using the Cartesian product of two symmetric starter vectors. In this paper,
we have settled the existence problem of ODCs of Ky s n,, nins-n,, DY a few
infinite families of graphs which presented in the next section.

All our following results based on two major points :

a) The Cartesian product construction in Theorem 4 which is introduced in

the following section, and

b) The existence of symmetric starters for a few classes of graphs that can be
used as ingredients for Cartesian product construction to obtain new symmetric
starters. These are

1) K1, which is a symmetric starter of an ODC of K, ,, whose vector is

n times

/_,\ﬁ .
v(K1,) = (0,0,0,...,0) € Z, see Corollary 2.2.7 in [6].
2) mKs o which is a symmetric starter of an ODC of K4y, 4 whose vector is
v(mKy2) =(0,1,2,...,2m—1,0,1,2,...,2m — 1) € Z{™, see Lemma 2.2.13 in

4m>
[6].
3) Kio U K 2(n—1) Which is a symmetric starter of an ODC of Kay, 2, whose
(n—1) times (n—1) times
vector is v(K12 U Ky 5(,-1)) = (0,7, 1,...,n,7,0,2,n,...,n,n) € 73, n >

2, it is easily checked that v;(K12 U K 2(n—1)) = v—i(K1,2 U K 9(n—1)), and
hence {v; —v_; + i :1 € Zop} = Zoy.

4) nK; o which is a symmetric starter of an ODC of Ks,, 2, whose vector is
v(nKi2) =(0,1,2,...,2n — 1) € Z3", see Lemma 2.2.11 in [6].

5) nKy which is a symmetric starter of an ODC of K, , whose vector is
v(nKy) =(0,1,2,...,2n—1) € Z?, n=1,5 mod6, see corollary 2.2.9 in [6].

6) K1,2U Ks,,_1 which is a symmetric starter of an ODC of K, 2, whose

(n—1) times (n—1) times

vector is v(Ky2 U Kopno1) = (0,1,1,1,...,,L,n,n+1,n+1,....,n+1) €
73", n > 2, see [5].

7) 2K5 U K3 ,,— o which is a symmetric starter of an ODC of K, ,, whose
vector is v(2Ko UK - 2) = (0,0,0,...,0,1,n—1) € Z, see Lemma 2.2.17 in

[6]-



2 MAIN RESULTS

In the following, if there is no danger of ambiguity, if (i1,42, - ,im) € L, X
Lip, X +++ X L, we can write (41,82, yim) as (G182 im) -

Theorem 4 The Cartesian product of any finite number of symmetric starter
vectors is a symmetric starter vector with respect to the Cartesian product of
the corresponding groups.

Proof. Let v(G7) = (v}, v], ... ,vflrl) € Zn? be a symmetric starter vector

of an ODC of Ky, »; by GY with respect to L, , where vi, k€ an, 1<ji<m
then

{vl, =, i, i iy € Ly} =L, (1)
Then v(G') x v(G?) x -+ x v(G™) = ((v§vd - v§) (v§vd -+ vyt V)
i ) () R, ot ) where iy € Zy, and 1 < j <
m. From (1) we conclude
{(Wivf, - o) = (op, 00,y v )+ (it i) o (i i) €
D, X Ly X oo X L } = g, —0p, i Finy x {vf, — vk, 42} x -+ X
{Uﬁn - U:an,im + tm } 1ip € an,ig S ana ----- ytm € an} = an X an X X

Zp,, . Then v(G') x --- x v(G™) is a symmetric starter vector of an ODC of
Knins g ning-n, Dy a new graph G with respect to Z,, XZy, X.....XZy,,.The
graph G can be described as follows E(G) = {((vj,vZ -+ vI™), (v}, v2 -+ v/ )+
(ilig oo Zm)) : (ilig s Zm) S an X Zn2 X e X an} ]

Lemma 5 Let m be a positive integer with ged(m,3)=1, then there is an ODC
Of K64m764m by ng,g U112mK;.

Proof. From the fact that the vectors v(Ks2), v(K22), and v(mKy o) are sym-
metric starter vectors in Z4, Z4, and Zua,, respectively, by applying Theorem 4,
the vector v(Ka2) X v(K22) X v(mKs2) is a symmetric starter vector with re-
spect t0 Zy X Zy X Ly, of an ODC of Keam, 6am by mKg sUl12mK,, E(mKgg) =
{((v] v}, 0}), (v v} vl )+(ivizis)) : (ivigis) € ZaX LyXLam, v}, € V(K2 2), v}, €
U(K272) v € v(mK272)}. ]

) Yig

Lemma 6 Let m be a positive integer with ged(m,3)=1, then there is an ODC
of K64m2,64m2 by mng,g U 112m2K1.

Proof. From the fact that the vectors v(Ks2), v(mKs2), and v(mKs o) are sym-
metric starter vectors in Zy, Zym, and Zg,, respectively, by applying Theorem
4, the vector v(Ka2) X v(mKa2) X v(mKas 2) is a symmetric starter vector with
respect t0 ZyX Ly, X Lam, then v(Ksz o) x v(mKa2) X v(mKy o) is a symmet-
ric starter vector with respect to Zy X Zuy, X Zim of an ODC of Kgypm2 4m> by
mQK&gUll?mzKl,E(mzK&g) = {((’Uill’l)izz”l)g?’), (”U,Ll U?2U?3)+(i1i2i3)) : (Zl’LQZg) S

Ly X Logn, X Ligy, vill € v(Kap),v? € v(mKas),v; € v(mKaz)}. m

) Y1 ) Y13

Theorem 7 Let o, m,n be positive integers with ged(m,3)=1, then there is an
ODC of Kgamn,gamn 0y K2 4m U 0Ky g (n—1) U4a(3mn —1)K;.
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Proof. From the fact that the vectors v(aKz2), v(K1,m), and v(K1 2UK; 3(n—1))
are symmetric starter vectors in Zg4n, Zm, and Zs, respectively, by applying
Theorem 4, the vector v(aKz ) X v(K1,m) X v(K12U K 5(,—1)) is a symmetric
starter vector with respect to Zyq X Zy, X Zay, of an ODC of Kgamn,8amn by
K5 4 UKy g (n—1)U4a(3mn—1) K1, E(aK2 4 UK 4y n—1y) = {((v}, v}, 03),
(’Uill’l]?z’l)g’a) + (iligig)) : (ilizig) € Zya X Loy X Loy, Uill S U(Ck]"(g’g)/l]i2 S
U(KLm),’U?a S ’U(Kl)g @] Kl,?(n71)> } |

Theorem 8 Let ov,m,n be positive integers with ged(m,3)=1, then there is an
ODC of Ksamn,samn by mnKsa a0 U2mn(6a — 1)K;.

Proof. From the fact that the vectors v(Ki ), v(nKi2) and v(mKs o) are
symmetric starter vectors in Z, Zo,, and Zg,, respectively, by applying Theo-
rem 4, the vector v(K7 ) X v(nKi2) X v(mKs2) is a symmetric starter vector
with respect to Zg X Zay X Zam of an ODC of Kgamn,g8amn by mnKs s U
2mn(6a — 1)Ky, E(mnKs4a) = {((v v}, 03,), (v v7,v)) + (ivigis)) : (i1izis) €
Za X Zgn X Z4m, ’Uill € ’U(Kl,a),’vi € ’U(TLKLQ),’U?S € U(mKQVQ)}. ]

Theorem 9 Let o, m,n be positive integers with ged(m,3)=1, then there is an
ODC of Kaamn,2amn by @K1 25 U O‘Kl,Qm(nfl) U2a(mn —1)K;.

Proof. From the fact that the vectors v(aks), v(K1m) and v(K12UK] o(5—1))
are symmetric starter vectors in Z,, Z.,, and Zs, respectively, by applying
Theorem 4, the vector v(aks) X V(K1) X v(K12 U Ky 3(n—1)) is a symmet-
ric starter vector with respect to Zy X Zy, X Zsay, of an ODC of Kogmn,2amn by
aK1 0m UK o (n—1)U2a(mn—1)K1, E(aK1 2 UK 2mn—1)) = {((villv,ivf’, ),

(v} v2 03 )+ (i1ini3)) : (i19283) € Zag X Ly X Loy, vill € v(aKy),v? € v(Kim),vi €

11 712 713 7 T2 773

V(K1 p UKy p(n-1))}. ®

Theorem 10 Let a, m, n be positive integers, then there is an ODC of Kgamn 8amn
by makKs 4 Umaks 4,—1) Udam(3n — 1)K;.

Proof. From the fact that the vectors v(aKs), v(K12U K o3-1)),

and v(K7 4,) are symmetric starter vectors in Z,,, Za,, and Z,, respectively, by
applying Theorem 4, the vector v(aKz) x v(K1,2UK 2(n—1)) X V(K1,m) is a sym-
metric starter vector with respect to Zg X Zay, X Zy, of an ODC of Kgamn,gamn
by makKs s U maKs 4m—1) U 4am(3n — 1)K, E(maKz 4 U maKs 4—1)) =
{((v} 02 0}), (v} w7 vl )+ (ivizis)) : (ivigis) € LaXZLon X Lm, v}, € v(aK2), v} €

V(K12 UKy 9(n—1)), 05, € V(Kim)}. ®

) Yig

Theorem 11 Let o, m,n be positive integers with ged(m,3)=1, then there is an
oDC Of K2amn,2amn by aKZ,m U aKZ,m(n—l) U a(?)mn - 4)K1

Proof. From the fact that the vectors v(aKs2), v(K1,m), and v(K12UKy (1))
are symmetric starter vectors in Z,, Z,,, and Zs, respectively, by applying
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Theorem 4, the vector v(aKs) X v(K1m) X v(Ki2U Ky (,—1)) is a symmet-
ric starter vector with respect to Zy X Zy, X Za, of an ODC of Koamn,2amn
by a Ky UaKy -1y Ua(3mn—4) Ky, E(aKs m UK pn—1) ) {((1}“1112’[}13)

(’U ’U2 Ud )+(Z12223)) : (212223) S ZaXZmXZQH, ’Uill S U(OLKQ) U S ’U(Kl m)7 7:53 S

11 12 713 ) T2

V(K12 UKy (1))} ®

Theorem 12 Let o, m,n be positive integers with n > 5, then there is an ODC
of Kaamn,aamn by maKy gm_o) U2maks s Ubma(n —1)K;.

Proof. From the fact that the vectors v(aK>), v(2K2UK (,—2)), and v(Ky ) are

symmetric starter vectors in Z,, Zso,, and Z,

respectively, by applying Theorem 4, the vector v(aks) X v(2K2 U Ky (,—2)) X
v(K1,m) is a symmetric starter vector with respect to Zg X Zay, X Zy, of an ODC

of Kiamn,aamn by maKs o2y U2makKs o Ubma(n — 1)Ky, E(makKs; o;,—2) U

2makKs o) = {((v}vivd), (v} vivd)+(i1ieis)) : (i192i3) € ZaX ZyXLam, vill IS

11 "2 713 11 712 23
11(0[[(2),111-22 € V(2K U Ky (5 2)),1)13 cv(Kipm)} m
Theorem 13 For any positive integers m > 2,n > 2, and o with ged(a, 3) = 1,
there exists an ODC of Kisamn,16amn 0y aKag U Ky gm—1) U @Ky gan—1) U
K3 g(m—1)(n—1) U8a(3mn — 1)K;.

Proof. From the fact that the vectors v(a K>z 2), v(K1,2UK; 2(m—1)), and v(K; 2U

K 2(n—1)) are symmetric starter vectors in Zsq, Zoy, and Zs, respectively, by
applying Theorem 4, the vector v(akz2) X v(Ki2 U Ky o(m—1)) X v(Ki2 U
K172(n_1)) is a symmetric starter vector with respect to Zn X Zoy, X Zo, of an
ODC of Kisamn,16amn by a2 gUaKs gn—1)UaKs g(m—1) UK g(m—1)(n— 1) U
8a(3mn—1)Ky, E(aKsgUaKs g(n—1) Uk g(m—1)UaKs g(m—1)(n-1)) = {((’U“Um?}zd)
(viv2 v3) + (i1igiz)) : (i1i2i3) € Zyo X Zom X Zop, v}l € v(aKz 2),v; €

1 712 713

V(K12 UKy o(m-1)),0), € v(K12 UK 200-1))}. W

Vi3
The following conjecture generalizes the above results.

712

Conjecture 14 Let o, B; 0;, andr be positive integers. Then there is an ODC
of Ky, by U{a Kg, 5, U (2r— ai(B; + 6;) K1)}, where m is the number of the

disjoint complete bipartite graphs.

3 CONCLUSION

In conclusion, known symmetric starters are used as ingredients for the Carte-
sian product construction to obtain new symmetric starters which are

mKg g U112mK;, m2K878 @] 112m2K1, aKo qm U 04K2,4m(n71) @] 4a(3mn - I)Kl,
mnKs 40 U2mn(6a — 1)Ky, aKy om UKy 2, n-1) U 2a(mn — 1) K1, maKs 4 U
makKsy 4,—1)Udam(3n—1) Ky, aKs i UaKs 1 (n—1y)Ua(3mn—4) K1, maKy g, —2)U
2mak; sUbma(n—1) Ky, and aKs sUaKs g(n—1)UaKs g(m—1)UaKs g(m—1)(n—1)U
8a(3mn — 1)K;.
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