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Oriqginal Research Article
Image Normalization Using the Decomposition
of Centroaffine Transformation Matrix

ABSTRACT

Recognition is the main task of image processing, but before directly addressing recognition,
it will be necessary to convert the image of interest into a recognizable form. The
decomposition and transformation of the centroaffine matrix into a simple one-dimensional
geometric form can help us to solve the problem of images normalization which will lead to
increase images effectiveness. In this paper the problem of image normalization by joint use
of decomposition of centroaffine transformation matrix and one-dimensional normalization
methods is proposed. centroaffine transformation matrix to superposition of simple
geometrical transformations are obtained and the result are verified.

Keywords: Centroaffine, image normalization, transformation group, centroaffine
transformation

1. INTRODUCTION

The normalization can be defined as a procedure of compensation of geometric
transformations that linking benchmark image, actual images and the set of geometric
transformations, known as transformation group [1], that forming the difference between the
benchmark and the actual image.

Typically, when processing real images, it may not be known beforehand which geometric
transformations it could be. Since all simple geometric transformations and their combination
x contain an affine transformation, so we will assume that investigating the actual image is
influenced by the affine transformation group ;.

Displacement compensation is quite simple to accomplish [1, 2], for example, we can find
the image gravity center, then carry out the operation of centering, after combining the
center of gravity of image with the geometric center of the field of the sight. After centering
the image it can be investigated under the influence of only centroaffine group Gz which can
be represented as a real square matrix [3]:

_ %11 B2
A= [E-n E-:z] 1
Whel’e ﬂ-llﬂ-:: —_ ﬂ:l QL: = ':I.

Thus, to normalize the image, it is necessary to determine in advance the unknown
parameters of centroaffin transformation, after which the process of normalization can be
presented by the reverse mapping centroaffin described by the inverse matrix 47*.

2. DECOMPOSITION OF CENTROAFFINE TRANSFORMATION MATRIX

The parameters of centroaffin matrix can be determined by the decomposition of the matrix
A in product of matrices of simple groups of geometric transformations [4,5], where each of
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which is a subgroup of G£. This combined transformation must satisfy the following
requirements:

o It should be a group,

o Between the parameters of the combined transformation and the parameters
@y, By7. By, Gy MUSt exist unambiguous, i.e., the parameters ay;.@y5.855.8:2 Must be
expressed through the parameters of the combined transformation, and vice versa

In general, any mapping can be described by a real square matrix A, represents a
combination of self-adjoint (in our case - symmetric) and orthogonal mapping [2,5,6].

A= A Ay (@
Where

A, — Symmetric mapping matrix;
Age — Orthogonal mapping matrix.

After the transition to the basis of the eigenvectors of a symmetric mapping 4, then we can
get the following:

H'AH=1L (3

Where

H — Orthogonal matrix consisting of eigenvectors matrix A,
I — Real diagonal matrix,

Rewrite formula (3) in another form, we obtain:

A, = HLH™! (4)

Where A = HLH ~*A,,,

Since the matrix H is orthogonal and, consequently, H~* also orthogonal, then, if we denote
H = K,H Ay, = L, then we will get the following:

A=KLP (3)
Where
L  — Real diagonal matrix

fi. K — Orthogonal matrix

Let us take into consideration the case when K,L — pure rotation matrix I/, and 7, , in
addition to L — matrix of an inhomogeneous rescaling. Then 4 = UJ; UJ;, which can be
represented by the following:

[ﬂ'n u'1.:] _ [ COS o sina] [’}’ U” cos f# sing
flgy fgg —sineg cosed [0 pll—sinf  cosf
Where

« — Parameter transformation rotation L7

£ — Parameter transformation rotation 7,

¥.u — Parameters of the diagonal transformation 3.

(6)

From the matrix relation (6) we can proceed to four equations:
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gy, = yeosaceosf — using sinf
Oyp = ycosceosf+ usina cosfi 7)
By ——Fsinocosf — pcosesing
Gy = —Fsinasinf — ycosacosfB
Equations (7) can be rewritten as:
ycosff = @y cosa — ay; sina
ysinf = @y, cosa — 6y, Sino
—yusinfl = oy, sine + 0,4 cos @ (2

pcos i = @y sing + 6,4 cos &
Solving these equations for the parameters @, #.¥ and u, we obtain:

—2(@y05; + a3;8;)
tgla = & +at —at at '
11 13 11712
028 2(0y3 817 + 871077
Gep = 2 z 2
oy, +ag — F‘i: 833
Oy COS0E —Ogy 51N

()

cos !

iy, Sing + ggq cosa)

b= .
’ cos 8

This verifies that the transformation U; DU, is a group.

The condition of associativity will be executed on the basis of the properties of matrices, i.e.,
(U, D)U, = Uy (D).

Identity transformation is U, DU, with the parameters e =0, f =0,y =u=1

(U,DU, )~ = U7 *D~*Us* Since det U; # 0.det D = 0,det U; = 0, then the inverse exists.

As a result of superposition transformations of I, Dii,and U, D [7; should get a transformation
consisting of rotation of I, diagonal U/ and another rotation Iiy which can be represented in
the following transformation: W;D*U; |, this shows that the parameters of the resulting
transformation «*, 5*.¥" and u~ are:

_ —2(afyay + ajpag,)
(a5 )* + (ay)® — (a3,)* — (e )
—2({aj,a;; + o505
tg2fi® = - - 2 2
9 = G + (@) — (L) - (an)
.G cosa —ay sing’

tgle

(1o

¥ cos§° !
. iy sina’+ aj; cosa”)
H =

’ cos i !

Where

Giy,0:7.05,, 83, — Parameters of the matrix A* equal to (U, D,U,} = (7, 0,1} i.e., it can be
expressed by the terms e, #;.1. u,0f (U0, 0} transformation and the terms ;. 5.9, u;0f
(U, D, 07, ) transformation.

As all conditions are satisfied then (LD, 03} is a group and since between the parameters
o 4, v, u and the parameters of the centroaffine matrix ay;. ;5. 855 . 8;5 there exists a mutual
unambiguity, then the combined transformation .2 U, is a centroaffine group and, therefore,
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it contains all subgroups of centroaffine transformation, as well as all their combinations
[7,8].

But the decomposition 7,0 U7, was not too convenient in practice, since there are ambiguities
and uncertainties, even with some simple transformations [8,9,10]. Ambiguity, for example,
occurs when ¥ = u, which means the same scale in all direction. In this case, there is no
sense in the second rotation. Consequently, the angle of one of rotations must be equal to
zero. But there is ambiguity, which consists in the fact that zero may be equal to the angle of
first and second rotation. Moreover, with the transformations of rotation, uniform scale, their
combination and some other transformations in the first two formulas arises uncertainty of

the form E

There are also restrictions on the parameters « and # from the first two formulas, where &
and § must not equal to = ¥ ~n.

Therefore, the use of the specified decomposition for the normalization will cause difficulties
[11,12]. Let’'s consider other decomposition, assume that the decomposition of the
centroaffine set will be a combined transformation of DX/, where I} — the matrix of the
inhomogeneous scale, X — matrix of a slanting shift along the X axis and 7 — rotation matrix.
Then A = DXII, which can be rewritten as follow:

Gy Gy2] _ |V U] 1 Rh][ cose sing
[5:1 a::] - [U u [EI 1] [— cos @ cos :t] (11)
From formula (11) we can write four equations:

@y = yleosm — hsing),
@y, = yisine — hcos a
o, = —=ina
flg; = pcCose .

(12)

Solving these equations regarding «. k. ¥. 1. we obtain:

&
o = arctg (— ;IJ

O3 O3

o= =
© rcosm faq
cos | arcig (— u.‘ )

fgp 3 + G707

(13)

Gyy@gy — Qg1 83

oy Oyy gy = 0y20g Oay
¥ = = cos | arctg | — —)
a;; +agh B3

Verifying the performance of requirements to the group, we conclude that the combined
transformation DXU is also centroaffine. Therefore, all simple groups, for example,
conversions of slanting shift on X axis, on Y axis, the transformation of rotation,
transformation of inhomogeneous scale, as well as all their combinations will be subgroups
of decomposition DXU, i.e. X = DX, ¥ =DXU, U =DXU,D = DXU, ... etc. at defined values
of the parameters &. £, i, h. So, ¥ = DXL only when the parameters of DXL are equal:
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1
“= cns{wctg(—h']}
o = arctg (—h*) (14)
h=~h
¥ = cu:s'[a.rci‘g{—h':]}

Where

h* — Parameter of transformation of slanting shift along an X axis for which transformation

'].EI]

matrix looks like [h' 1)

Suppose further that 4 = VDX, then:
@y 327 [1 O] ¥ 01 R
[ﬂ'n ﬂ::] B [hr 1] [U _U] [[] 11] (1)

Rewrite (15) in the form:

gy =Y
Gy7 = ¥hy
By = ¥hy (16)

a; = vhih; +u

Express the parameters ¥, fy, hia, i through @y, 645, Gag, 822, We obtain:

¥=ay
Gy
h, =—
Gy3
yn
h, = iz (177
G131
Gy3 8z — Qyz0p

Gyy

Based on formula (17) and the results of performance requirements group for the

decomposition of ¥IX we find that DX is also a decomposition of the matrix A.

Since the decomposition of DXL and ¥DX are centroaffine, then they are equivalent to each
other, and the combined transformation of ¥DX can be decomposed intoDXU, and vice
versa, in other words YD.X = DXL only when the parameters @, 5.y, u of DXUdecomposition

equal to:
R ¥ hi J
o = arccyg ‘]r’—'h;_h;‘l',bl'
¥ hy
“= " sina 18
2 a8

cose — sinah
hicoso —sing

cose + Rosing
Where ¥7.u", ki, R — parameters of ¥DhXdecomposition
¥ ¥ hs
form[._ ]
y'h vy hihi+ u

which

has

the
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But DXL = ¥DX only when the parameters of ¥DX decomposition will have the following
values:

y* = ylcose — hsine)
sing + hcoso
17 cosa— hsing
usine (19)

a ylcose — hsing)
U

B =

w=————-—
rnsm — heing

There are other decomposition centroaffine matrixes:

A=DYU, A=XDV, A =DXV, 4 =DVX (20)
A=UXDA=U¥VD A=UDY.A=UDX -

As mentioned in the beginning, not any superposition of elementary transformations
D,¥, X, 7 is suitable for the decomposition of the matrix A. Only the superposition [14,15],
which is a group and contains four parameters, with one-one correspondence with the
parameters a,,. &,5. ;4. B;; May be a centroaffine decomposition of the matrix A. If these
requirements are not met, then such combined transformation is not a decomposition of the
matrix A. For example, the combined transformation ¥YXU.¥UX are not a decomposition of
matrix A.

Depending on the decomposition of matrix A and the properties of the affine transformation it
is possible to find the parameters of a simple transformation which are included in the
decomposition of matrix A by using one-dimensional normalization method.

This normalization cannot be used to calculate the normalization parameters for the whole
image Ei{x. v), it can be only used to calculate its restriction 5{Z1 on some straight lines [1],
which is much easier.

Calculating the parameters of one-dimensional normalization and using the decomposition of
the matrix A, we obtain the parameters for the normalization of the entire image, i.e., the
parameters of the inverse matrix A™*.

We know that the centroaffine transformation of the center of gravity of the image remains
fixed [1,10,11]. Since affine transformation translates straight line into straight line [10,17,18],
then any line passing through the center coordinates under centroaffine transformation it will
be translated into straight line.

Thus, each line passing through the coordinates (0, 0), corresponds to the real images
obtained from the benchmark centroaffine transformation.

Appropriate straight lines of benchmark and real images will differ in the angle of slope, while
the restriction by (£}, B(F) of benchmark and real images on these straight lines will differ in
the scale [19].

To find the parameters of one-dimensional normalization it is necessary to calculate the
angle of slope and the scaling factor between the appropriate straight lines.

3. EXAMPLE OF USAGE

Here is an example of one-dimensional normalization and the resulting decomposition of
centroaffine matrix into superposition simple transformation to find the parameters of
normalized matrix.

Let's take DXL as a decomposition of normalized matrix A, and calculate the parameters of
simple transformations, involved in this decomposition, using the methods of one-
dimensional normalization.
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Figure 1 shows the benchmark image, while Figure 2 shows the image obtained by acting on
the benchmark image using any centroaffine transformation of A.

Fig 1. Benchmark image

Fig 2. Images distorted by the centroaffin transformation of A

In Figure 1, for example, if we select two perpendicular lines [ and m, coordinate X and ¥
axes, we must find the corresponding lines in Figure 2 I" and m', and calculate the following
four parameters:

. &k, — Scaling factor between the constrains on the lines [ and [';

= %, — Scaling factor between the constrains on the lines m and m';

= g — Angle between the old position of line [, in our case, the X axis, and [' (new
position of line {);

] & — Angle between the line m*, perpendicular to the lines ' and m'.

So we can use the found parameterse . 8, k. k,, defined by the parameters &, h.y.pu of
simple transformations in the decomposition of DXL, If the perpendicular lines I and m on
the benchmark image were chosen coordinate axes X and ¥, then:
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[

¥

Ky

' 1)
B= (ky cos &) -
0= =g
h = —tgd

Substituting (21) in equation (12), we obtain the parameters of normalized matrix A.
4. CONCLUSIONS

The normalization can be understood as the influence on the image obtained by the resulting
matrix A. In other words, the simultaneous compensation of all transformations will form the
difference between the benchmark and real images.

We can also apply a consistent normalization consistently to calculate the
parameters y. u. &, #, and alternately having compensated transformation 7. X, D.

In conclusion, we note that all the decompositions of matrix A are equivalent to each other,
but in terms of some practical implementation, they are not equal. The criterion for selecting
the most suitable can be: ease of implementation, restrictions on the allowed value of
parameter of transformation, interference protection, etc.
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