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Solutions of Sequential Conformable Fractional Differential Equations around an

Ordinary Point and Conformable Fractional Hermite Differential Equation

Abstract

In this work, we give the power series solutions around an ordinary point, in the case of variable
coefficients, homogeneous sequential linear conformable fractional differential equations of
order 2a. Further, we introduce the conformable fractional Hermite differential equations,
conformable fractional Hermite polynomials and basic properties of these polynomials.
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1. Introduction

The idea of fractional derivative was raised first by L'Hospital in 1695. Since then, related to
the definition of fractional derivatives have been many definitions. The most popular ones of
this definitions are Riemann-Liouville and Caputo definitions. For Riemann-Liouville, Caputo

and other definitions and the characteristics of these definitions, we refer to reader to [1-3].

Recently, Khalil and friends give a new definition of fractional derivative and fractional integral
in [4]. This new definition benefit from a limit form as in usual derivatives. They also proved
the product rule, the fractional Rolle theorem and mean value theorem. In [5], Abdeljawad
improve this new theory. For instance, definitions of left and right conformable fractional
derivatives and fractional integrals of higher order (i.e. of order « >1), Taylor power series

representation and Laplace transform of few certain functions, fractional integration by parts
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formulas, chain rule and Gronwall inequality are provided by him. Legendre conformable
fractional equation and Legendre fractional polynomials are studied in [6].

In this work, we analyze the existence of solutions around an ordinary point of conformable
fractional differential equation of order2a. Then, we give solution of Hermite fractional
differential equation. For this solution, we obtain Hermite fractional polynomials with certain
special initial conditions. Finally, we introduce the basic properties of Hermite fractional
polynomials.

2. Conformable Fractional Calculus

Definition 2.1. [5] Given a function f:[a, o) — R. Then the left conformable fractional

derivative of f order « is defined by

fx+ex—a)™ M) - f(0)

&

(T2 @) = lim

for all x > a,a € (0,1]. When a = 0, it is written as T,. If (T,f)(x) exists on (a, b) then
(TZ (@) = lim (T5'f)(x).
x—-a

Definition 2.2. [5] Given a function f: (—oo, b] —» R. Then the right conformable fractional

derivative of f order « is defined by

i L&+ € — 07 = f)
£20

&

@TC) = -
forall x < b, a € (0,1]. If ( ,Tf)(x) exists on (a, b) then (5T)(b) = )}Lrgl_(ng)(x).
Theorem 2.1. [4] Let @ € (0,1] and f, g be a-differentiable at a point x > 0. Then
(1)d—a(af+bg)—a +bda,f0rallabE]R
2 —(xp) =pxP~* forallp € R

dx®

3) %(A) = 0, for all constant functions f(x) = 4

(4 )dx—a(fg) = fdxa (9) + gdxa (f)

g -1g)
g2

(5) = (f/9) =

i it o di i a® — ,1-a ¥
(6) If, in addition, f is differentiable, then — (f(x)) = x17 — ().
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Theorem 2.2. [5] Assume f is infinitely a-differentiable function, for some 0 < a <1 ata

neighborhood of a point x,. Then f has the fractional power series expansion:

= 5 oG = xe

1
] , xo < x < xg + RV, R > 0.

k=0
Here, (("")T(f‘) f ) (xo) means the application of the fractional derivative k times.
3. Conformable Sequential Fractional Differential Equation and Solutions around an
Ordinary Point

The most general sequential linear homogeneous (left) conformable fractional differential
equation is

Wy + an 1 () "Iy 4@ (OTEY + ag()y = 0, (1)
where T3y = TATE .. T%y, n times.

Definition 3.1. Let a € (0,1], x, € [a, b], N(x,) be a neighborhood of x, and f(x) be a real
function defined on [a, b]. In this case f(x) is said to be a-analytic at x, if f(x) can be
expressed as a series of natural powers of (x — x)* for all x € N(x,). In other word, f(x) can
be expressed as following:

o

PRCEEDUIN A

k=0

This series being definitely convergent for |x — x| < 6 (6 > 0). ¢ is the radius of convergence

of the series.

Definition 3.2. Let a € (0,1], x, € [a, b] and the functions a; (x) be a-analytic at x, € [a, b]
for k =0,1,2,...,n — 1. In this case, the point x, € [a, b] is said to be an a-ordinary point of

(1). If a point x, € [a, b] is not a-ordinary point, then it is said to be « singular.
Example 3.1. a) We consider following the conformable fractional differential equations:
xTay =y =0,
xZa(Z)Tay — 2x%T,y + x2%y = 0
Any point x = x, > 0 is an a-ordinary point for the above equations.

b) Let be
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(x—1DT,y—y=0,
(x — 1)2“(2)Tay —2(x — DT,y + (x — 1)?*y = 0.
For these equations, any point x = x, > 1 is an a-ordinary point.
Theorem 3.1. Let « € (0,1], let ¢y, c; € R and let x,, be an a-ordinary point of the equation
XomXo Xo
TeTe"y + )T,y + q(x)y = 0. )
Then, there exists a solution to the equation (2) as
Y = Dk=oCk(x — xo)ka 3)

for x € (xg,x¢ + p) With p = min{6;, 6.} and initial conditions ¢, = y(x,), ac; = T,y (x,)

where §; and &, are the radius of convergence of p(x) and q(x), respectively.

Proof. Since x, is an a-ordinary point of (2), by definition 3.1 and 3.2 we can write

p(x) = Tisopi(x — x0)**  (x € [x0, %0 + 61]; 6, >0)  (4)

and

q() = X0 qi(x — x0)**  (x € [xg, % + 8,]; 6, >0).  (5)

We seek a solution in form (3) of (2). Substituting (3) and its conformable fractional derivatives
in (2), then we obtain

oo

D @k + 200 + Doyl — 1)

k=0
+ (z pr(x — xo)ka ) (Z alk + 1Dcgpq(x — xo)ka>
k=0 k

=0
+ (Z qi(x — xo)ka> <Z cr(x — xo)ka> =0 (6)
k=0 k=0

We also can write

(Z pr(x — xo)kaC ) (Z a(k + 1Dcgyq(x — xo)ka>
k=0 k=0
k

B i Z a(j + Dpy-jcje1 | (x = x0)**

k=0 \ j=0

(7)
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and
(o) (o] (o8] k
(Z au(x - xo)k“> (Z i - x@k“) =D D ase |G xo)te.
k=0 k=0 k=0 \ j=0
(8)
Hence, if we substitute (7) and (8) in (6), we obtain
] k k
Z a?(k +2)(k+ Dcyn + Z a(j + Dpg-jcjs1 + Z qr—jci | (x — x0)*% = 0.
k=0 j=0 j=0
So, the coefficients c; must satisfy
a®(k + 2)(k + Deprr = = Xfoola( + Dpre—jCjer+au—jc5)- ©)

We show that if the coefficient ¢, are defined by (9), for k > 2, then the series

y=3 e s
k=0

is convergent for x € (xg, xq + p). Let us fix r (0 < r < p). Since the series in (4) and (5) are

convergent for x € [x,, xo + 7], there is a constant M > 0 such that

Mria

Pe-j| < (k € No;0<j < k) (10)
and
Mria .
il <= (kENGO<j<k). (11)

Using (10) and (11) in (9), we obtain
a?(k +2)(k + Dcgyz] < T% ?zo[a(j + 1)|cj+1| + |cj|]rj“

< 2 Zicola G+ Dlga| +[g|Jr/e + Mgalre. (12)
Now, we define
Co = lcol, €1 = |c4]
and Cy, by
a?(k 4+ 2)(k + 1)Cpyp = r% K @G+ )Gy + Gl + MCqr®  (13)

fork = 2.
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We can see that an induction yields
lcx| < Cy, C, =0, (k=012,..)
Now, we analyze for what x the series
Zi=o Cic(x — x0)*® (14)
IS convergent.
Using (13), we obtain
a2(k)(k + 1)Cpyq = T(RL)M Y a( + DCyq + G/ + MCr®  (15)
a?(k) (k = DG, = gz ize]a G + DGy + GJr/% + MGy, (16)
From (15) and (16), we find
r%a?(k)(k + 1)Cryq = a?(k)(k — 1)Cy + aMkr®Cy + MC,1?°.

Hence,

Crar _ a?(k)(k—1) + aMkr® + Mr*®
C. rea?(k)(k + 1)

is obtained. By the help of the ratio test, we have that

<|x _x0|>a
= <1
T

Thus, the series (14) converges for x € (x,, xo, + 7). This implies that the series (3) converges

. Crey1(x — xo)(kﬂ)a
lim

koo [ Cr(x — x)k@

for x € (x, xo + ). Since r was any number satisfying 0 < r < p, the series (3) converges for

x € (xg,x0 + p).
Example 3.2. Find the general solution to the equation

DTy —xT,y -y =0. (17)
For x, = 0 a-ordinary point, we seek a solution in the form (3). Substituting (3) and
conformable fractional derivatives of (3) in (17), we have

1
C2 == szco
and
_ ka +1
2T 2 Dk +2) %k

k=12,..
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Hence,

REVI EV

C_lc
Z_Zazo

¢, = r(2—1a+2)
r(5-+3)

C6_

r(5o+k)

N 271231(5-+1)1'(5) ¢

- 2-2a4r(2—2+1)r(7) ¢

C = C
2k 21~kk+1r(——11)P(2k+1) 0

3 2r(2+2)
€= a.r(z—t;1)r(4) @
B 22r(22+3)

230(S2+4)

€7 = a3l“(12_—aa+1)l"(8) ¢

1

zkr(l_“+k+1)

2a

akr(lz’—a“+1)r(2k+2)

Cok+1 = C1

is obtained. The general solution of (17) is found as

4. Conformable Sequential Fractional Hermite Differential Equation and Conformable

5o+ k)

2ka

y(x)=coi F(

P 21—kak+1r(

o)

1-—

X

57+ 1) r(2k+1)

a
— +k+1)

x(2k+1)a

+clz
akl"(

k=0

Fractional Hermite Polynomials

a
=+ 1) r(2k + 2)

Consider the conformable fractional Hermite differential equation

where @ € (0,1], misareal number. If « = 1, then equation (18) becomes the classical Hermite
differential equation. Let m be a nonnegative integer. x = 0 is an ordinary point of (18). Now

we seek a solution as in (3) of (18). Substituting (3) and its conformable fractional derivatives

@7y — 2ax*T,y + 2a?my = 0

in (18), we have

and

Hence,

Cy, = —MCy

2(k —m)

2T G r Dk +2) "

k=12,..
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2 2(m-1)
C; = (—1)2—1:1% cz =(—1) n;! €1
2%m(m—2) 2%(m-1)(m-3)
Cy = (—1)2%00 Cs = (—1)2%%

3 _ _ 3¢ _ _
Ce = (_1)3 2°m(m 62!)(m 4) Co ¢, = (_1)3 2°(m 1)(7;1! 3)(m-5) ¢,

2)..(m—2k+2) _ Kk 2¥(m=1)(m—3)...(m—2k+1)
2n)! CO C2k+1 - (_1) 2n+1)! 1

S
Coe = (—1)k 22

is obtained. The general solution of (18) is found as

*® km m— e m =
Y@ =co+eo Y [(‘1)k e e
k=1
0 Zk(m—l)(m_3) ...(m—2k+1) +1a
+¢ 2 [(—1)" (2k + 1)! e
k=1

Now, we pick initial conditions the following as

y(0) = ¢o = (~2)2(m — D!
T,y(0) =ac;,=0-¢;, =0
where

_(m=1)(m—=3)..31 (m-—1)odd
(m—1)n = {(m —1D)(m—-3)..42 (m—1)even

If ¢, = 0, then all ¢, = 0 when k is odd. For these initial conditions, the solution is

— (_ n _ 0 _ kam(m—Z)...(m—2k+2) 2ka
y() = (=2)z(m - DI [1+ T, [ (D) 2 x2ka]

Specially, for m = 6, the solution is
y(x) = 64x°% — 480x** + 720x2%%* — 120.

This is the 6™ order conformable fractional Hermite polynomial. That is
HE (x) = 64x5% — 480x*% + 720x2% — 120.

To get the odd order Hermite polynomials, we specify the initial conditions

y(0)=¢,=0,

m+1 m+1

T,y(0) =ac; = —a(—=2) 2 m)!! 5 ¢; =—(-2) 2 (m)'L.

(19)
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If ¢, = 0, then all ¢, = 0 when k is even. For these initial conditions, the solution is

m+1 o 2k (m=1)(m=3)...(m—2k+1)
y@) = —(=2) 2 (M [x + E, [ (- R x@+0a] - (20)

Specially, for m = 5, the solution is
y(x) = 32x5% — 160x3% + 120x%,
This is the 51" order conformable fractional Hermite polynomial. That is
HE(x) = 32x>* — 160x3% + 120x*.
Property 4.1.
() Hn(x) = Hp(x9)
() To(H&E)) = 2maHg_y(x)
(ay ™1, (HE(x)) = 2™m! a™
(IV)  Hppa (%) = 2x*Hp (x) — 2mHy, 4 (x)
(V) Hipa(0) = 2x“HE () — a ' To(Hip (x)
(V1) HE(x) = (—a~)mex** T, (e
(Vi) ffom HE(x) HE(x)e ™**“dy(x) =0 m#nand a = Tlﬂ JEN
(VI [% HE () HE(x)e ™ “dg(x) = éznn! Ve m=nanda = Tlﬂ jEN
Proof.

(1) Proof is obvious.

(1) Let m be even. Then, H (x) is found by the help of (19). Applying conformable derivative
to (19), we get

n o 2K(m=2)..(m—2k)
T,(H%(x)) = 2ma |—(=2)2 (m — 1)!! [x“ + X0 ((—1)k W)x@kﬂ)a]l_
For m — 1 is odd, we can write
Ta(HTCr{l(x)) = 2maHy_;(x).

Conversely, let m be odd. Then HZ (x) is found by the help of (20). The conformable derivative

of order « is

et 00 *(m— —3)..(m—-2k
Ta(H,‘fl(x)) =2ma|(=2)"z (m—2)! [1 +32 ((_1)k 2%(m 1)(m(2j>())!(m 2 +1))x(2k)a]l'
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For m — 1 is even, similarly, we can write
To(Hf () = 2maHg_; (x). (21)
(111) We use induction to prove. For m = 1, property is provided. That is
T.(HE (%)) = 2a.
Assume that the property is true for m = n. That is
(")Ta(Hff(x)) =2"nla". (22)
From (1), we have
To(Hytyq (%)) = 2(n + DaH (x). (23)
Applying conformable fractional derivative of order a, n times, we get
T (HE 1 (%) = 2(n + 1)a ™ T, (HE(x)). (24)
Substituting (22) in (24), we obtain
T (HE 1 (%)) = 2 (n + 1)a™*1, (25)
Hence, proof is completed.
(IV) For HY,,1(x) is a solution of (18), we can write
O (HE 1 (%)) — 2ax T, (HE 41 (X)) + 2a?*mHE 1 (x) = 0. (26)
Using (I1), we have
HY ,1(x) = 2x*H5 (x) — 2mH, _,(x). 27
(V) Using (21) and (27), the result is found.
(V1) We prove by induction. For m = 1, the property is provided.
Assume the property is true for m = n. That is
HE(x) = (—a~)re® T, (7). (28)
If (28) is substituted in the property (V), then
Hi () = (ma)m1ex™ T, (o727

is obtained. Hence, proof is completed.
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(VI1) The definition 2.1 is given for x > 0. To avoid the problem of being undefined on

(—o0,0], we assume a = Tlﬂ with j any natural number. Since H% (x) and HZ (x) are solution

for the equation (18), respectively, then
@1, (HE(x)) — 2ax°T,(HE(x)) + 2a>mHE(x) = 0 (29)
@1, (HE(x)) — 2ax°T,(HE(x)) + 2a>mHE(x) = 0 (30)

Multiply (29) by e **“HZ(x) and (30) by e **“HZ (x) and subtract the resulting equation to
get

Tole ™ “To(HE (x))|HE (x) — Tp[e ™ T, (HE () |HE (x) + 2a?(m —
n)e **“H%*(x)HZ(x) = 0. (31)

If we apply the fractional integral to equation (31), then we get
j (Tale ™ Ta (i (O)HE () — Tu[e ™ To (HE(0)) [HA () ) daix
+2a%(m —n) f e ™ “HE (x)HE (x)dgx = 0

If we apply fractional integration by parts to the first fractional integral in the above equation,

we find the result of this fractional integral as zero. Hence proof is completed.

(V) The definition 2.1 is given for x > 0. To avoid the problem of being undefined on

(=0, 0], we assume a = ﬁ with j any natural number. Let us define
= [ HEGO HE@e ™ d0(0)
Then

Inetnss = j HE_ (x) HE, , (x)e =" “dy(x) = 0

Using the property (1V), we get

S HiE_y () (2x*HE(x) = 2nHE_1(x))e ™ “dg (x) = 0.

2 2% HE (OHE(x) e dg (x) = 2nly_q 1. (32)

Recall that
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H%(x) = (—a‘l)"exza(n)Ta(e_xza .

Thus, equation (32) becomes

(a2 7 20 (T (e ) ) (Ve ) da@) = 2nkgner (33)
Note that

a,x2%(n—-1) —x2a 1 x2%(n-1) —x2a 1 x2a(n) Y
2x%e T.(e =ETa[e T.(e )]—Ee T.(e :
Then, equation (33) becomes
f (a—l)Znexm(n)Ta(e—xZ“) (n)Ta(e—xZ“)da(x)_(a—l)Znf Ta[exza(n—l)Ta(e—xZ“)](n)Ta(e—xZ“)da(x)
=2nly_1n-1
Using the property (IV) and integration by parts for conformable fractional derivative, we have
In,n_(a—1)2n[ex20‘(n—l)Ta(e—fo%)(n)Ta(e—xm)]_oo +
ffooo(a_l)znexm(n_l)Ta(e_xza)("+1)Ta(e_x2a)da(x) =2nly_1n 1.

We also have following equations:

f (a—l)znexza(n—l)Ta(e_XZa)(n+1)Ta(e_x2a)da(x) _ In_1,n+1 =0,

_(a—l)Zn [exza (Tl—l)Ta(e—xz‘Z)(n)Ta(e—xza)]O_o = 0.

Hence, recurrence equation
Lnpn =20l 104
is obtained. Repeating this operation n times yields the result
Inn =2"n!ly,

where

loo = J e~ dg(x) = g

Hence proof is completed.

5. Conclusion
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In this work, we give power series solutions around an ordinary point in homogenous case of
sequential linear differential equation of conformable fractional of order 2a with variable
coefficients. In addition, solving Hermite fractional differential equation, we obtain Hermite
fractional polynomials for certain initial conditions. It is appeared that the results obtained in

this work correspond to the results which are obtained in ordinary case.
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