APPENDIX: Proof of Theorem 3.1
According to (3.1) and (3.2), there

W™ =T(S(W™)) = RW™?).
To prove this theorem, we give the following four lemmas, and the appropriate proof.

Lemma 1 The operator S is non-expansive; T is % -averaged non-expansive; R is

non-expansive. (If for any x, yOR™ ,we have||Tx—Ty||§ <(Tx-Ty,x~-y), the operator T is called

non-expansive; if there exists a0(0,1), such that T, =(1-a)l +aT,then T, is caled a

-averaged non-expansive)
Proof. We know that S is a non-expansive operator from (3.1) formula and literature [19].
Now we define

SW™) =argmin ¢+g%€’ - 2g€ ¥A t-w" §
=argmin 2\, %||z—vv<m‘1)||2+2/]—l g+g’e’- 2g¢€ %

and (0:%(2 + g%e ? —2g+e?). According to the definition of the neighboring operator [19], we
1
know that S is a neighboring operator as respect to ¢ , strictly convex function on z and under

semi-continuous. We can get the consequence from Proposition 2.4 in the literature [8] in which
shows

2
ISw,)- Sw, )||2 <(S@, - S, )W, -w,)
It proves that S is non-expansive.
Now, we define M =2T —1 ,then

IM@)-M )
=]@T-1)@)-@T-N&);
=2T@)-T@)-@-2);
=41 @) T, *|z-2zl,-4T@)Te)z-2).

Withthe similar way to prove S, we can get the following function
: 1 2 A
(my — 2l Wl 4+ 2 +
T(z™) =argmin 2/11{2”2 vvﬂ 1L2|va| logé+|Dw| )

Where @ is given by

(4.1)

/]2
_51[9|DV\4 log(e+|Dw)).
On the other hand, @ is a convex function and under semi-continuous. So T satisfies

2
IT@)-T@), <(T@)-T@).2-2). (4.2)
Combined with (4.1) and (4.2), we obtain
2 2
M@)-M @), <]z -z,
According to the definition of the non-expansive operator and the average non-expansive,
operator M is non-expansive. However, T = (1—1/ 2)| + 1/2M so the operator R is a %

-averaged non-expansive. i
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Lemma 2 Z”:HW(”"” - W(m)Hz is convergence.
Proof. Denon;_e1 3,(zw) =[z-wf;and J,(w)= [ |Dwiin(e+|Dw|)dxdy . Hence, we have
J (Z(m),\l\l(m))— J (Z(m) ,W(m+1))
:/ll[Jl(z(m),W(m))_32(2<m),\,\;m+1)ﬂ 4.3)
] 3, (W) =3, (w™)]
03 _, 0, 0,

Thatisto say —=A — .
Y oow ow " ow
We consider the Taylor series expansion of Jl(z(”‘),w(m))in the second variable,
Jl(z(m),W(m))
_ (M) fm+1) met) _ )\ O () (o)
=3, (27, W) () - aw(z W) (4.4)

L ) 2 (e ) i i)

Here we note that J, is quadratic in w and X' denotes a transpose of x.AsJ, is a convex
function, we have

3, (W) 2 3, (W )+ (wlr) w3 ) %(w(m”)) 4.5)

2

By considering gvjzl =1 and substituting (4.4) and (4.5) into (4.3), we obtain
J (Z(m) ,\N(m))_ J (Z(m) ,\N(m+1))
m+1) _ - (m) t ﬂ (m) m+1) % m+1)
> ) A G2 ) 0 G )

A
2 2
As W™ s the minimizer of J (z('"),w) ,we obtain
a2 2A S (8 i) S i) =0
It is easy to prove the following fact J (z(m),w(m*l)) >J (z(m”) ,V\/"‘”)) , and we use it to show
J (Z(m) ,v\/m)) -J (Z(m+1) ,\N(m+1)) > ] (Z(m) '\N(m))_‘] (Z(m) ,v\/mﬂ))
4w
2 2

So we can say that Z:=O||w(m+l) —vv('")”z is bounded and converges. O
Lemma 3 Model (2.2) corresponds to the objective function J (Z, W) is compulsory.

L
Proof.Denote L:(L'j. On one hand, L, is a one-sided difference matrix on the horizontal

direction, and L, is on the vertical direction. On the other hand, L is not a full-rank matrix. The
lower bound of the discrete TV is given by



[ |ow In(e+|va|)dxdy=E%:S n|mw|l_k In(e+|va|jvk)
=X J[(Dw):k]i[mw)ikfm[e+J[(mw):j+[(mw);kfj, (4.6)

1<j,ksn

where In (e+|Dw|A ) >In(e)=1, so

46 \/,/ DW DW
J_Jk<n jk Jk \/_J_z

<j.ksn
The next proof refers to Lemma 3.8 in [19]
Lemma 4 The operator R has at least one fixed point.
Proof. From Lemma 3, we can know that objective functional J is compulsory, so the set of fixed

points of J is non-empty. Assume (Z, W) is a minimizer of J (Z, W), i.e

(Ew);,

SCONE fuLwn

0J 0J
—(z,Ww)=0,—(z,w) =0,
az( ) aw( )

w=T(2) =T(S(w)) = R(w). 4.7)
We can obtain that w is a fixed point of R.
proof of Theorem 1.Since objective functional (2.2) is strictly convex, and J is differentiable with
respect to z, so the fixed point set of J is as well as its minimum point set. According to Lemma 4,
the operator Rexists fixed points, while strictly convex of the functional J ensures that R is at most

one fixed point, so the operator R has a unique fixed point denoted W, . There, we can also get
W™ = R™(w).
We have proved that R is non-expansive in Lemma 1, whereby R" (WO) and{Hme—Wo“z}
are also non-expansive. From the following inequality
|[R™w-w|, =|RR™W) - Rwy|_ < |R"w-wg)| , m=0,1......
we can get the below
o) = g [Rw-

Next work is to prove R™w—w, — 0(m — o).
(Proof by contradiction) Now if {Rm W} subsequence of{ RmW} has limits W', and W # W,.

Known by the asymptotically regular of R, rLlr;nm{(l -R(R"™ W)} =0, or (I =R)(W)=0, i.e

Rw'=w', soW is also a fixed point of R. Which, however, is contradiction with the truth that R has

a unique fixed point W, . So the limit is only one given by W,.
For further proof the Lemm3.1, we denote

w=lim R™(w,) = lim wi™.

m- o m- o

Therefore
S(w) = lim S(wW™).
m- o
Using the non-expansive of S, we can obtain

2=, =t st =,

So lim w™® —w=0, I|m Z™ = S(W) , that is to say, {Z(m)} converges to a unique fixed point,

m- oo



when m - oo,
This completes the proof.



