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Abstract

In this work, we give the power series solutionsuad an ordinary point, in the case of
variable coefficients, homogeneous sequential tineanformable fractional differential
equations of orde2a. Further, we introduce the conformable fractiodalmite differential
equations, conformable fractional Hermite polyndmiand basic properties of these
polynomials.
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1. Introduction

The idea of fractional derivative was raised flygtL'Hospital in 1695. Since then, related to
the definition of fractional derivatives have begimen many definitions. The most popular
ones of these definitions are Grunwald-LetnikowerRann-Liouville and Caputo definitions.
For Riemann-Liouville, Caputo and other definitiomnd the characteristics of these

definitions, we refer to the reader to [1-3].

Although the fractional calculus was not strikiray & long time, it became the most popular
working area along with fractional differential edqwns after its powerfull applications
showed up and there has been made a lot of studiated to its theory and physical
applications [4-10].



Since the analytic methods fell behind for exadutsmns of the most fractional differential
equations, there has been a tendency towards reahend approximate analytic solution
methods [11-17].

Recently, Khalil et al. give a new definition ohftional derivative and fractional integral in
[18]. This new definition benefit from a limit forms in usual derivatives. They also proved
the product rule, the fractional Rolle theorem amean value theorem. In [19], Abdeljawad
improve this new theory. For instance, definitiafsleft and right conformable fractional
derivatives and fractional integrals of higher arfiee. of ordera >1), Taylor power series
representation and Laplace transform of few ceffiamctions, fractional integration by parts
formulas, chain rule and Gronwall inequality areyaded by him.The definition is found

attractive and a large number of studies has bgpled in this field in a short time [20-22].

In this work, we analyze the existence of solutiansund an ordinary point of conformable
fractional differential equation of ord@a. Then, we give solution of Hermite fractional
differential equation. For this solution, we obt&larmite fractional polynomials with certain
special initial conditions. Finally, we introducket basic properties of Hermite fractional
polynomials.

2. Conformable Fractional Calculus

Definition 2.1. [18] Given a functionf:[0,) - R. Then the conformable fractional

derivative of f order is defined by

flc+ext™) = f(x)

&

f@(x) =lim
-0
forallt > 0,a € (0,1].

Theorem 2.1. [18] Leta € (0,1] andf, g bea-differentiable at a point > 0. Then

(1)—(af+bg)—a +bda,forallabE]R

2) L= (xP) = pxP~2, for allp € R

dx®

(3)—(/1) = 0, for all constant functiong(x) =

4) dx—a(fg) =f = ~ (@ +g= = =~ (N



9 N-r )
g2

da

(5) 22 (f/g) =

(6) If, in addition £ is differentiable, therf— (f (x)) = x*~* <L (x).

Theorem 2.2. [19] Assumef is infinitely a-differentiable function, for someé < a <1 at a

neighborhood of a point,. Thenf has the fractional power series expansion:

had (ak) x X —x ak
f(x):zf (ilfk' 0) y xo<X<X0+R1/a, R > 0.
k=0 '

Here,f “®(x,) means the application of the fractional derivafivimes.

3. Conformable Sequential Fractional Differential Equation and Solutions around an

Ordinary Paint

The most general sequential linear homogeneou®ruable fractional differential equation
IS

"Tay + an—l(x)n_lTay+---+a1(x)Tay +ag(x)y =0, 1)
where "T,y = T, T, ... T,y, n times.

Definition 3.1. Leta € (0,1], x, € [a, b], N(x,) be a neighorhood ofx, andf(x) be a real
function defined orfa, b]. In this casef(x) is said to bex-analytic atx, if f(x) can be
expressed as a series of natural powersef x,)* for all x € N(x,). In other word,f (x)
can be expressed as following:

oo

PRACEED IR

k=0

This series being definitely convergent fpr — x| <8 (6§ > 0). § is the radius of

convergence of the series.

Definition 3.2. Leta € (0,1], x, € [a, b] and the functiona, (x) bea-analytic atx, € [a, b]
for k =0,1,2,...,n — 1. In this case, the poinfy € [a, b] is said to be an-ordinary point of

(2). If a pointx, € [a, b] is nota-ordinary point, then it is said to laesingular.
Example 3.1. a) We consider following the conformable fractibdifferential equations:

T,y —x% =0,



’T,y — 2x% =0,
x2% 2Ty — 2x°T,y + x2%y = 0
Any pointx = x, > 0 is an ordinary point for the above equations.
b) Let be
(x = DTy —y =0,
(x —1)2% 2T,y — 2(x — 1)%T,y + (x — 1)?%y = 0.
For these equations, any paint x, > 1 is an ordinary point.
Theorem 3.1. Leta € (0,1] andx, € [a, b] be anx-ordinary point of the equation
TaTay + P Ty + q(x)y = 0. )
Then, there exists a solution to the equation §2) a
Y = Yieo ek (x — x0)*¢ 3)
for x € (xg, xo + p) with p = min {§,, §,} and initial conditiong, = y(x,), ac; = T,y(x,).
Proof. Sincex, is ana-ordinary point of (2), by definition 3.1 and 3.2wan write
p(x) = Titope(x —x0)**  (x € [x, %0 + 61]; 6, >0)  (4)
and
q(x) = Xm0 qu(x — x0)**  (x € [x0,%0 + 8,]; 8, >0).  (5)

We seek a solution in form (3) of (2). Substitutin{8) and its conformable fractional
derivatives in (2), then we obtain

(o]

D @+ 2)(k + Deprax = 1)

k=0
+ <Z pr(x — xo)ka ) <Z alk + 1Dy (x — xo)ka)
k=0 k

=0
+ <Z qp(x — xo)ka) (Z cr(x — xo)ka) =0 (6)
k=0 k=0

We also can write



<Z pr (x — x)** ) (Z alk + Dy (x — xo)ka)
k=0 k

=0

oo k
= Z Z a(j + Dpr—jcjpr | (x — xo) ke
k=0 \ j=0
(7)
and
e %) [e3) k
(Z aux - x@k“) (Z i (x = xo)k“) = D D dwei | e = o).
k=0 k=0 k=0 \ j=0
8
Hence, if we substitute (7) and (8) in (6), we abta
oo k k
Z a?(k +2)(k + 1cpyp + Z a(j + Dpy—jcjs1 + Z qr—-jc; | (x — x0)** = 0.
k=0 j=0 j=0
So, the coefficients, must satisfy
a?(k + 2)(k + Dcrr = = Xo[a (G + Dpg—jciar+ai—sc]- 9)

We show that if the coefficient, are defined by (9), fat > 2, then the series

y=3 ey
k=0

is convergent fofx — x,| < p. Let us fixr (0 < r < p). Since the series in (4) and (5) are

convergent fofx — x,| = r, there is a constaM > 0 such that

Mria

|pe-j| < (k € No; 0 < j < k) (10)
and
mria .
|- < (k € Np; 0 <j <k). (11)

Using (10) and (11) in (9), we obtain

a?(k + 2)(k + 1)|cgsr] < r% §=0[a(]' + 1)|cj+1| + |cj|]rf“

EoolaG + Dlcjsa| + |g|]r7* + M|cjpq|r®. (12)

S rka



Now, we define
Co = lcol, €1 = |e4]
andCy by
a%k+m@+1mmz=%;ﬁmhg+nqﬂ+qym+wmmﬂ“ (13)
fork > 2.
We can see that an induction yields
lck| < Cy, C, =0, (k=012,..)
Now, we analyze for what the series
Yo Crelx — xo) ke (14)
IS convergent.
Using (13), we obtain
a%ka+1Mh4=;§£ﬁ2ﬁﬂa0+lﬂ%4+Cﬂﬂ“+MQJ“ (15)
a? (k) (k = 1)Cy = =g 2422 + DG + GJr/% + MCyyr. (16)
From (15) and (16), we find
r%a?(k)(k + 1)Chryq = a?(k)(k — 1)Cy + aMkr®C,, + MC,,1r?“.
Hence,

Cepr _ @?()(k —1) + aMkr® + Mr?®
C, rea?(k)(k + 1)

is obtained. By the help of the ratio test, we hiinad

(lx - xo|)a
= <1
r

Thus, the series (14) converges o x,| < r. This implies that the series (3) converges for

(k+1a

lim Cie+1(x — x0)
k—oo | Crlox — xo)*

|x — xo| <r. Sincer was any number satisfying < r < p, the series (3) converges for

lx = xo| < p.
Example 3.2. Find the general solution to the equation

Ty —x%Ty —y =0. (17)



We seek a solution in the form (3). SubstitutindBd conformable fractional derivatives of

(3) in (17), we have

1
C2 ﬁco
and
_ ka +1
k2 T 2+ 1) (k + 2) K
Hence,
1
€2 =53¢0 C3 =
r(—+2)
€4=a @r(5-+1)r(s) €o s =
r(L+3
66 — (Za ) CO C7 —

2-2a4r(i+1)r(7)

o)

21~ kak+1r( +1)r(2k+1)

Cox =

is obtained. The general solution of (17) is fouhéds

> F(ia+k)

zr(l‘—“+2)

Co Cok+1 =

k=1.2,..

a. r( +1)r(4) @

22r(=2+3)

azl“(—+1)l“(6) @

231(2+4)

3r( +1)r(8) !

zkr( +k+1)
kr( +1)r(2k+2)

€1

2ka

Yy =cp ). «
k=

1-kpk+1p (=
—o |21« F(Za

—+k+1)

X

+ 1) r2k + 1)

x(2k+1)a

+clzl

) r(2k + 2)

4. Conformable Sequential Fractional Hermite Differential Equation and Conformable

Fractional Her mite Polynomials

Consider the conformable fractional Hermite différal equation

2Ty — 2ax®

Y+ 2a’my =0

(18)

wherea € (0,1], m is a real number. I&x = 1, then equation (18) becomes the classical

Hermite differential equation. Lein be a nonnegative integer.= 0 is an ordinary point of



(18). Now we seek a solution as in (3) of (18). Sitbiting (3) and its conformable fractional

derivatives in (18), we have

cy; = —mcy
and
B 2(k —m) =12
2T G r DU +2) K T e
Hence,
2 2(m-1)
€2 = (—1)2—7!7100 €3 = (—1)TC1
2?m(m-2 22(m-1)(m-3
Cy = (—1)2¥C0 Cs = (—1)2% 1

3 _ _ 3 _ _ _
Co = (_1)32 m(m—2)(m 4)C ¢, = (_1)32 (m—1)(m—3)(m 5)C

6! 0 71 1

_ k 2fm(m=2)..(m—2k+2) . K 2K (m=1)(m—-3)...m—2k+1)
Cox = (1) ! co  Ca+1 =(=1) D) 1

is obtained. The general solution of (18) is foasd

[ee] k _ _
y(x) = ¢o + ¢ z [(_1)k 2"m(m 2)(2n()7'n 2k + 2) T
k=1
N 26(m - 1)(m —3)..(n— 2k + D] 00
Ta ; [(_1)k 2k + 1)! wHHD

Now, we pick initial conditions the following as

m
y(0) =¢o = (-2)2(m - D!
T,y(0) =ac; =0->¢;, =0
where

_(m-=1)(m-=3)..31 (m—1)odd
(m =1t = {(m —1D(m-3)..42 (m—1)even

If c; = 0, then allc, = 0 whenk is odd. For these initial conditions, the solutisn

y() = (~2)2(n - D1 + 52, [ (- Em DD ke (q)

Specially, form = 6, the solution is



y(x) = 64x°%% — 480x** + 720x2% — 120.
This is the 8 order conformable fractional Hermite polynomiahaf is
HE (x) = 64x5% — 480x** + 720x%% — 120.
To get the odd order Hermite polynomials, we speitié initial conditions

y(0)=CO=01

m+1 m+1

T,y(0) = ac; = —a(=2)" 2 (m)!! 5 ¢; = —(—2)" 2 (m).

If ¢, = 0, then allc, = 0 whenk is even. For these initial conditions, the soluti®

m [e9) k(m—1)(m—-3)...(m—2k
y(x) = —(—2) 2 (m)ll [xa + Zk:l [(_1)k 2%( 1)((2’(?;)1)(! 2 +1)] x(2k+1)a] (20)

Specially, form = 5, the solution is
y(x) = 32x%% — 160x3% + 120x“.

This is the & order conformable fractional Hermite polynomiahaf is
HE(x) = 32x5% — 160x3% + 120x°.

Properties of classical hermite polynomials [23h dze generalized to fractional hermite

polynomials as following:

Property 4.1.
() Hp(x) = Hp(x®)
(1) To(Hf(x) = 2maHy;_;(x)
(1) ™T(HE(x)) = 2™m!a™
(V) Hpyi(x) = 2x%Hp (x) — 2mHp, 4 (x)
(V) Hi () = 2x*H (x) — a7 T, (Hip ()
(V1) H%(x) = (—a‘l)mexzamTa(e‘xm)

(VII) fjoooHro,‘l(x) H,”{(x)e‘xmda(x) =0 m#nand a = 21% jJEN

(VI [7 HE(x) HY(x)e ™ "d,(x) = %2"11!\/% m=nand a = ﬁ jEN

Pr oof.

(1) Proof is obvious.



(I1) Let m be even. ThenHy(x) is found by the help of (19). Applying conformable

derivative to (19), we get

To(HE () = 2ma |~(=2)% (m — DI [x* + 5., ((—1)’6%)%2“1)01]].

Form — 1 is odd, we can write
Ta(H,‘i‘l(x)) = 2maH%_,(x).

Conversely, letm be odd. ThenHj(x) is found by the help of (20). The conformable

derivative of order is

m=1 o 2% (m-1)(m=3)...(m—2k+1
Ta(H,‘;‘l(x)) =2ma|(=2)"z (m—2)! [1 + Yo ((—1)" (m—1)¢ (Zk))!( i )) x(Zk)“]].

Form — 1 is even, similarly, we can write
To(Hi (1)) = 2maHg, _ (x). (21)
(111 We use induction to prove. For = 1, property is provided. That is
T.(HE (%)) = 2a.
Assume that the property is true tar= n. That is
"T,(H¥(x)) = 2™nla™ 22}
From (I1), we have
T, (H,”{H(x)) =2(n+ DaHZ(x). (23)
Applying conformable fractional derivative of ordern times, we get
" (Hi 1 (0) = 2(n + Da "To(Hy (). (24)
Substituting (22) in (24), we obtain
T (HE (%) = 2" (n + 1)a™ . (25)
Hence, proof is completed.
(V) ForHf,,(x) is a solution of (18), we can write
Ty (HE 1 (%) — 2ax*T, (HE 1 (x)) + 2a?mHE 1 (x) = 0. (26)

Using (Il), we have

10



HY 1 (x) = 2x“H% (x) — 2mHS _,(x). (27)
(V) Using (21) and (27), the result is found.
(V1) We prove by induction. Fon = 1, the property is provided.
Assume the property is true for = n. That is
HY(x) = (—a~H)ne*™" nTa(e_xza). (28)
If (28) is substituted in the property (V), then
i1 () = (ma=)mHex T, (e72°)
is obtained. Hence, proof is completed.

(V1) The definition 2.1 is given fox > 0. To avoid the problem of being undefined on
(—o0,0], we assumex =Tl+1’ with j any natural number. Since%(x) and HS(x) are

solution for the equation (18), respectively, then
T, (HE (%)) — 2ax*T, (H& (x)) + 2a?mHZ (x) = 0 (29)
2 a _ a a 2 a —
To(HE (%)) — 2axT,(HE (x)) + 2a*mHE(x) = 0 (30)

_x2a

Multiply (29) by e™**“HZ(x) and (30) bye
get

H% (x) and subtract the resulting equation to

To[e ™ “To (H (20 | HE (x) — To[e ™ “To (HE () | HE (x) +

_XZC(

2a%(m —n)e ™ H¥(x)HZ(x) = 0. (31)

If we apply the fractional integral to equation Y3then we get
f (Tale ™ To(HE GO HE () = To[e ™ Ty (£ () [HE () ) dix
+ 2a%(m — n)f e "HY(x)HE (x)dyx = 0

If we apply fractional integration by parts to tiirst fractional integral in the above equation,

we find the result of this fractional integral a@ Hence proof is completed.

(VIIT) The definition 2.1 is given fax > 0. To avoid the problem of being undefined on

(—o0,0], we assume = rlﬂ with j any natural number. Let us define

11



I = f HE (x) HE (6)e =",y (x)

Then

In_1n41 = f -1 (x) ff+1(x)e_x2ada(x) =0

Using the property (1V), we get
S Hi 1 () (22 HE () = 2nHyE_, (0))e ™ “dg (x) = 0.

_leZ

S5 2xOHE (OHE (%) e g (x) = 2nly_q o1 (32)
Recall that

HE(x) = (—a~H)ne*™" nTa(e_xm).
Thus, equation (32) becomes

—(a~bHzn-t [ 2x%e** (", (7)) ("To(e7**)) do(x) = 200y n_y.  (33)

1 1
2 a xzan_lT ( xza) T [ xzan_lT ( xza)] xzoc nT ( xza).

Then, equation (33) becomes

foo(a—l)ZnexZ“ nTa(e—xZ“) nTa(e—xZ“)da(x)_(a—l)Zn fmTa[exZ“n—lTa(e—xZ“)] nTa(e—xZ“)da(x)

=2nly 141

Using the property (IV) and integration by parts tmnformable fractional derivative, we
have

[00)

In,n—(a‘l)zn[exmn_lTa(e‘xm) "T, (e‘xm)] +

fjom(a_l)znexzan_lTa (e‘xza)"“Ta (e‘xza)da (x) =2nly_1 4.

We also have following equations:

f (a—l)Znean—lTa(e—xZa)n+1Ta(e_x2a)da(x) _ In—1,n+1 =0,

12



[ee)

_(a—l)Zn[exzan—lTa(e—xZ“) nTa(e—xZ“)] =0.

Hence, recurrence equation
Inn =20l 1501
is obtained. Repeating this operatiotimes yields the result
Inn =2"nllyo

where

oo a T
oo =f e’ dg(x) =\/7—

Hence proof is completed.
5. Conclusion

In this work, we give power series solutions aroandordinary point in homogenous case of
sequential linear differential equation of confobieafractional of ordeR2a with variable
coefficients. In addition, solving Hermite fractadndifferential equation, we obtain Hermite
fractional polynomials for certain initial conditis. It is appeared that the results obtained in

this work correspond to the results which are olediin ordinary case.
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