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Closed-form American Options Pricing M odels on Foreign Assets

Abstract The closed-form solution for European options oreiffn assets did not consider the impact of stpikiee
volatility. Therefore, these models overestimate talue of European optiofi$4, 17] Using the pricing relationships
among European, American and Bermudan option pegpdeyy Yan[10, 13, 18] the article establishes four kinds
closed-form solution for American and Bermudan aptpricing models on foreign assets. The articletrioution has
three aspects. First, the volatility of underlyiagsets and strike price together determine theevafiltAmerican options
struck in foreign assets or exchange rdiiee greater the strike price volatility, the smatlee American optionsalue
Second, if underlying assets volatility is lessntibae volatility of strike price, the value of tleesvo kinds of American
options equals zero. Third, the bigger the conafatoefficient between exchange rate and foreigge logarithm
yields, the greater the value of these two kind\wfericanoptions We can obtain European and Bermudan options

pricing models on foreign assets from Americana@ysipricing models.
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1. INTRODUCTION

The binomial is the mainstream model of Americatiasppricing [1]. Monte Carlo simulation
method [2], finite difference methods [3], GARCH giralized Autoregressive Conditional
Heteroskedasticity) model [4] and semi-infinite elax programming method [5] provides other
numerical methods for American options pricing. K&eand Johnson (hereafter GJ) provide an efficient
and approximate method to price American optiorjs if®, Stapleton and Subrahmanyam (hereafter
HSS) generalized GJ method [7]. Chung proposedadetmplified HSS'’s three-dimensional solution
to a one-dimensional solution [8]. Using these netieprice American options the cost is very high.

Early strike European options (warrants) and etetynination American options (warrants) are
called non-standard options, Yan proposed closad-foon-standard options pricing models [9,12],
closed-form dividend American options pricing madfl0], closed-form foreign exchange American
options pricing models [11], closed-form Bermudiaptions pricing models, closed-form dividend
fractal American options pricing models, and clefmth combinational American options pricing
models [13]. Yan established the pricing relatigpshamong American, European and Bermudan
options [18], the error between Yan models andriabis very small [10].

— rqT — rqT
C, =Cc€" , p, =Cc€"

Cg = CEerd (T2-Th) Pg = pEerd (T2-Th)

Where:ce is European call options present valpg;is European put options present valgejs the
current value of American call options; is the current value of American put optionsijs the current
value of Bermudan call optiongs is the current value of Bermudan put optiohss the term of options;



T, is the beginning strike time of Bermudan optiofisis the ending strike time of Bermudan options,
O<T< T,<T; rq is domestiaisk-free interest rate.

The strike price of foreign asset options may be domestic currency, foreign currency and
exchange rates. When the strike price is domestiecy, the strike price is a constant; when thkes
price is foreign currency or exchange rates, thikesprice is the stochastic process. Reiner pregos
four European option pricing method, he ignoreditiigact on option value of the standard deviatibn o
strike price and the correlation coefficient of arlging asset, and overestimated the value of Eawop
options [14,17]. Chung valued American options oreign assets in a stochastic interest rate using a
two-point GJ method [15]. Actually, Yan models d&ne limit values of the binomial and GJ method
when the number of steps and the number of sttékesbto infinity [10,13].

Using measure transformation [16] this article wilesent closed-form American options pricing
models struck price in domestic currency, closadifquanto American options pricing models,
closed-form American options pricing models stuckein exchange rate, and closed-form American
options pricing models struck price in a foreigmrency. For quanto American options and American
options stuck in a foreign currency we have to geaforeign measure into domestic measure. 7]
addition to quanto American options, the larger ¢herelation coefficient between exchange rate and
foreign asset logarithm yields, the greater theiwadf American options. The larger the volatility o
strike price, the smaller the value of American.

The second section will give the pricing modelsAoferican options stuck in domestic currency.
The third section will propose the pricing modelsgaoanto American options. The fourth section will
deduce the pricing models of American options &trpice in exchange rate. The fifth section will
deduce the pricing model of American options strpdke in a foreign currency. The sixth sectionl wil
present empirical researches that parameters’ elsaaffect on the value of the American options.
Finally, concludes the article.

2. OPTIONS STRUCK IN DOMESTIC CURRENCY

If the strike price is domestic currendy, the current value of American call options onefgn
assets; is
ca=Eqmax(CrSr-X4,0)
Where:Cy stands for exchange rate per unit foreign curren@time.
According measure transformation the arbitragefimee ofstochastic proceGS at timeT is

C/S; = CSexXploW; +(1, =g, =2 0°)T]

Where:C is the domestic currency price of per unit fore@mrency;S is the current price of foreign
assetsy is the joint distribution standard deviatibatweenforeign assets and exchange rate logarithm
yields;rq is domestic currency risk-free rateis foreign currency risk-free ratey;is the dividend rate of

foreign assetsf\/\lr* =qo\/? is domestic currency measur@&@rownian motion (or Wiener

process)¢ ~ N (0) , Eo(Wr )=0.

Since the value of American call options orefgn assets is greater than zero, then



CSexplogdT +(r, —q, —%UZ)T] -X,20
The domain of the random varialgdat timeT is
In(S2)+(1y =0, — 5 09T
o> - X4 2
- oT

The expectation of American call option on foreagsets is

=a

1 e 1 1y
& = [, {CSOXPORT +(1, ~0, ~5 0")T]-X,Je " do
We can immediately obtain American call and putappricing models.

¢y =CSe" ™ TN(d,) - X4N(d,)

P, = X N(=d,) —CSe™ "N (~d,)
Where
L _InCSIX)+( g i;JZ)T
e T

0 =402 +02+2p0.0

oc andos respectively is the standard deviation of exchaatg and foreign assets logarithm yields. The
C, S g, ac, os, I'q, It andgs are all constants.

3. QUANTO OPTIONS

If the strike price is foreign currency, the ungirl asset is foreign assets, the exchangeGéen
constant, and the current value of American caibog is
ca=CEgmax(Sr-X:,0)
According measure transformation the arbitrage4firiee ofstochastic proces3 at timeT is

S; = SexploW; +(r; =0, — 0.0 _%Ug)T]
Where: W, = M is domestic currency measueownian motiong ~ N (01) , Eq(Ws )=0.
Since the value of American foreign assets calbops greater than zero, then
SexplogT +(r, —q, —0.0 —%UZ)T] -X, 20

The domain of the random varialgdat timeT is
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We can immediately obtain American quanto call patdoption pricing models.

c, =C[S" " T TN(d,) - X, N(d,)]

P, = C[ XN (_dz) _ Se(ff ~Gf —0cs)T N(—dl)]
Where

In(S/ X ) +(ry —q —O'CUSi;JS)T
d,. =
12 O'Sﬁ

4. OPTIONS STRUCK IN A FOREIGN CURRENCY

If the strike price of American foreign asset optids foreign currency, the current value of the
American call option on foreign assets is

Ca=Eqmax(Cr(Sr-X),0]
Or

Ca=Eqmax[CrSr-CrXy),0]
To facilitate the derivation of American optiongirig models, we put stochastic proc€s8-CX as the
underlying asset, the option strike price is z&tee price of the underlying asset éime is

Gt = CIS\ - Cl Xf - Cse(#cws)HUW: -CX . eﬂcHUcU:
Where:uc andus are the real logarithm yields of exchange ratefarglgn assets, they are all constants;
W, = qo\/fis Brownian motion undeP measure;U, = qo\/fis Brownian motion undeR measureP

andR are not equivalent measuk. andU, are all domestic measure Brownian motion.
The current domestic currency price of the ulydey assets dttime is

Zt - C%(#c s —rg)troW _ CX . e(/-’c —rg)t+ocU,

The stochastic differential equation of the stothasocesseg; is



02, = CS{(ke + His =1, +50%)ckt + W]

~CX (e =1, +5 02t + 0]

If the financial markets have not arbitrage oppuaities, the stochastic differential equation must b
continuougmartingale process.

AssumingW, is the Brownian motion undét measurel; is the Brownian motion undét’
measurerP” andP are equivalent measurg, andR are equivalent measure. According to measure
transformation theorem, let

t

dW, = dw/’ _i(,uc tHs T Ty +%02)dt
g

» 1 1
du, =dy, _0__(,uc Ty +Eaé)dt

C

Where: W' = g/t ,U; = gt , ¢ ~N(0,1), Bz (W,)=0, E(U;")=0.
The martingale process after measure transforméion
dZ, =CSadW, - CXo.dU,
Use Ito theorem solving the stochastic differergigliation, we can get the stochastic process
Z, =CSexpeWw, —%azt) -CX, explo U, - %agt)
The final value of the underlying assets e is

Yt — e(’d _rf)tC$(rf —qp)t eXp(UVVt* _%Uzt)

e 'CX, expo U, -%aﬁo

= CSexploW, +(r, -, =3 o*)]

—CX; exploU, +(ry =1 _%Jé)t]

Because the value of American options is greatam #ero, so arbitrage-free price of B&-CX
must be greater than zero, the domain of the rangoiableg at timeT is

S 1 1
In(7)+(rf —q; _502 +505)T

Q= - =a
(o- ac)\/T
The value of American call options is
(ra=a¢)T
= CSe J' [CSexp(aqo\/i—fazT)]e 7 do
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Letd, = —(a-o+/T), andd, = ~(a-0~T), then
c, =CS"™ TN(d,) -cX,e"™ " TN(d,)
Py =CX,€" " N(=d,) ~CS" " N(~d))
Where

)+l =, £ (0= 0cIT

f

d,=

(a—ac)ﬁ

0 =402 +0+2p0.0
The condition of the above option pricing modelsaleshed iso>oc. If 6<o¢, the value of

European, American and Bermudan option struck iigifm currencyis equal to zerd/Vhenp<0, there

may bes<oc.
5.O0PTIONS STRUCK IN EXCHANGE RATE

If the strike price of American options is exchamgge, the current value of American call options

ca=Eqmax|(Cr-Xc)Sr.0]
Or

CA:EQmaX((:TST' XCSTlO)
To facilitate the derivation of American optiongrig models, we put stochastic proc€S-XS as the
underlying asset, the option strike price is z&fwe price of the underlying assetg tine is



Gt = Cts - XCS

= CSelkethlrah _ ¢ Gptist+os\h

Where:W, is Brownian motion unde? measure, is Brownian motion unde® measureP andQ are
not equivalent measuréy; and V, are the Brownian motion of domestic currency megsu

V, =V, —o.tis Brownian motion of foreign currency measureen

G = C%(#c +ug)tvow, XC%(:”S_UCGS)I"'USV(
t
The current domestic currency price of the undeghassets dttime is
Z :C$(ﬂc+ﬂs‘rd)t+gwt -X %(ﬂs‘gcgs‘rd)t*'gsvt
t C
The stochastic differential equation of the stothasocesseg; is

02, = CS{(ke + Hs =1, +50%)ct + o]

~ XeH(le 005 Ty +%U§)dt +0osdV,]

If the financial markets have not arbitrage oppaities, the stochastic differential equation must b
continuougmartingale process.

AssumingW," is the Brownian motion undét measure); is the Brownian motion undep’
measurerP” andP are equivalent measur®, andQ are equivalent measure. According to measure
transformation theorem, let

AW, = W, = (4o + s T, + 2 0%)clt
o 2
_ * 1 1 2
av, =adV; ——(Us — 005~ 1y + 05)dt
Os 2

Where: W' = gt, V' =gt ¢~N(0,1),Ez-(W,)=0, Eg-(V;)=0.
The martingale process after measuresformatioris
dz, = CSath* - XCSJSth*
Use Ito theorem solving the stochastic differergigliation, we can get the stochastic process

Z, =CSexp(w, - % o)

* l
- X:Sexp, — o)
The final value of the underlying assets tine is

Yt — e(rd Ty )tCSe(rf =g )t exp(avvt* _%0.2.[)
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Because the value of American option is gretitan zero, so arbitrage-free price sdbchastic
procesS-XS must be greater than zero, the domain of the randwiableg at T timeis
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The current value of Americarall option stuck in exchange rase
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Letd, = —(a—aﬁ) , andd, = —(a—JSﬁ). Then American call and put option pricing models
are respectively

C, = C%Ud =a¢)T N (dl) _ Xc%(r' =0 =0c0s)T N (dz)

Pa= XS TN (-d,) - CSe ™ TN(-d))
Where
N ) +11, =1y +0c0s 2 (=0T

dp = (-0 NT




0 =402 +02+2p0.0

The condition of the above option pricing modelsaleished iso>os. If 0<os, the value of
European, American and Bermudan option struckxithange ratequals to zero. Whesx0, there may
bEOSO's.

6. EMPIRICAL RESEARCHES

If the term of an American option i=1. The current exchange rateGs1.11, the standard
deviation of the exchange ratedg=10%. The current price of foreign stockSs60, foreign stock
dividend payout rate ig=0, and the standard deviation of the logarithnidgiés cs=25%. The risk-free
rate of domestic currency ig=5%, the risk-free interest rate of foreign curneigri=4%. The strike
price is domestic currenc¥;=66.6, the strike price is foreign curreng&y=60, and the strike price is
exchange ratXc=1.11. The correlation coefficient between excharade and foreign stockgarithm
yields respectively is=-0.5,p=0, p=0.5. Calculate the values of the American options.

Solution:In the empirical studies we do not involve quantoekican options because its strike price
and exchange rate is constant. The values of quemgrican options do not relate to the strike price
volatility and the correlation coefficient betweexchange rate and foreign stock logarithm yields.

If the strike price is domestic currency that isanstant,X;=66.60, the strike price volatility is
equal to zerogy =0.00, and the value of American options is thrgdat. The larger the correlation
coefficient between exchange rate and foreign shogérithm yields, the greater the value of Amarica
options.

If the strike price is foreign currenc¥g =60.00, the strike price is a stochastic procass, its
volatility is 6c=0.10. The larger the volatility of the strike mjcthe smaller the value of American
options. The values of American options are leas formers. American option value is proportioal t
the correlation coefficient between exchange ratkfareign stock logarithm yields.

If the strike price is exchange ra¥,=1.11, the strike price is a stochastic process,itanvolatility
is 0=0.25. Because the volatility of strike price isgler than formers, in the case of the correlation
coefficient equal the values of American options are less than thedes. If the correlation coefficient
is p=-0.5, then the volatilityy=0.2180 of underlying asset is less than the \iaits=0.25 of strike
price. So the values of American options are alhZ&he values of other American options are shimwn
Table 1.

Table 1. theraluescomparison of American options on foreign assets

Strike prices X Strike prices p=-0.5 p=0 p=0.5
volatility Ca Pa Ca Pa Ca Pa
Domestic currency X4=66.60 o4 =0.00 7.79 4.37 9.07 5.65 10.29 6.88
Foreign currency Xs=60.00 0c=0.10 4.78 2.03 5.60 2.85 7.28 4.54
Exchange rate Xc=1.11 0=0.25 0.00 0.00 1.70 0.02 3.18 0.77

— 2 2
o= \/ac +05+2p0.04

= 010% + 025 - 2x 05x 010x 025



=0.2180< 04 = 025

If the strike price is domestic currency, the wtitgtof the strike price is zero, and the value of
American options is the maximum. If the strike pris foreigncurrency the standard deviation of the
strike price is in the middle, the values of the ékiman options are also centered. If the strikeepis
exchange rate, the volatility of the strike pricetle largest, and the American option value is the
smallest. The greater the correlation coefficiegtineen the exchange rate and foreign assgtsithm
yields the greater the American option valdecording to the pricing relationship between Ewaip,
American and Bermuda option, we can obtain the evadfti European and Bermudan option from
American option value.

7. CONCLUSION

If the logarithm yields of exchange rate prices &orgign assets prices show normal distribution,
the joint distribution of the product also followsrmal distribution. The strike price of American
options on foreign assets may be domestic currdamign currency and exchange rate. The volatility
of underlying asset and strike price decide theievaf American options on foreign assets. If strike
price is domestic currency that is a constantsthrdard deviation of strike prices is zero, anceAoan
options’ value is thenaximum

The exchange rate and strike price of quanto Araar@ptions on foreign assets is a constaing
values of quanto American options do not relatethie strike price volatility and the correlation
coefficient between exchange rate and foreign skogérithm yieldsThe relationship between foreign
and domestic measure leads to American call optidure much bigger and American put options value
much smaller.

If the strike price of American options on foreigssets is foreign currency, the strike price is the
stochastic process of foreign assets. The stardkaridtion of the stochastic process of foreign tasse
also affects the value of American options on fgmeassets. The greater the standard deviafiairike
price, the smaller the value of American options.

If the strike price of American options on foreigasets is exchange rate, the strike price is the
stochastic process of exchange rate. Generallystidraard deviation of exchange rate is less than t
standard deviation of foreign assets. Thereforeytiue of American options struck in exchange iste
less than the value of American options strucloneifyn currency.
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