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1. Introduction

In 1980, Giannessi [7] studied the optimization problems of mappings with ranges in a finite dimensional
vector space equipped with a partial order induced by a cone. As significant consequences in this work,
the concepts of vector optimization problems and vector variational inequalities were introduced in finite
dimensional vector spaces. Since then, many authors have made many contributions on the vector
optimization problems and their applications. As a generalization, the vector optimization concepts have
been extended to Banach spaces by Huang and Fang [8], in 2005.

For most games in game theory, all utilities of the players are real valued functions; that is, the range of
the utilities is a subset of real numbers (For example, see [1], [3-4], [6], [10], [12-14]). In economic
theory, social sciences, or other fields, the outcomes of some games may not be monetized; that is, the
utilities of the players may not be represented by real valued functions. So the Nash equilibrium problems
of such games, as optimization problems, turn to be vector optimization problems. Based on this
motivation, Carl and Heikkild [5], and Li [9] examined some noncooperative games with strategies as
subsets of Banach spaces and with the ranges of the utility functions in some Banach lattices. Such games
are said to be nonmonetized noncooperative. Since every Banach lattice is a set of objects equipped with
some metric topology and algebraic structure, so the proofs of the existence of the generalized Nash
equilibria of nonmonetized noncooperative games in [9] are under the same idea in the traditional games
theory and by applying similar fixed point theorems in topological vector spaces.

More generally in the set of all possible outcomes of a game, there may be neither a topological structure
nor an algebraic structure. But there is a special partial order on it—a lattice order. This lattice order in the
outcome space describes the players’ preference levels about the outcomes. So, for some pairs of
outcomes in such a game (It is possible that it is not for every pair of outcomes), through this lattice order,
the players can determine which one is more preferable than other one. Similarly to the set of outcomes,
for every player, in the set of his or her strategies, there is neither a topological structure nor an algebraic
structure. But there is a lattice order.
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The above revealed characteristics of some games lead us, in this paper, to examine the extensions of the
games and the Nash equilibrium concept. In Section 3, we introduce the nonmonetized noncooperative
games in which both of the strategy sets and the outcome space are lattices. We also define the
generalized Nash equilibrium for such extended games. Since the lack of the topological structures on the
sets of strategies and on the outcome space, for the considered games, we cannot apply the fixed point
theorems and the traditional techniques for the proof of the existence of Nash equilibria as in the
topological vector spaces. To overcome this difficulty, in Section 2, we recall some fixed point theorems
on partially ordered sets (posets), which will be applied to prove the existence of generalized Nash
equilibria of nonmonetized noncooperative games in Section 3.

2. Preliminaries

In this section, we recall some concepts and properties of posets and lattices. For the details, the readers
are referred to [2], [5], [7], and [11].

Let P = (P, =) be a poset; and let A be a subset of P. An element u of P is called an upper bound of the
subset A if x < u for each x € A. If u € A, then u is called the greatest element of A, and denote u = maxA.
A lower bound of A and the smallest element minA of A are defined similarly, replacing x < u above by u
< X. Ifthe set of all upper bounds of A has the smallest element, we call it a supremum of A and denote it
by supA or VA. An infimum of A, inf A = AA, is defined similarly. An element y is called a maximal
elementof Aify e A,and if z € A, and y < z imply that y = z. Similarly, a minimal element of A can be
defined.

A poset P = (P, =) is called a lattice if inf{x, y} and sup{x, y} exist for all x, y € P. Denote inf{x, y} =
xAy and sup{x, y}= xvy. A subset C of a poset P = (P, =) is called achainifx <yory < xforall x,y €
C.

Definition 2.1. A poset P = (P, =) is said to be

i. strongly inductive whenever for every chain C in P, the supremum of C, supC, exists in P;
ii. strongly inversely inductive whenever for every chain C in P, the infimum of C, infC, exists in P;

As a consequence of Zorn’s lemma, we have the following properties:

Remark 2.2. If a lattice P = (P, =) is strongly (inversely) inductive, then its greatest (smallest) element
exists.

For any z, w € P, we denote the order intervals below

[2)={xeP:x=z}, W ={xeP:x<w}and [z,w]=[2) N (W] ={xeP:z<x=<w}.
Given posets (X, =*) and (U, ="), we say that a mapping F: X — 2°\Q) is (order) increasing upward if x <*
y in X and z € F(x) imply that [2)NF(y) is nonempty; that is, if x <*y in X and z € F(x), then there is w
F(y) such that z <" w. F is (order) increasing downward if x <"y in X and w € F(y) imply that (W]NF(x)
is nonempty. F is said to be (order) increasing whenever F is both of (order) increasing upward and

downward.

As a special case, for single valued mappings, we have:



Given posets (X, =*) and (U, ="), a single valued mapping F: X - U is said to be (order) increasing
whenever x <y implies F(x) <"F(x). An (order) increasing mapping F: X — U is said to be strictly
(order) increasing whenever x <*y implies F(x) <"F(x).

A nonempty subset A of a subset Y of a poset P = (P, =) is said to be order compact upward in Y if for
every chain C of Y that has a supremum in P the intersection N{[y)NA: y € C} is nonempty whenever
[Y)NA is nonempty for every y € C. If for every chain C of Y that has the infimum in P the intersection of
all the sets (y]NA, y € C is nonempty whenever (y]NA, is nonempty for every y € C, we say that A is
order compact downward in Y. If both of these properties hold, we say that A is order compact in Y.

Let A be a subset of a poset P = (P, =). An element ¢ € P is called a sup-center of A in P if sup{c, x}
exists in P for each x € A. If inf{c, x} exists in P for each x € A, then c is called an inf-center of A in P. If
¢ has both of these properties it is called an order center of A in P.

Let A be a nonempty subset of a poset P = (P, =). The set ocl(A) of all possible supremums and infimums
of chains of A is called the order closure of A. If A = ocl(A), then A is order closed.

Now we recall a fixed point theorem on posets from [5]. It will be used in the proof of the existence of
generalized Nash equilibria of nonmonetized noncooperative games in Section 3.

Theorem 2.12 [5]. Let P = (P, =) be a poset. Assume that a set valued mapping F: P - 2"\ ) is (order)
increasing, and that its values are order compact in F(P). If chains of F(P) have supremums and
infimums, and if ocl(F(P)) has a sup-center or an inf-center in P, then F has minimal and maximal fixed
points.

3. Nonmonetized noncooperative games on lattices

In this section, we examine the extensions of noncooperative games and the concept of Nash equilibria to
nonmonetized noncooperative games and generalized Nash equilibria. The main theorem in this section
is, by using a fixed point theorem in posets given by Carl and Heikkild [5], to prove the existence of
generalized Nash equilibria of nonmonetized noncooperative games.

Definition 3.1. Let n be a positive integer greater than 1. An n-person nonmonetized noncooperative
game is consisting of the following elements:

1. the set of n players, which is denoted by N = {1, 2, 3,..., n};

2. the collection of n strategy sets S ={S;, S,, ..., Sy}, for the n players respectively, which is also
written as S = S;xS,x... xS;;

3. the outcome space (U; =") that is a lattice;

4. the set of n utilities functions (payoffs) {Ps, P, ..., P,}, where P; is the utility function for player i
that is a mapping from S$;xS,...., xS, to the lattice (U; =), fori=1, 2, 3,..., n. We denote P =
{Py, Py,..., P}

This game is denoted by ' = (N, S, P, U).

In a n-person nonmonetized noncooperative game I' = (N, S, P, U), when all the n players 1,2, 3, ..., n
simultaneously and independently choose their own strategies xi, Xo, ..., X,, respectively, where x; € S;, for
i=1,2,3,...,n, then player i will receive his or her utility (payoff) Pi(xy, X2, ..., Xn) € U. For the
convenience, for any x = (Xq, Xa, ..., Xn) € S, and for every given i =1, 2, 3,..., n, as usual, we denote

X == (Xl, X2y vovy Xizty Xjt1y oces Xn) and S_i = S1xSyx... x§i_1xSj1x... xS,
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Then x_; € S_jand x can be simply written as x = (x;, X_;). Moreover, we denote
Pi(Si, x_i) = {Pi(ti, x_j): ti € Si}.

Now we extend the concept of Nash equilibria of noncooperative games to generalized Nash equilibria of
nonmonetized noncooperative games.

Definition 3.2. In an n-person nonmonetized noncooperative game I" = (N, S, P, U), a selection of
strategies (X,,X,, ..., X,) € S;x Syx... xS, is called a generalized Nash equilibrium of the game, if the

following order inequality holds
Pi(Xi, )_(4 ) <U P,()_( , X -),
for all x; € S; and for every i =1,2,3, ..., n.

Lemma 3.3. Let (S;, =) be a lattice, for everyi= 1,2, ...,n. LetS=S;xS,x... xS, be the Cartesian
product space of Sy, S,,..., S, and let =% be the coordinate partial order on S induced by the lattice orders
=; that is, for any x, y € Swith X = (X1, Xo, ..., Xp) and 'y = (Y1, Y2, ..., Xo),

x="y ifandonlyif xi= v, foralli=1,2,...n.

Then (S, =°) is a lattice. Furthermore, if every (S;, =) is Dedekind complete, then (S, =°) is also Dedekind
complete.

Proof. The proof is straightforward and is omitted here.

The following theorem is the main result of this paper. It provides some conditions for the existence of
generalized Nash equilibria of nonmonetized noncooperative games.

Theorem 3.4. LetT = (N, S, P, U) be an n-person nonmonetized noncooperative game. If, for every
player i =1, 2, 3, ..., n, his or her strategy set (S;, =) is a strongly inversely inductive lattice and his or
her utility function P; satisfies the following conditions:

1. P;:S— Uis (single valued) order increasing with respect to the product order =°;

2. for any fixed x_j € S_;, Pi(Si, x_i) is an order bounded and Dedekind complete subset of (U, =);

3. for any fixed x_; € S_;, and for any u € P;i(S;, x_;), the inverse image{z; € S;i: Pi(z;, X_)) =u} is an
order bounded and Dedekind complete subset of S;;

4. if (w;, x2) <° (w;, y_i), then, for any u e Pi(S;, x_)N(Pi(w;, y_i)], there is z; € S; such that z; <; w; and
Pi(Zi, X_i) = u.

Then this nonmonetized noncooperative game I" has a generalized Nash equilibrium. Furthermore, I has
minimal and maximal (with respect to the product lattice order =°) generalized Nash equilibria.

Proof. Since (S;, =) is a lattice, fori =1, 2, ..., n, then, from Lemma 3.3, (S, =°) is also a lattice. For
every fixed i =1, 2, 3, ..., n, define a mapping T;: S - 2% \{(} as follows

Ti(x) = {z € Si: Pi(zi, x5) = Yo Pi(ti, x_)}, forall x = (Xg, X, ..., X)) € S. Q)



Here t-\e/S Pi(ti, x_;) = VPi(S;, Xx_;). From Condition 2 of this theorem, P;(S;, x_;) is an order bounded and
Dedekind complete subset of U with fixed x_; € S_;. Then t_\E/S_ P;i(ti, x_;) exists and is in P;(S;, Xx_;). More

precisely, it is the greatest element of the range P;i(S;, x_;); that is,

VS- Pi(ti, X_i) = Max I:)i(siv X—i)-

tiE

So from (1), Ti(x)  S;, which is the inverse image of the value t\e/s_ Pi(t;, x_;). Then from condition 3 in

the hypothesis, for every fixed x = (x4, X, ..., X,) € S and for every i =1, 2, 3, ..., n, we have:

Ti(x) is a nonempty order bounded and Dedekind complete subset of S;. 2
Define the product mapping T: S - 2\{(®} by

T(X) = Ti(X)xTo(X) x ... xTy(x), for all x € S.

From (2) we obtain that T(x) + (, for every x € S. Then we show that T: S — S is an order increasing set-
valued mapping, with respect to the product lattice order =°. To this end, we need to show that T: S — S'is
both of order increasing upward and order increasing downward with respect to =°.
At first, we prove the order increasing upward property. For any given x, y € S, with x <°y, and for any
given z € T(x), we need to show that there is w € T(y) such that z <* w. We write z = (z4, 2y, ..., z,). From
the definition of the product order <°, the condition x <°y implies x; <; y;, forall i=1, 2, ..., n. Then the

definition of the product mapping T and the hypothesis z € T(x) imply z; € Ti(x), foreveryi=1,2, ..., n;
that is,

Pi(zi, x4) = ti\e/si Pi(t;, x;), foreveryi=1,2,...,n.

For any fixed t; € S;, the condition x <° y clearly implies (t, x_)) <° (t, y_). Then from Condition 1 of the
hypothesis, we obtain

Pi(ti, X_i) <U Pi(ti, y_i), for every ti e Si.

It implies

e Pi(ti, x-i) <" oS, Pi(ti, y-i).

From Condition 2 of the hypothesis again, the range P;(S;, y_i) is an order bounded and Dedekind
complete subset of U. Then there is a; € S;, such that

Pi(ai, y-i) = ti\e/Si Pi(ti, y-i);

that is, a; € Ti(y), fori =1, 2, 3, ..., n. Since z; € S;, the above equality assures that

Pi(zi, y-) <" Pi(ai, y-i).



Since (S;, =) is a lattice, z;Va; exists in S;. Let w; =z;Va; € S;. Then w; satisfies
w; =iz and w;=a;, fori=1,2,3,...,n. (3)

The second order inequality above implies (w;, y_i) =° (ai, Y_i). Since a; € Ti(y), the order-increasing
property of P;: S —» U implies

Pi(wi, y-i) = Pi@s, y-) = v, (G y-i)-

Since w; = z;Va; € S;, then from the above order inequality, we have Pi(w;, y_;) = t'\e/s' (ti, y_i), which is,

w; € Ti(y), fori=1,2,3, ..., n. 4

Let w = (W1, Wa, ..., W,). By combining (3) and (4), we obtain z <* w and w € T(y). It proves that T is an
order increasing upward mapping on S.

Now we prove the order increasing downward property. For any given x, y € S, with x <°y, and for any w
€ T(y), we need to show that there is z € T(x) such that z <* w. We write W = (W1, W, ..., W,). The

hypothesis w € T(y) implies w; € Ti(y), forevery i=1,2, ..., n; that is, Pi(w;, y_;) = Ve (ti, y_i). Similarly

to the proof of the first part, for any fixed t; € S;, we have (t;, x_;) <° (t;, y_i). It implies

ti\e/Si Pilt x-1) < ti\e/si Pi(ti, y-i) = Pi(wi, y-). (5)
Notice that
t-\e/S- Pi(ti, X_i) S Pi(Si, X—i)- (6)

Then by combining (5) and (6), we obtain

Vs Pi(ti, x_i) € Pi(Si, x-)N(Pi(wi, y-i)]. ()

tie
Since (w;, X_;) < (wi, y_;), from (7) and Condition 4 in the hypothesis, there is z; € S; such that
zZi<iwi and Pizi, x) = Vo Piti x).
That is,
zi<iw; and z e Ti(x), fori=1,2,3,...,n.

Letz=(zy, 2y, ..., Z,). Then, from the above order inequalities, we get z <wandze T(x). It proves that T
is an order increasing downward mapping on S. And hence T is an order increasing mapping on S.

Next we show that T: S — S has order compact values in T(S). More precisely, we have to show that, for
every X € S, T(X) is both of order compact upward and order compact downward in T(S). At first we show
the order compact upward property of the values of T. Take any chain C in T(S) (that has a supremum in



S), which satisfies that
[Y)NT(x) + O, for every y e C.
Denote y = (Y1, Y, ..., Yn). Then

NTK) = (y)NTw(X), [y2)VT2(X),..., [ya) 1Ta(X))- (8)

Since Cis a chain in T(S) (Which has a supremum in S), then {y;: y € C} is a chain in T;(S) (and it also
has a supremum in S;). The hypothesis [y)NT(x) = ¢ and (8) imply

[y)NTi(x) # @, forevery i =1, 2,3, ..., nand for every y € C. 9

Inequality (9) implies that, for every fixed i =1, 2, 3, ..., n and for every fixed y € C, there is u(y;) € Si
satisfying

u(y) e Tix) € S and y; < u(yi)- (10)
(Where u, defined on CxN, is a function of two variables y and i satisfying u:{y}xN — S, for every fixed y
e Cand u: Cx{i} —» S;, for every fixed i € N). So for every fixed i, when y varies in the chain C, from
(10), we obtain a subset {u(y;): y € C} c Ti(x) € S;, which is a chain in T;(x). Since T;(x) is an order
bounded Dedekind complete subset in S;, so {u(y;): y € C} is also order bounded in Ti(x), and hence
V{u(y:): y € C} exists in Ti(x). It is denoted by
gi=V{uly):ye C} e Ti(x) c S, for every giveni=1,2,3,...,n. (11)

(Note: g; only depends on i, and it does not depend ony in C). By combining (10) and (11), for every
fixedi =1, 2, 3, ..., n, we have

yi<igi and g € Ti(x), forall y € C.
It implies
gi € N{[y)NTi(x): y € C}, for every fixed i =1, 2,3, ..., n. (12)
Letq=(Qy, 02, ..., qn). From (8) and (12), we obtain g € N{[y)NT(x): y € C}. That is,
N{y)NT(x):y € C} # O.

Hence, T(x) is order compact upward in T(S). Very similarly to the above proof, we can show that, for
every x € S, T(x) is order compact downward in T(S). Hence T(x) is order compact in T(S).

Then we show that every chain of T(S) has supremum and (or) infimum. Suppose that
C ={zi :(zf,zﬁ ..... z;"):/leA} c T(S)

is a chain in T(S) with index set A. Take a fixed y € A; that is, a fixed 2" € C. Then z" € T(S) and hence
there is x” € S such that 2 € T(x"). Denote x” = (x{,xg ..... xn’). From the definition of T, we have

27 e Ti(X), fori=1,2,3,...,n.



That is,

Pi(z/, x,) = t-\e/s Pi(ti, x7;). (13)

For any z' € C with ' =°7?, the order inequality z* =; z/ holds, that implies (z/,x’,) =° (z/ ,x’,), for
i =1,2,3, ..., n. From the order increasing property of P;, we have

Pz}, x,) =" Pi(z/, x7,), fori=1,2,3,...,n. (14)
Combining (13) and (14), and from z/ € S;, we obtain

Pi(z', ) = ti\efsi Pi(ti, x,), for every fixed i =1, 2,3, ..., n.

That is, z' € Ti(x"), forall ' =*2” in C. So{ z/ : ! =°7” and z* € C} is a subset of T;(x"). Notice that Ti(x")
is an order bounded and Dedekind complete subset of S;, then v{ z*: z* =°z” and z* € C} exists in Ti(x").
Denote

vi=Vv{z}:7'=°7" and ' € C} € Ti(X). (15)

Let v = (v, Va, ..., Vy). The first part of (15) implies v = v{z"' € C: z* =*2’}. Since C is a chain, it yields
that

v=v{'e C: ' =°27} = v{z'e C}.

Hence v is the supremum of this chain C in T(S). Furthermore, the second part of (15) implies that
v € T(x”). So the supremum of this chain C in T(S) is in T(S).

On the other hand, for the given chain C = {z* =(¢/,2;,....27 ): Ae A} € T(S), we recognize that { z/: ' € C}
is a chain in S;. Since S; is strongly inversely inductive. It guarantees the existence of the infimum of the
chain {z*:z' € C}inS;. Then

bi:= A{z}:7'e C}.

Itexistsandisin S;. Letb=(by, b, ..., by). From the above definition, b is the infimum of this chain C in
S. Hence for any arbitrary chain C in T(S), both of supC and infC exist in S.

Finally, notice that (S, >S) is a lattice, then for every given element ¢ € S, we have that both of cVx and
cAx are in S, for every x € ocl(T[S]). So c is both of a sup-center and an inf-center of ocl(T[S]) in S.

Then the mapping T: S — S satisfies all conditions of the fixed point theorem 2.12 [5]. Hence T has a
fixed point X =(X,,%,, ...,X,) with X eT(X). It implies X, e T;( X); that is,

Pi( X, x,)= ti\E/Si Pi(ti ,x ), fori=1,2,3,....n.



It is equivalent to
Pi(ti ,)_(4) <U P,( )_(i v X ), forall tj € S;,

foreveryi=1,2,3,...,n. Thisshows that X = (X,%,, ..., X 4, Xi, X, -
equilibrium of this game.

x|

., X,) is ageneralized Nash

Furthermore, from Theorem 2.12 [5], the mapping T has minimal and maximal fixed points. From the
above argument, which are the minimal and maximal (with respect to the product lattice order =°)
generalized Nash equilibria for this game. This completes the proof of the theorem.

Remarks on Theorem 3.4,

1. The order increasing property (condition 1) describes that at higher order selection of strategies,
every player will receive better utility.

2. Condition 2 indicates that for any given player, with any fixed strategies for other players, the set
of his or her possible payoffs is an order bounded and Dedekind complete subset of (U, =),
which has both of the greatest (max) and the smallest (min) elements.

3. The order increasing property (condition 1) also implies that if X =(%,,%,, ..., X,) isa

generalized Nash equilibrium of this game, then for any given player i, as other players select
their strategies X ,, then the following stability of the utility for player i holds:

Pi(ti y X ) = Pi()_(i y X, ), for all eSS with ti = )_(i .

4. In the proof of the order compactness, the conditions that the chain C in T(S) has a supremum or
has an infmum in S are not used.

5. If all strategy sets Sy, S,,..., S, are complete lattices with the total or linear order, then Condition 4

in Theorem 3.4 can be reduced by Condition 1; and therefore, it can be removed from the
hypothesis.

6. If the outcome space (U, =") is the real number set (R, =) with the ordinal order, then the
Condition 2 can be replaced by:

For any fixed x_; € S_;, Pi(S;, X_;) is a bounded and closed subset of R.

4. Nonmonetized noncooperative games on Banach lattices

In game theory, there are some very popular cases where the strategy sets are Banach lattices on which
except the lattice orders, there are complete norms and algebraic structures. These can be considered as
special cases of Definition 3.1. Based on the popularity and the importance of such games, it is worth to
examine their properties in this section. For the reader’s convenience, we recall some concepts and
properties of Banach lattices here (For more details, see [2]).



A Banach space X equipped with a lattice order =" is called a Banach lattice, which is written as (X; =),
if the following properties hold:

1. x="yimpliesx+z="y+z forallx,y,z e X.
2. x="yimplies ax =" ay, forall x,y € Xand = 0.
3. IXI =" Iyl implies [IXIl = llyll, for every x, y € X.

Where, as usual, the origin of X is denoted by 0 and x* = xV0, x_ = (-=x)V0 and x| = x"Vx~, for all x € X,
and |- || denotes the norm of the Banach space X.

Theorem 1.10 [5]. Let P be a closed and bounded ball in a reflexive lattice ordered Banach space X, and
assume that [IX"]| = lisup{0, x}I < [Ixl holds for all x € X. Then every increasing mapping F: P - 2°,
whose values are nonempty and weakly sequentially closed, has a fixed point.

Let (X; =*) be a Banach lattice. It is known that ||[x|l| = [IX]l, for every x € X. So from Property 3 of
Banach lattices, it implies that, for all x € X, [Ix"|l< [IXlll = |Ix||. Then the following theorem is an
immediately consequence of Theorem 1.10 [5], which will be used in this section.

Theorem 4.1. Let P be a closed and bounded ball in a reflexive Banach lattice (X; =*). Then every
increasing mapping F: P — 2°, whose values are nonempty and weakly sequentially closed, has a fixed
point.
Similarly to the results in Lemma 3.3, we have
Lemma 4.2. Let n be a fixed positive integer greater than 1. Foreveryi=1,2,....,n, let (X;, =) bea
reflexive Banach lattice equipped with the lattice order =;and with norm [|-[li. Let X = X;xXyx... xS, be the
Cartesian product space of Xy, Xa,..., X, and let =" be the coordinate partial order on X induced by the
lattice orders »=;. Define the maximum norm ||-|lx on X as follows:

lIXllx = Max{lIXall1, IXzllz, ..., IXll}, for any x € X with X = (X1, Xz, ..., Xn).
Then (X, =) is also a reflexive Banach lattice equipped with the lattice order =" and with norm ||-|lx.
Furthermore, for every i=1, 2, ...,n, let S; be a closed ball in X; with center at its origin and with radius
d, for some positive number d. Then S := S;xSyx... xS;, is the closed ball in X with center at the origin of
X and with the same radius d.
Proof. The proof is straight forward and is omitted here.
Theorem 4.3. Foreveryi=1,2,...,n, let(X; =;) be a reflexive Banach lattice. Suppose that, in an n-
person nonmonetized noncooperative game I' = (N, S, P, U), for every player i, his or her strategy set is a
closed ball in (X;, =): Si ={Xx; € Xi: lIxilli < d}, for some fixed d > 0. If, for every playeri =1, 2, 3, ..., n, his
or her utility fuction P; satisfies conditions 1, 2, 4 in Theorem 3.4 and the following condition:

3. For any fixed x_; € S_;, and for any u € Pi(S;, x_;), the inverse image{z; € S;: Pi(z;, Xx_j) = u} is
(topologically) closed, order bounded and Dedekind complete subset of S;.

Then this nonmonetized noncooperative game I' has a generalized Nash equilibrium.

Proof. In fact, let T be the mapping defined in the proof of Theorem 3.4, where it has been proved that T
is order increasing. Since every bounded closed subset of a reflexive Banach space is weakly compact, the

10



topological closedness in Condition 3" of this theorem implies that T has weakly sequentially closed

values.

Then this theorem immediately follows from Theorem 4.1.
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