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ABSTRACT9

10
This article builds a semiparametric stochastic frontier function using generalized additive11
models that accounts for random noise in the data. We estimated the parameters of the model by12
applying the generalized spline-smoothing approach to measure technical efficiency scores of13
Wisconsin dairy producers for the period 1993 to 1998. Results showed that the sample14
producers did not use resources efficiently, as the estimated mean technical efficiency score was15
found to be 0.778. Unlike precedent studies, we found no correlation between the estimated16
technical efficiency scores and four farm-specific characteristics, such as operation type, milk17
system, barn type, and milk frequency.18
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1. INTRODUCTION26

27
Literature shows the earliest empirical studies of efficiency measurement at the micro level28

dates back to the 1960s when Chennareddy [1] measure farmers’ allocative efficiency scores29
defined as the ability of enterprises to use factors of production in optimal proportions, given30
input prices. Later, Lau and Yotopoulos [2] develop a dual profit function to measure both31
allocative and technical efficiency scores in which the latter reflects the enterprises’ ability to32
obtain maximum output from a given set of inputs. However, these studies followed the33
prominent theoretical results of Farrell [3] whose research lays out the foundation of bounded34
functions or frontiers. Generally, there are three classes of frontier models, i.e., parametric,35
nonparametric, and semiparametric, none of which is superior to one another. Parametric frontier36
models have been criticized for the inherent assumptions on the distribution of the one-sided37
random error term indicating technical inefficiency [4,5] and the specification of functional38
forms [6]. Nonparametric frontiers are tedious in terms of model specification and estimation,39
but do not have the shortcomings of parametric frontier models [7]. Semiparametric frontier40
models, which are defined as a combination of both parametric and nonparametric models, have41
not been widely used in empirical studies [8].42
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The major contribution of this paper to the literature is two-fold. First, we built a44
semiparametric stochastic frontier production function using generalized additive models45
(GAMs) that were proposed by Hastie and Tibshirani [9]. Second, we applied the GAM theory to46
a sample of panel data collected from the Wisconsin dairy farms from 1993 to 1998 to estimate47
technical efficiency scores of dairy producers. This period is of particular importance from a48
policy perspective because Wisconsin dairy farms produced one-fifth of the total milk production49
in the United States during 1990s [10]. We estimated the parameters of the model using a50
nonparametric technique, known as generalized spline-smoothing approach, which was initially51
proposed by Wahba [11]. Furthermore, we utilized the corrected ordinary least squares (COLS)52
method of Richmond [12] to estimate technical efficiency scores of dairy farms in the sample53
data.54

The rest of the paper is organized as follows. Section 2 briefly explains GAMs and the55
spline-smoothing approach. Section 3 presents the findings of empirical analysis and a56
discussion of the results. Section 4 concludes the paper and provides directions for further57
research.58

59
2. METHODOLOGY60

61
2.1. Generalized Additive Models (GAMs)62

63
Generalized additive models (GAMs), proposed by Hastie and Tibshirani [9], are the64

nonparametric extension of generalized linear models (GLMs). In a GLM the relationship65
between the expected value of response and each of the predictors is linear and additive. A GAM66
is derived from a GLM by maintaining the additivity assumption and relaxing the linearity67
premise. A simple description of GAMs follows. Suppose a set of predetermined and/or random68

variable matrix of predictors   n1 xxX ,.., measures the mean variation of a random response Y69

with n observations. We can write any multiple regression models as equation (1):70
71

ikikiii x....xx    2211Y or72

(1)73
  ,m iii  xY i =1,…, n74

in which   βxx iim  ,   ,,..., k
       .E ii

2Varand0,   The pioneer75

assumption in equation (1) is that the relationship between the expected value of Yi and each of76
k-covariate elements of xi is linear and additive. To derive a GAM, we should use one of the two77
following methods that relax the linearity assumption and maintain the additivity supposition.78
The first approach is to use surface smoothers such as kernel functions, which are nonparametric79
estimates of the regression model. Kernel functions preclude practitioners from using more than80
two predictors in the model. This major drawback of kernel functions is known as the curse of81
dimensionality problem [13]. The second approach is to specify GAMs as equation (2):82
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86
in which the distribution of Yi follows an exponential family similar to GLMs,  is a constant,87
the jf s are arbitrary univariate smooth functions; one for each predictor, and G (.) is a fixed link88

function. To avoid having free constant in each of the functions jf and for the purpose of89

identification, Hastie and Tibshirani [9] assume that    0ijj xfE that implies    ifE x90

in the range of 1  i  n and 1  j  k. Thus, in GAMs the conditional mean response depends91
upon a sum of individual univariate functions each contains one predictor from the covariate92
matrix. When the linearity assumption in GAMs is relaxed, then the effects of the independent93
variables in equation (2) may be nonlinear because the univariate smooth functions f

j
are now94

arbitrary [14]. In this paper, we used the generalized spline-smoothing method [11] to estimate95
the parameters of equation (2), which is explained in the next section.96

97
98

2.2. Spline Smoothing99
100

The most usual method of estimating m from sample data in equation (1) is to minimize the101
residual sum of squares over all observations in relation to the given functional form. However,102
there is no guarantee that a linear relationship between the dependent and independent variables103
exists. One way to find the source of such failure is to use a Taylor-expansion series as104

105

       m x m x m x x x o x x     



0 0 0 0

2
(3)106

107

in which m , an unknown function, is at least twice differentiable and there is a point x close to108

some fixed point 0x for which m follows a linear model with an intercept    m x m x x
0 0 0
 109

and slope  m x
0

. Using the Taylor-expansion series may generate two extreme scenarios [11]:110

111
 m is assumed to be linear implying that the slope remains invariant and the residual term112

o x x
0

2
is small, which is an unrealistic assumption. This scenario provides a useful113

summary of the sample data and presents a comprehensive description of its features despite114
the fact that it uses too little information available in the data.115

116
 m is assumed to have variant slopes implying that at each point x different slopes exist that117

connect every two responses by lines associated with their own individual slopes. Although118
this scenario uses too much information available in the sample data it does not provide a119
useful summary of the data, and as a result, it fails to show a satisfied description of basic120
trends in the sample observations.121
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122
To circumvent this problem, consider m  that shows the rate of change in the slope of a function123
m . Since m  varies from one point to another, equation (4) represents the summation of the124
entire changes in slopes of the fitted regression125

126

     dm m x x
x

x
n

 
2

1

(4)127

that can be minimized over all functions provided that they will be double-differentiated. Such128
minimization yields equation (5)129

130
   RSS m m 0,   , (5)131

132
in which , known as the smoothing parameter (or the span degree), can vary between zero and133
infinity. If it approaches zero, a regression with flexible slopes is yielded, whereas if it134
approaches infinity a linear regression model is derived. Eubank [15] states that if n in equation135
(4) is greater than or equal two, then equation (6) provides a unique estimator, , known as the136
spline-smoothing estimator that minimizes equation (5). The spline-smoothing estimators are137
linear in the sense that one can find constants such as ( ) for each estimation point x such that138

   


x g x y
i ii

n
 
1

= 1,2, … , (6)139

Although using spline-smoothing estimators resolves the problem of fitting regression with140
variant slopes, it has one major drawback caused from a lack of theory and appropriate141
algorithm. These estimators are data specific and therefore sensitive to the choice of span degree.142
To fix the problem, Stone [16] proposes the cross validation (CV) method, which is briefly143
explained in the next section.144

145

2.3. Model Specification146
147

Equation (7) specifies a multiple variable production function148
149

  .,...,2,1and,,...,2,1, TtniXfY tititit   or150

(7)151

    it

k

j
jitjiit XfXf   

1=
+152

in which itY is output, f represents an unknown functional form that must be estimated using a153

nonparametric method, such as the spline smoothing technique, Xit is a multidimensional series154

of explanatory variables with real values, i.e., ,k
itX  and

it
represents random error terms155

that are i.i.d. with zero mean and common distribution . Moreover, it is assumed that156

ititXf and,, are independent and the identification condition described in the methodology157

section still holds. For the simplicity, we drop the subscripts ti and and specify the model for158
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only two independent variables. However, the extension of the model to include more than two159
predictors is straightforward. Equation (8) specifies a simple GAM with two predictors160

161
162

       + 22112121 xfxfx,xfx,xYE   (8)163

164

Furthermore, we may notice that165

166

        f x f x x g x x E f x X
1 1 1 2 2 1 2

 d  , , (9)167

168
Chen et al. [17] show that if   22 xfE is assumed to be equal zero, then169

    df x g x x
2 2 2 2

0 . Therefore,  f x
1 1

is estimated by    



T

t
tx,xf̂Txf̂

1
21

1
11 where170

 21 tx,xf̂ is the nonparametric estimator of  f x x
1 2
, . Friedman and Stuetzle [18] show that if171

f is assumed to be a twice-differentiable smooth function, then using the backfitting algorithm172
will generate reliable semiparametric estimators. A brief explanation of the backfitting173

algorithm is as follows. Consider equation (8), this algorithm initially estimates  f x
1 1

and then,174

while fixing the fitted function  f x
1 1

, projects the mean dependent variable on x
2
by smoothing175

the residual  11 xf̂ˆY  , which leads to the estimation  f x
2 2

. The next step is to improve176

the estimation  11 xf̂ by smoothing the residual  22 xf̂ˆY  on 1x , which, in turn, enhances177

the estimators used to smooth the residual  11 xf̂ˆY  on 2x in the second step. This178
procedure continues until reliable and efficient estimators are achieved. The spline smoothing179
technique is used to obtain the initial estimate of  11 xf in the iterative smoothing procedure180
[11].181

As mentioned in the previous section, the use of spline-smoothing method is associated182
with the inconsistency and sensitivity of the estimates to the choice of span degree that can be183
fixed by the CV method. Given equation (9), Kneip and Simar [13] show that the CV method184

minimizes     
 

2

,

ˆˆ



ti

ititit xfY  by estimating  itf ˆ using a two-step procedure, known as185

“the leaving out the observation  y x
it it
, .” In the first step, for a fixed firm i, tn21i ,...,, and in186

every sequence of time period t, T21t ,...,, one pair of the sample data, i.e., the i-th and t-th187
observations, is put aside and the mean response function ,f defined in equation (7), is re-188
estimated based on the n - 1 remaining observations. In the second step, the algorithm is repeated189
and continued to estimate f until convergence.190

191
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Finally, as it is mentioned in Section 1, we measure technical efficiency scores of the192
Wisconsin dairy producers by using the COLS method. As Greene [19] states the COLS193
estimators are consistent and unbiased similar to the least squares estimators. Besides, by using194
the COLS method there is no need to make a priori assumption on the distribution of the random195
error terms before estimating the parameters of the model [20]. Notwithstanding its196
shortcomings, Greene [19] asserts that the COLS method is a popular approach in the analysis of197
panel data in estimating technical efficiency scores [21-23].198

199
3. EMPIRICAL ANALYSIS200

201
3.1. Data Description202

203
This study uses an unbalanced panel data from the Wisconsin dairy farms database. The204

Centre for Dairy Research in the Department of Agricultural, Resource, and Managerial205
Economics at the University of Wisconsin-Madison collects information from individual dairy206
farms in each year. In total, we use 510 sample observations collected from 223 dairy farms207
during the period 1993 to 1998. To estimate technical efficiency scores of Wisconsin dairy208
producers, six groups of farm-specific independent variables, including land, labor, and farm209
accrual expenses on grain, livestock, machinery, and miscellaneous as well as two socio-210
economic variables, such as age, and education in the form of years of schooling are used. The211
dependent variable is defined as the total fluid milk production of 3.7 per cent fat content per212
year measured in pounds. We measure land in hectare as annual total (owned and rented) tillable213
area. Lack of data prevents us from separating pasture and planted areas. We define labor as214
annual total equivalent worker unit (hereafter, ewu), which contains both hired and family labor215
as well as the working hours of the main operator where it is applicable. We add all the payments216
made to rent machinery and farm equipment, purchase oil and parts, and depreciation together217
and consider them as the total farm-specific machinery accrual expenses. Livestock expenses are218
computed by adding the amount of money spent on cattle lease, breeding, livestock replacement,219
veterinary, and milk marketing. We calculate the grain production accrual expenditures by the220
amount of money spent on purchasing grain and roughage, fertilizer, seed, and spray to grow on-221
farm grain and hey. We also include accrual expenses related to non-farm production processes222
as miscellaneous expenditures. These expenses include electricity bills, insurance invoices,223
interest payments, and building depreciation. We deflate the last four groups of variables using224
the appropriate Producer Price Index (PPI), and convert all the variables (except socioeconomic225
variables) to logarithmic forms to mitigate possible heteroskedasticity in the model. Finally, we226
divide all the variables by the number of milk cows to avoid farm size effects.227

228
Table 1 presents a summary of the statistical descriptions of the farm-specific variables.229

The sample mean of milk production per cows in Wisconsin is 18,784 pounds with a standard230
deviation of 3,244 during the period of study. The average tillable area in the sample data is 4.39231
hectares and the mean labor used is 0.035 ewu per each milking cow. The amount of money232
spent on purchasing grain and roughage ($US 7.79 per milking cows) is the highest accrual233
expenses in the sample data. Table 1 also shows that each dairy farm in the sample data, on234
average, has 93 milking cows during the period of the study. Finally, the average age of the235
primal farm operator is 43 years and the average years of schooling is approximately 14 years.236

237
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[Insert Table 1 here]238
239
240

3.2. Estimation Results241

We, first, estimate the mean response function f defined in equation (2) by using R242
(version 2.10.1), and then measure the individual technical efficiency scores using the COLS243
approach. In particular, we consider a nonparametric relationship between the dependent variable244
and the six groups of farm-specific independent variables to avoid any misspecification in the245
model. We also assume a parametric relationship between the dependent variable and the246
socioeconomic variables on the ground that dairy farm operators accumulate more experience247
each year as they get older and participate in formal and informal school training.248

249
Table 2 presents estimated technical efficiency scores of the sample data that is classified250

by the group mean performance (hereafter, efficiency class interval). For each of the efficiency251
class intervals and the overall average estimated technical efficiency scores, we obtain lower and252
upper bounds of confidence limit by using a bootstrap technique, so-called the bias-corrected and253
accelerated percentile method with 1000 replications [24]. Results show that the average254
technical efficiency scores of the sample data are found to be 77.8 per cent with a confidence255
limit of (0.769, 0.787). This means that the same volume of milk production could have been256
theoretically achieved with approximately 22 per cent fewer input used if all the sample dairy-257
farm operators had operated at 100 per cent efficiency. The magnitude of the estimated mean258
technical efficiency scores is higher than that of Haghiri et al. [23] reported (67.5 per cent) for259
the sample data collected from the New York dairy farms. This finding is important to260
policymakers because the same U.S. policy implemented in both states during the period of261
study. Table 2 also shows that the majority (84.8 per cent) of the sample dairy farms falls in the262
category of 66-85 per cent technical efficiency.263

264

[Insert table 2 here]265

To investigate variations among the estimated technical efficiency scores in the sample266
data, we conduct a two-factor ANOVA test with no replication. The computed F-test value267
(12.02) rejects the null hypothesis of no variation among the estimated technical efficiency268
scores during the period of the study at the 0.05 level of significance. This implies that the269
performance of the sample dairy producers varies significantly from year-to-year. Furthermore,270
we use the chi-square statistic test to examine the null hypothesis of no evidence of a relationship271
between the estimated technical efficiency scores and time trend (i.e., technological changes) in272
the sample data. The chi-square test allows us to find whether the estimated technical efficiency273
scores and time trend are independent of each other [25]. Since the calculated value of the chi-274
square (110.93) with 20 degrees of freedom exceeds the statistic critical value (37.56) at the 0.05275
level of significance it is reasonable to conclude that technological changes are occurred in the276
sample data between 1993 and 1998.277

To examine the distribution type of the estimated technical efficiency scores we conduct a278
univariate Shapiro-Wilk [26] test of normality for the sample data. The calculated p-value of the279
statistic (0.441) indicates that the null hypothesis of normal distribution of the estimated280
technical efficiency scores at the 0.05 level of significance is not rejected. In addition, we specify281
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a regression model to investigate factors that cause inefficiency in the sample data. The model282
uses the estimated technical efficiency scores as dependent variable and four farm-specific283
characteristics, including operation type, milk system, barn type, and milk frequency as284
independent variables. Results show that none of the four predictors is able to explain variations285
in the dependent variable with 95 per cent confidence. The estimated sample correlation286
coefficients for operation type (0.0326), barn type (0.0343), and milk frequency (0.0698) are all287
positive while it is negative for milk system (-0.0041). Finally, we find no correlation between288
farm size and the estimated technical efficiency scores. The estimated sample correlation289
coefficient (0.065) is positive, but it is not significant at the 0.05 level.290

291
4. CONCLUSION292

Dairy industry in U.S. operates under a combination of various policies that are placed by293
both the federal and state governments. The implementation of each of these policies will affect294
the performance of the U.S. dairy farmers. Performance of a dairy farmer, ultimately, induces to295
how much output a farm can obtain from a set of inputs, given the underlying technology (i.e.,296
technical efficiency). If in a dairy farm, maximum level of output from a given set of inputs is297
obtained, the farm is called a frontier enterprise. Several methods have been introduced in the298
literature to estimate frontiers, yet none of them provides accurate results as the estimation of299
technical efficiency scores is data specific. As a result, policy decisions made based on the300
results of such methods will lead to misallocation of the scarce resources, which otherwise would301
have been allotted to proper sector. Notwithstanding, this does not preclude us from proposing302
new methodology to enhance the estimation of frontiers in which the inherent problem of303
precedent methods is rendered. We set up a stochastic semiparametric frontier model to estimate304
technical efficiency scores of a sample data collected from Wisconsin dairy producers for the305
period 1993 to 1998. The model is specified based on the generalized additive theory and306
estimated using the spline smoothing approach. Results show that the sample of Wisconsin dairy307
producers is, on average, 77.8 per cent technically efficient and the distribution of the estimated308
technical efficiency scores is normal. We suggest the following areas for further research. First,309
lack of the information related to the input and output prices for each of the dairy farms in the310
sample prevent us from measuring allocative and overall efficiency scores. Second, in this study311
labor is used in terms of physical quantity and not in terms of dollar values. This may raise the312
question that how sensitive the findings of the research would be if labor is measured in terms of313
dollar values.314
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Table 1. Statistical Description of the Variables (per Cows)419
420

Variable Mean S. D. Min.          Max.421
422
423

Fluid milk production 18,784.1       3,244.0 6,812.7        31,472.5424
425

Land 4.39 1.99 0.005           14.95426
427

Labor 0.035         0.010          0.010           0.077428
429

Machinery accrual expenses 3.87 2.24 0.006 14.79430
431

Livestock accrual expenses 3.26 2.12 0.012           15.22432
433

Grain accrual expenses 7.79 4.47 0.086           80.96434
435

Miscellaneous accrual expenses 4.85 2.32 0.227 4.51436
437

Age 43.0 9.0 23.0 71.0438
439

Education 14.0 2.0 8.0 24.0440
441

Cows 93.0 96.0 22.0 754.0442
443
444
445

Source: Sample data. Output is annual total fluid milk production of 3.7 per cent fat content446
(pound); land is annual total tillable area (Hectare); labor is annual total equivalent worker unit;447
and real accrual expenses of machinery, livestock, grain, and miscellaneous are in U.S. dollars.448
Education is based on years of schooling.449
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465
Table 2. Technical Efficiency of Wisconsin Dairy Producers466

467
Efficiency Class No. of Farms Percent Mean468

Interval469
470

< =  0.65 7 3.14 0.627471
(0.580   0.641)472

0.66 - 0.75 81 36.32 0.719473
(0.712   0.724)474

0.76 – 0.85 108 48.43 0.802475
(0.797   0.807)476

0.86 – 0.95 24 10.76 0.891477
(0.881   0.902)478

> 0.95 3 1.35 0.975479
(0.955   1.000)480

481
Total 223 100.00 0.778482

(0.769   0.787)483
484
485

Source: Sample observations.486
The numbers in parentheses are the confidence limits obtained by bootstrapping.487
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