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3

Abstract4

A dynamic model of the product lifecycle of nearly homogeneous durables in polypoly5
markets is established. It is based on the idea that the market dynamics is governed mainly by6
two processes: the spreading of a durable into the market and the demand and supply7
specifying the mean price of the good. Taking advantage from the Bass model for first8
purchase and a logistic model describing the repurchase process the entire product lifecycle of9
durable goods can be established in agreement with empirical data studied in this paper. The10
decline phase of the lifecycle is modelled here as the occurrence of a negative repurchase rate.11
For the case of a fast growing supply it is shown that the mean price of the good decreases12
according to a logistic law.13
The presented approach discusses the interference of the diffusion process with the supply14
dynamics. The theory predicts the occurrence of lost sales in the initial stages of the lifecycle15
due to supply constraints. They are the origin for a delayed market penetration. The imitation16
rate B indicating social contagion decreases with decreasing amounts of available units at17
introduction and a slow output increase in time. A comparison with empirical data indicates18
the qualitative agreement of this relationship.19
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1. Introduction25

A microeconomic model is presented that merges the product lifecycle (PLC) concept26
of durables with the price evolution of homogeneous goods in polypoly markets. The idea of a27
product lifecycle suggests that analogous to the life of organisms goods are subject to28
characteristic stages in their evolution separated usually into introduction, growth, maturity29
and decline phase [1]. They can be separated by the dominant growth process governing the30
market penetration. The initial stages of the lifecycle describe the diffusion of a good into a31
market. This process was studied intensively in order to forecast the adopter and sales32
evolution of durable goods [2-4]. The PLC concept finds not only application as a forecasting33
tool and guideline for a corporate marketing strategy but also in operation research in order to34
specify the size of production capacities [5-7]. In order to establish the entire PLC next to35
market diffusion also repurchase has to be taken into account. The latter must be proportional36
to the number of previous adopters a repurchase rate. Here we take advantage of a logistic37
growth model of the repurchase rate similar to non-durable goods [8].38

The price is a key variable in microeconomic considerations [9]. The lifecycle concept39
incorporates the spreading of a good into the market while the price evolution is a40
consequence of the relation between supply and demand. In order to combine both concepts41
the market dynamics of a polypoly market is considered to be governed by the meeting of42
demanded (required) and supplied (available) product units. While the spreading process43
determines the number of demanded units, the number of available units is a consequence of44
the output flow of suppliers. The implementation of the price as a decision variable in the45
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spreading process of durables turned out to be difficult. It is usually taken into account as a46
perturbation variable in the diffusion process [4,10,11]. In order the price evolution into47
account a dynamic model explaining the price dispersion of homogeneous goods is applied48
[12,13]. It suggests that if the purchase process can be understood as the meeting of demanded49
and supplied units the price dispersion of a homogenous good has for a short time period the50
form of a Laplace distribution. The mean price is determined by a Walrus equation suggesting51
an increase of the price for an excess growth of demanded units and a decrease for the case of52
an excess growth of supplied units [14]. The presented model establishes a relation between53
market penetration and the supply evolution of durable markets.54

The paper is organized as follows. The next section is devoted to a presentation of the55
model of the PLC of durable goods in polypoly markets. It starts with the derivation of the56
market dynamics of durables followed by a consideration of the price dynamics of57
homogenous goods. After establishing the PLC of durables the impact of the supply side on58
the rate of adoption is studied. The presented approach is applied to empirical investigations59
of the PLC of nearly homogenous consumer durables in the third section of the paper. The60
theory of the PLC of durable goods is summarized in the discussion section, followed by the61
main conclusions of this work.62

63
2.  The Model64

65
The presented model is established for a polypoly market of durable goods that can be66

characterized as (nearly) homogeneous.167
68
69

2.1. The Dynamics of Polypoly Markets70
71

The demand side of a durable market can be specified by the total number of72
demanded (desired) units at time step t generated by potential buyers, denoted )(~ tx . The73
supply side on the other hand is determined by the total number of supplied (available) units74

)(~ tz offered by N(t)>>1 suppliers (retailers) in a polypoly market.75
The total number of purchase events per unit time (total unit sales) is indicated )(~ ty .76

The key idea of the presented microeconomic approach is to consider purchase events as the77
meeting of demanded and supplied product units. Therefore )(~ ty must disappear if the78
number of demanded units )(~ tx or supplied units )(~ tz disappears. Hence the total unit sales79
can be written up to the first order as a product of both variables [15]:80

81
)(~)(~)(~ txtzty 82

(1)83
84

where the unknown rate η characterizes the mean frequency by which the meeting of85
demanded and supplied product units generates successful purchase events. Since )(~ tx , )(~ tz ,86

)(~ ty ≥0, we demand that also η≥0. The evolution of the number of demanded and supplied87
units can be written as conservation relations of the form2:88

89

1 This is the case when the price dispersion is a (nearly) symmetric Laplacian around the mean price. Not
considered are durables consisting of distinguished technological generations. If the price dispersion consists of
two or more peaks the good has to be separated into different segments of homogeneous goods.
2 In order to establish a continuous model integer variables are scaled by a large constant figure such that they
can be treated as small real numbers. We demand that this scaling generates numbers )(~ tx , 1)(~ tz .
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)(~)(~)(~
tytd

dt
txd

90

(2)91
92

and93
94

)(~)(~)(~
tyts

dt
tzd

95

(3)96
97

Eq.(2) suggests that the total number of demanded units increases with the total demand rate98
)(~ td which represents the generation rate of demanded units by potential buyers. The number99
)(~ tx decreases in time by the purchase of product units with the total unit sales rate )(~ ty .100

Eq.(3) states that the total number of supplied units increases by the supply of product units101
with the total supply rate (total output) )(~ ts and decreases by the purchase process with the102
total unit sales rate )(~ ty . The variables in Eq.(3) can be obtained in a polypoly market from a103
sum over the suppliers N(t) by:104

105





)(

1

)(

1

)(

1

)()(~);()(~;)()(~
tN

i
i

tN

i
i

tN

i
i tytytststztz106

(4)107
108

2.1.1. The Demand and Supply Evolution109
110

In order to establish the market evolution we have to specify the dynamics of supply111
and demand. The demand side dynamics are given by Eq.(2). We want to take into account112
the process that demanded units do not last forever ones they are generated. Instead they have113
a finite mean lifetime Θ. That means, demanded units not leading to purchase events during a114
time period Θ disappear. This effect can be included in the demand rate )(~ td by writing:115

116




)(~
)(~)(~

0
txtdtd117

(5)118
119

where )(~
0 td describes the generation rate of demanded units by potential buyers and the120

second term takes the disappearance of demanded units with the rate 1/Θ into account. The121
amount of demanded units generated by )(~

0 td can be given by:122
123

)(~)(~
00 tdtx 124

(6)125
126

The supply side is governed by the reproduction process. In a free market suppliers127
sell product units in order to make profit. Reinvesting a part of the profit and external money128
they can increase the total output )(~ ts in time. This growth process can be characterized by129
the variable γ(t), defining the relation between total supply flow and total unit sales: 3130

3 This variable is also called reproduction parameter, since it characterizes the growth process of the output in the
reproduction process.
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131

1
)(~
)(~

)( 
ty
tst132

(7)133
134

With this relation Eq.(3) can be rewritten as4:135
136

)(~)()(~
tyt

dt
tzd 137

(8)138
139

We want to confine here to fast growing markets with γ(t)>0, where the total number140
of supplied units provided per unit time increases the total number of sold units considerably.141
For a sufficiently high γ the number of supplied units evolves much faster than the number of142
demanded units in the considered time interval Δt such that:143

144

dt
tzd

dt
txd )(~)(~
145

(9)146
147

In this case we can approximate:5148
149

0/)(~ dttxd150
(10)151

152
and obtain immediately from Eq.(2) and Eq.(5):153

154

)(~1)(~)(~)(~
0 txtdtdty


155

(11)156
157

In this approximation the unit sales are (nearly) equal to the generation rate of demanded units158
diminished by the rate )(~ tx /Θ. Applying Eq.(1) and Eq.(6) in Eq.(11) we get for the total159
number of demanded units:160

161

)(~1
)(~

)(~ 0

tz
txtx


162

(12)163
164

Expanding this relation for small )(~ tz yields:165
166

 )(~1)(~)(~
0 tztxtx 167

(13)168
169

4 The impact of the finite lifetime of durable goods is neglected because it is large compared to non-durables (see
[8]).
5 This approximation is known as adiabatic approximation [14].
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It suggests that for small )(~ tz there is a large number of demanded units )(~)(~
0 txtx  but170

decreases with increasing )(~ tz . In order to determine the time evolution of )(~ tz we apply171
Eq.(13) in Eq.(1). Then Eq.(8) becomes:172

173
2)(~)()(~)()(~

tzttzt
dt

tzd  174

(14)175
176

with:177
178

)(~)( 0 txt  179
(15)180

181
Approximating the function α(t) by the time average over the considered time interval Δt:182

183







tt

t

dtt
t

0

0

)(1 184

(16)185
186

Eq.(14) becomes a logistic differential equation with constant coefficients. The evolution of187
the number of supplied units can be given by:188

189

t
zeC

ztz 


1
)(~ max190

(17)
191

192
with the integration constant Cz and:193

194




1

maxz195

(18)196
197

For a supply market with γ~α>0, Eq.(17) predicts that the total number of available units )(~ tz198
increases in time according to a logistic law until z(t)=zmax. When )(~ tz approaches the199
maximum magnitude zmax, the number of demanded units is defined by 2/)(~)(~

0 txtx  . This200
can be seen by inserting z(t)=zmax in Eq.(12).201

The total unit sales Eq.(11) have with Eq.(12) and Eq.(17) the form:202
203

t
zeC
td

z
tztdty 


1
)(~)()(~

)(~ 0

max

0204

(19)205
206

This relation suggests that the sales evolution is determined by the generation rate of207
demanded units )(~

0 td and the evolution of available units )(~ tz . At introduction of the good208
)(~ tz is necessarily small and therefore the unit sales are limited by the amount of available209

units. It implies that there is a large contribution of unsatisfied demands in this period of the210
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PLC, referred to as lost sales.6 When the total supply increases until )(~ tz =zmax the total unit211
sales are equal to the demand rate:212

213
)(~)(~

0 tdty 214
(20)215

216
and lost sales disappear. However, in this state suppliers cannot sell more units per unit time217
than generated by the demand rate )(~

0 td , even if they would increase )(~ tz above zmax. For218
constant zmax Eq.(3) suggests that then:219

220
)(~)(~

0 tstd 221
(21)222

223
It means, when )(~ tz reaches its stationary state the supply flow is equal to the demand rate,224
which expresses market equilibrium in the neo-classic theory. However, the demand rate225

)(~
0 td is not explicitly known.7 The only empirically available variable is )(~ ty . However, as226

will be shown in the next chapter, the evolution of )(~ tz has an impact on the mean price of the227
good.228

229
2.1.2. The Price Evolution of Homogeneous Goods230

231
In order to take the price p as decision variable of potential buyers into account we232

treat the aggregated number of demanded and supplied units x(p,t) and z(p,t) as price233
dependent functions. Generalizing Eq.(1) we assume that the number of sold units in a given234
price interval must disappear if the corresponding numbers of x(t,p) or z(t,p) vanish. Hence235
the price dependent unit sales are up to a first order approximation proportional to both236
variables:237

238
),(),(),( ptzptxpty 239

(22)240
241

where the meeting rate η is treated as price independent. The price dispersion of sold units of242
a homogeneous good is determined by the probability density Py(t,p) given by:243

244

 
)(~
),(,

ty
ptyptPy 245

(23)246
247

As established in [13] the price dispersion of homogeneous goods can be248
approximated for short time horizons by a symmetric Laplace distribution of the form:249

250










p

y epP
2
1)(251

(24)252
253

6 This effect is also known as backordering.
7 An indication of demanded units )(~ tx can be given by the size of waiting lists for the good.
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with the standard deviation:254
255

   my pPStd   22)(256
(25)257

258
where μm>0 is a minimum mean price indicating a technological limit beyond which the259
supply of product units is not profitable. Further derived is a relation that governs the mean260
price dynamics of this price dispersion. It is shown that the mean price can be determined by a261
Walrus equation of the form:262

263







 

 dt
zd

dt
xdH

dt
d

m

~~1 


264

(26)265
266

while H>0 is treated as a constant. This relation can be used to characterize the evolution of267
the mean price of nearly homogeneous durable goods. For this purpose we take advantage268
from Eq.(10) and approximate:269

270

dt
tzdH

dt
td

t m

)(~)(
)(
1







271

(27)272
273

That means, in a polypoly fast growing market the mean price is essentially determined by the274
evolution of available product units. Applying Eq.(14) we further get:275

276

 mttzH
dt

td 
 )()(~)(

277

(28)278
279

while higher order terms in )(~ tz are neglected. Since α>0 the mean price of the durable market280
declines as a result of the excess supply. The stationary solution of this relation is given either281
by μ=μm or max

~ zz  . Eq.(25) suggests that for μ=μm the standard deviation disappears and282
market becomes a monopoly market. Since we focus here on polypoly markets, this case is283
not further considered.284

For μ(t)>μm, Eq.(27) can be written as:285
286

 


)(~
)(

)( tzdH
t

td
m

287

(29)288
289

and we readily obtain:290
291

  mm
tzH tzHet    )(~1)( 0
)(~

0292
(30)293

294
The model suggests therefore that for the considered market constellation the mean price295
declines with increasing )(~ tz given by Eq.(17). For max)(~ ztz  the mean price approaches a296
floor price μf>μm according to a logistic law determined by:297
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mf Hz   )exp( max0298
(31)299

300
The introduction mean price of the good μ(0) is defined by:301

302
mzH   ))0(~exp()0( 0303

(32)304
305

while generally 0)0(~ z .306
307

2.2. The Product Lifecycle of Homogeneous Durable Goods308
309

The unit sales evolution of durable goods is usually referred to as product lifecycle.310
The unit sales are essentially determined by first- and repurchase of the durable. First311
purchase is related to the spreading of the good into the market known as market diffusion.312
This spreading process can be described by the cumulative number of adopters NA(t). In order313
to be in line with previous research we want to define the market penetration n(t) by8:314

315

M
tNtn A )()( 316

(33)317
318

The number of all possible adopters in a given domain interested in purchasing the consumer319
durable is termed market potential M.9320

We want to take the inhomogeneity of the demand side of the market with respect to321
the price into account by introducing a market volume V(μ)≤M. It represents the number322
potential adopters who can afford the good for a mean price μ. The scaled market volume323
becomes:324

325
 
M

Vv  )(326

(34)327
328

while 0≤v(μ)≤1 .329
First purchase is determined by the time evolution of the number of adopters.330

However, the number of adopters is governed by a conservation relation of the form:331
332

)()()()( tntt
dt

tdn  333

(35)334
335

The first term indicates the generation of adopters. It is proportional to the generation rate φ(t)336
and the number of potential adopter ψ(t) not yet adopted the good. This number can be written337
as the difference between the market volume v(μ) and n(t):338

339
)()()( tnvt  340

8 As mentioned above integer numbers are scaled by a large number. In order to establish a consistent model this
large number is M.
9 For simplicity M is treated as time independent.
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(36)341
342

The second term in Eq.(35) indicates the decline of n(t) with a mean decline rate θ. In the343
initial stages of the lifecycle the decline rate is φ(t)>0 while θ(t)≈0. In the decline phase is344
φ(t)=0, θ≠0. Expanding the generation rate φ(t) as a function of the number of adopters leads345
to:346

347
)()( tnt 348

(37)
349

350
with constant coefficients A, B>0. Inserting Eq.(37) in Eq.(35) with θ=0, we obtain a351
standard model describing the diffusion process of goods known as the Bass model [16]. The352
first purchase unit sales are determined by the growth of the market penetration:353

354

   )()()()()()()(~ tnvtntnv
dt

tdnty f  355

(38)
356

357
The first term is interpreted as spontaneous purchase by potential adopters with the so-called358
innovation rate A. The second term is due to social learning, where the number of adopters359
n(t) increases with an imitation rate B.360

Repurchase events must be proportional to the current number of adopters. The total361
repurchase )(~ tyr can therefore be modelled as the product of n(t) with a time dependent362
repurchase rate ξ(t) characterizing the average number of repurchased units per unit time and363
adopter:364

365
)()()(~ tnttyr 366

(39)367
368

The repurchase rate ξ(t) may increase in the run of time with the economic evolution of the369
considered country. Since ξ(t) cannot grow up to infinity we demand that it approaches a370
maximum magnitude ξmax after sufficient time. As a first order approximation such a371
constraint growth can be described by a logistic differential equation of the form:372

373











)(
)(1)()(

max t
tta

dt
td


374

(40)375
376

where a>0 characterizes the growth of the repurchase rate. The solution of this relation377
determines repurchase rate:378

379

ateC
t 





1

)( max380

(41)381
382

with the free parameter Cξ.383
The total unit sales are in the approximation Eq.(11) equal to the sum of first- and384

repurchases:385
386
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)()()()(~)(~)(~)(~ tnt
dt

tdntytytdty rf 387

(42)388
389

The product lifecycle can be characterized by the main process governing the adopter390
evolution:391
i) In the introduction phase of the lifecycle the main source of the increase of n(t) is392
spontaneous purchase. Hence, in the introduction phase the first term in Eq.(38) dominates393
over the second which leads to the condition A>Bn(t).394
ii) In the growth phase of the PLC social learning dominates the adopter evolution. Thihs395
phase is therefore characterized by A<Bn(t). At the transition between both phases the number396
of adopters is ng≈A/B. The penetration ng can be interpreted as the minimum number397
necessary to start the growth phase of the PLC.398
iii) In the maturity phase the spreading due to social contagion saturates while:399

400

0)(


dt
tdn401

(43)402
403

From Eq.(38) flows with Eq.(43) that the number of adopters is in this period:404
405

))(()( tvtn 406
(44)

407

408
That means, when the fast spreading process due to social contagion slows down the number409
of adopters increases with the market volume v(μ(t)). Since μ(t) is not constant an additional410
diffusion process occurs due to the decline of the mean price. However in order to keep the411
model simple this additional price dependent diffusion process in the maturity phase is not412
further taken into account here. 10 Instead we approximate the market volume by a constant413
v(μ)≈n0. The evolution of the market penetration n(t) can then be described by the solution of414
Eq.(38) given by:415

416

02
)(

)(

1

1)( n
e

A
B

etn
tBA

tBA







 








417

(45)418
419

which yields an S-curve in time. The total first purchase demand caused by Bass diffusion420
becomes:421

422
 
  02)(

)(2)()(~ n
BeA

eBAA
dt

tdnty
tBA

tBA

f 






423

(46)424
425
426

10 Models including the price dependent market volume are discussed for example in [10,15]. It is shown that for
an exponential decrease of the mean price as can be found in this model the diffusion process can be described
by Gompertz equation.
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iv) The decline phase is related to the occurrence of a close substitute of the durable at time427
step td. While in the initial stages of the lifecycle the parameter a in Eq.(40) is positive it428
changes after the introduction of the substitute. Since potential buyers are no longer interested429
in repurchasing the current good we assume that the positive amplitude a becomes at td a430
negative amplitude –a’, while a’>0. Eq.(40) turns therefore for t>td into:431

432

)(')( ta
dt

td 
433

(47)434
435

neglecting higher terms in ξ(t). It has the solution:436
437

 
min

')()(    dtta
d ett438

(48)439
440

where ξmin indicates a remaining minimum repurchase rate. As a result of the declining441
repurchase rate the number of adopters declines also with the rate θ>0 but slower than the442
unit sales. Applying Eq.(35) with φ(t>td)=0 we get for t>td:443

444
 

min)()( netntn dtt
d  445

(49)446
447

while nmin is an eventually remaining minimum number of adopters.448
With these relations the entire product lifecycle can be compared with empirical data449

with a minimum set of free parameters. The evolution of the number of available units )(~ tz450
requires three free parameters zmax, α and Cz. For the mean price evolution three additional451
parameters are necessary μ0, μf and H (For simplicity it is set μm=0). The adopter evolution is452
characterized here by Bass diffusion Eq.(45). It involves the free parameters A, B and n0. The453
decline phase starts at td and needs two additional parameters θ and nmin. The total unit sales454

)(~ ty are governed in this model by Eq.(42) determined by the parameters of Bass diffusion455
and the repurchase rate parameters a, ξmax and Cξ. The decline phase finally uses the456
parameters a’ and ξmin. Since the empirical unit sales are usually given in absolute numbers,457
for a comparison the market potential M has to be known. A complete description of the458
product lifecycle of a durable requires in the presented approximation a minimum number of459
19 free parameters.460

461
2.3. The Relation between Supply and Diffusion462

463
Eq.(19) suggests that the initial stages of the lifecycle suffer from a constrained464

supply. This effect may have an impact on the diffusion velocity of a durable. In order to465
estimate the impact of a constrained supply on the imitation parameter, we approximate the466
total unit sales by the first purchase sales in the growth phase of the lifecycle neglecting the467
introduction phase. They must be equal to Eq.(19):468

469

t
z

f eC
tdttntyty  


1

)(~
)()()(~)(~ 0470

(50)
471

472
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Obviously the impact of the constraint supply can be neglected for Cz=0. It corresponds to the473
case that the total amount of available units is always zmax. The idea is to treat B as a function474
of Cz and expand the imitation parameter B(Cz ) around zero up to the first order as:475

476
zz CBBC 10)( 477

(51)
478

479
with the unknown coefficients B0 and B1. Inserting this relation in Eq.(50) and expanding the480
also the right hand side of Eq.(19) for small Cz we get:481

482
483

   tzz eCtdttnCBB   1)(~)()( 010484
(52)

485
486

A comparison of the coefficients of the corresponding order in Cz leads to:487
488

tetdttnBtdttnB   )(~)()();(~)()( 0100489
(53)

490

491
It suggests that B1 dependents on time and has the form:492

493
teBB  01494

(54)
495

496
Taking the time average over the growth phase of the lifecycle Δtg, we obtain for the mean497
magnitude of the imitation parameter <B>:498

499
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(55)
501

502
where:503

504

 1


  gt

g

z e
t

C 


505

(56)
506

507
The model suggests in this approximation a linear relationship between the imitation508
parameter and β. The supply constraint has no impact on the imitation parameter if β=0. In509
this case the imitation parameter has its maximum magnitude B0. Note that β is negative since510
the exponential function is smaller than one for Δtg>0. Eq.(55) suggest that the magnitude of511
B decreases with increasing Cz. This is because the initial magnitude of available units512
decreases with increasing Cz. The imitation parameter becomes also small if the rate α is small513
in the period Δtg. In other words, if the output of the suppliers rises very slowly over the514
considered growth period, the diffusion process is delayed.515

Note that the presented consideration of a delayed market diffusion is not a516
consequence of the price evolution. That the price declines for α>0 is rather a side effect. The517
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main cause of a delayed diffusion is the constrained supply in the initial stages of the lifecycle518
accompanied with lost sales.519

520
3. Comparison with Empirical Results521

522
The presented model suggests that the PLC of nearly homogeneous consumer durables523

in polypoly markets have the following characteristics:524
1. Homogeneous durable goods in polypoly markets have a price dispersion that can be525
approximated by the Laplace distribution Eq.(24).526
2. For a fast growing supply the number of available units )(~ tz increases in time according to527
the logistic law Eq.(17). This evolution causes a decline of the mean price in time described528
by Eq.(30).529
3. Applying the Bass model for the initial stages of the lifecycle the market penetration n(t)530
can be approximated by Eq.(45) and by Eq.(49) for the decline phase.531
4. The total unit sales are determined on the one hand by the evolution of the number of532
adopters and on the other hand by the repurchase of the good. The unit sales are given by533
Eq.(46) for first purchase and by Eq.(39) for repurchase with the repurchase rate Eq.(41). The534
decline phase is governed by an exponential decay of the repurchase rate with the repurchase535
rate Eq.(48).536
5. The diffusion processes is subject to a supply constraint. This constrained leads on time537
average to a decrease of the maximum imitation rate B0. Plotting the imitation rate B as a538
function of β suggests a linear relationship.539

540
In order to compare the presented model with available empirical data a number of541

consumer durables are studied satisfying the model conditions.11 For the chosen samples both542
the market penetration and the price evolution is known. For two samples are also data for the543
unit sales available. However, the first assertion cannot be verified for the considered samples544
because the price dispersion is of these goods are not available. Though, from empirical data545
of the price dispersion of homogeneous goods it is known that their price dispersion can be546
approximated by a Laplace distribution [13,17]. It is assumed that the chosen examples can be547
treated as nearly homogeneous.548

549
550

3.1. Market penetration, Mean Price and Supply Evolution551
552

In order to illustrate the entire PLC of a durable, the empirical market penetration n(t)553
of Black & White (B&W) TV sets in the UK [18] is displayed in Fig.1 (squares) together554
with a fit of the Bass model Eq.(45) for the initial stages of the PLC and with a fit of Eq.(49)555
for the decline phase with the parameters summarized in Table 1 (solid line). Indicated are the556
phases characterizing the stages of the lifecycle as suggested by the model. The transition557
between introduction and growth phase takes place for small market penetrations ng≈2%.558
Neglected in this model is the increase of the market volume with decreasing price in the559
maturity phase. We assume that deviations from the Bass model Eq.(45) in the  slow down560
period indicates its start of this penetration process. Data points not matching Eq.(45) are not561
further discussed here. As expected, the decline phase of this good can be described by the562
exponential function Eq.(49) starting at td=26 years.563

Also displayed is an average sales price μ(t) scaled by the maximum price [19]. The564
dashed line represents a fit of Eq.(30) with the parameters in Table 1. Displayed in the insert565

11 Not considered are for example obvious heterogeneous goods like the personal computer.  It comprises of a
competing technological generations of the same good.
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is the function )(~ tz with zmax=1 that follows from this fit indicating the amount of freely566
available units. Another example of Black & White TV sets (USA) is shown in Fig.2 [19].567
Both have a similar dynamics, but the data of the decline phase of US-Market are not568
available.569

Presented in Fig.3 is the market penetration and price evolution of CD-players in the570
USA [20]. This good has the smallest parameter α=0.17 in the considered collection of571
durables. It suggests a slow capacity increase in time. A consequence of the presented theory572
is that for small α the mean price is susceptible for demand and supply fluctuations. This can573
be seen in the initial phase of the market penetration where a considerable fluctuation of the574
mean price is evident. Approaching the inflection point of the adopter evolution (maximum of575
the first purchase unit sales) price fluctuations settle down. A very fast growing market is that576
of DVD players in the USA displayed in Fig.4 [20]. This market has the highest growth rate577
α=0.65 exhibiting a rapid increase of supplied units accompanied with a considerable price578
decline.579

Displayed in Fig.5 is the market evolution of Color TV sets in the USA [21]. Note that580
the Bass model applies merely up to about 80% of the total market potential. The presented581
model is based on the idea of a constant α over the entire lifecycle Δt (Eq.(16)). The empirical582
data suggest, however, that the supply evolution may have separated periods with nearly583
constant α, such that the price evolution can be approximated by two logistic waves. This can584
be interpreted as a rapid increase of production capacities after introduction followed by a585
much slower expansion. This seems to be also the case for the following examples. Applying586
two successive logistic waves the price and hence the supply evolution can be fitted with a587
higher accuracy. The data of the fit parameters from the price evolution are summarized in588
Table 1.589

A similar market situation occurs for cell phones in the USA shown in Fig.6 [20]. The590
data suggest a considerable increase of the output up to 1991 accompanied with accompanied591
by rapid price decline. After this growth period the expansion of the capacities slowed down.592
A dichotomy of the supply evolution can be also found for the market evolution of VCR’s in593
the USA [20]. Here the supply evolution consists of two growth waves of nearly equal α.594

595
596

3.2. The Unit Sales Evolution597
598

Beyond market penetration and price evolution the model also allows a comparison of599
the evolution of the total unit sales with available empirical data. For two examples data are600
available to perform the comparison. Displayed in Fig.8 are the unit sales of VCR’s in the601
USA (squares) together with a fit of Eq.(46) and Eq.(39) for first and repurchase (solid line)602
with the parameters given in Table 1 [20]. The model suggests that the sales peak with its603
maximum around 1986 is due to first purchase caused by Bass diffusion. With the increase of604
the number of adopters and the growth of the repurchase rate the unit sales growth until 2000605
to a maximum magnitude. The decline of the unit sales starts in 2001 caused by the606
introduction of DVD recorders as a close substitute.607

Another example of the PLC of a durable good is displayed in Fig.9. It shows the rise608
and decline of the unit sales of CD-players in the USA (squares) and fit with the model609
equations (solid line) applying the parameters in Table 1 [20]. In difference to the VCR case610
the first sales peak due to the diffusion process in not clearly evident. This is due to the rather611
slow penetration of this good. The time until it is replaced by a close substitute (MP3 player)612
is much shorter than for VCR’s. The decline rate a’ of CD-Players is, however, much smaller613
than for VCR’s suggesting that CD-Players can be found in US households over long time614
horizons.615

616
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3.3. The Relation between Product Lifecycle and Supply617
618

Eq.(55) predicts a linear relationship between the imitation parameter B as a measure619
of the market diffusion velocity and the parameter β containing the impact of lost sales from a620
constrained supply flow in the initial stages of the lifecycle. Taking advantage from the data621
in Table1 the relation between both parameters is plotted in Fig.10.12 From a linear regression622
fit we get for the solid line displayed in Fig.10 B0=1.7 and B1=1.1. Eq.(55) suggest, however,623
that both parameters should be equal. Since this is not exactly the case and due to the small624
coefficient of determination (R2=0.8) of the regression fit we can conclude that the625
established theoretical considerations leading to Eq.(55) are qualitatively correct, but cannot626
verified quantitatively with this small number of examples satisfying the model conditions.627

628
4. Discussion629

630
Merging the lifecycle concept with the supply evolution some key relationships631

characterizing the PLC of durable homogenous goods in polypoly markets can be established.632
They are schematically displayed in Fig.11. At introduction the total number of available units633

)(~ tz of the durable good is small, while the total number of demanded units )(~ tx is high as634
indicated by the solid and dashed lines in this figure. It implies a high introduction mean price635
μ(0). In this state unsatisfied demands lead to a high number of lost sales. The aggregated636
demand and supply curves x(p,t) and z(p,t) at this time step are indicated by solid lines in the637
inserts of Fig.11. The model is based on the idea that the unit sales y(p,t) are the result of the638
meeting of demanded and supplied units in a given price interval. Hence, y(p,t) and also the639
price dispersion Py(p) have a maximum at mean price μ(t) where the functions x(p,t) and z(p,t)640
have maximum overlap. The resulting price dispersion Py(p) has for a homogeneous good641
always the form of a Laplace distribution (dotted line). In other words, the majority of product642
units of homogeneous goods are sold for mean price.643

For a fast growing supply (supply market) the functions x(p,t) and z(p,t) are subject to644
time-dependent variations causing a shift of the mean governed by a Walrus equation. The645
fast increase of the total number of available units )(~ tz leads to a slow decrease of )(~ tx and a646
decline of mean price μ(t) (For some durables this evolution takes place in two waves647
separating at t1). The function )(~ tz growths governed by a logistic law until zmax is reached648
accompanied with a logistic decline of the mean price approaching the floor price μf. The649
price dispersion does not only shift to lower values in this process, since the price is strictly650
positive Py(p) becomes also a narrow peak approaching μf [13].651

Accompanied with this evolution of supply and demand the good spreads into the652
market described here by Bass diffusion. This spreading process determines the evolution of653
the market penetration n(t) and total unit sales )(~ ty governed by the characteristic stages of654
the lifecycle indicated in Fig.11. In order to complete the description of the PLC the Bass655
model is supplemented by a logistic growth of the repurchase sales.13 The decline phase starts656
with the introduction of a close substitute at td and is modelled as a negative repurchase rate657
causing an exponential decline of the total unit sales and (occasionally with a short time shift)658
also of the number of adopters.659

Further discussed is the impact of the supply constrained at introduction of the660
lifecycle causing lost sales. The model predicts that the diffusion process is slowed down by a661
supply constraint, if the initial number of available units is small (high Cz) and when the662
growth of supplied units during the growth period Δtg is small (small α). The comparison with663
empirical investigations show that the theoretical considerations leading to a linear664

12 In the case of two supply waves, the data of the first supply wave with index 0 are taken.
13 Periodic oscillations in the repurchase process due to the initial growth period are neglected (see [15]).
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relationship between the imitation parameter B and a comprised parameter β indicating the665
supply growth are qualitatively correct.666

It has to be emphasized that the effect of a delayed diffusion is caused by the supply667
flow and not by price changes as suggested by previous considerations [22]. The point is that668
there is always a distribution of the willingness to pay described in this model by the669
aggregated supply function x(p,t). But adopters contributing to Bass diffusion (market670
volume) are treated in this model as price independent. Therefore the spreading process is in671
the first place a price independent process having its origin in social contagion. The decrease672
of the mean price is rather a side-effect. The main cause of a delayed diffusion is according to673
this theory the occurrence of lost sales in the initial stages of the PLC.674

675
5. Conclusions676

677
We can conclude:678

1. The PLC of durable goods can be understood as governed by two processes: the679
spreading of the good into market and the relation between supply and demand680
determining the mean price. The presented dynamic model allows a description of the681
entire lifecycle of homogeneous durables in polypoly markets.682

2. Both processes interfere in the initial stages of the PLC. The spreading of the good683
into the market is delayed due to lost sales. The delay increases with a small number684
of available units at introduction and a slow output increase.685

3. The presented considerations suggest that the forecast of the PLC of durable has to686
take the evolution of supply side into account.687
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Tables690
691

Parameter B&W TV
(UK)

B&W TV
(USA)

CD
Player

DVD
Player

Colour
TV

Cell
Phone

VCR

Figure 1 2 3 4 5 6 7
t0 1946 1948 1983 1998 1954 1984 1978
α [ year-1] 0.3 0.55 0.17 0.65 0.38 0.6 0.6
zmax 1 1 1 1
Cz 8 10 6 4
zmax0 0.28 0.5 0.5
Cz0 10 10 10
α0 [ year-1] 0.38 0.6 0.6
t1 [ years] 19 5 10
zmax1

14 0,72 0.5 0.5
Cz1 6 10 150
α1 [ year-1] 0.2 0.43 0.63
μ0 [%] 130 110 118 150 100 112 105
μf [%] 60 28.3 15 20 8 14 8
H 0.77 1.35 2.06 2 2.52 2 2.57
A [ year-1] 0.0065 0.05 0.0085 0.007 0.0005 0.0015 0.0018
B [ year-1] 0.4 0.4 0.45 1.2 0.4 0.55 0.64
n0 [%] 90 90 76 70 83 55 82
M in  Mio 85 79
td[ years] 26 17,8 23.8
θ[ year-1] 0.16
nmin 0
a[ year-1] 0.3 0.31
a'[ year-1] 0.1 0.65
ξmin 0 0
ξmax 1.0 0.33
Cξ. 50 120
Δtg[ years] 20 14 18 10 25 15 16
β -1.03 -1.29 -1.25 -0.57 -1.02 -1,1 -1.03

692
Table 1. Characteristic parameters of the studied examples.693

Figures694
695

14 The time dependence in Eq.(17) has to be replaced for the second wave by t-t1.
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696
697

Figure 1: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of698
Black & White TV sets in the UK [18,19]. The solid line (market penetration) and dashed line699
(mean price) are a fit with the parameters in Table 1. The insert shows the function )(~ tz700
derived from the mean price evolution.701
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710
Figure 3: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of711
CD players in the USA [20].712
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Figure 4: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of716
DVD players in the USA [20].717
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Figure 4: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of720
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Figure 5: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of722
Color TV sets in the USA [21].723
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Figure 6: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of727
cell phones in the USA [20].728
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Figure 7: Evolution of the market penetration n(t) (squares) and mean price μ(t) (triangles) of733
VCR’s in the USA [20].734
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Figure 9: Evolution of the unit sales of CD players (squares) in the USA [20].743
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Figure 10: Displayed is the imitation parameter B (squares) as a function of β applying the747
data given in Table 1. The solid line is a linear regression function.748
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Figure 11: The product lifecycle of a durable homogenous good in polypoly markets753
suggested by the presented model.754
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