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The Price Dispersion of Homogeneous Goods

Abstract

Presented is an analytic microeconomic model of the price dispersion of
homogeneous goods in polypoly markets. The theory is based on the idea that
the price distribution is governed by the dynamics of the purchase process.
Caused by the price dependent distribution of demanded and supplied units of
homogeneous goods the price dispersion must be fat-tailed. The model predicts
that independent of the economic origin the price dispersion of homogeneous
goods in polypoly marketscan be described by a Laplace distribution for short
and by a lognormal distribution for longtime horizons. Taking random
variationsof demanded and supplied units into account the model further
predicts that both the mean price and also the standard deviation of the price
dispersion are governed by a lognormal distribution. A comparison with
empirical investigations confirms the model statements.
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1. INTRODUCTION

Based on the idea that both the demand and the supply side of a market
can take advantage of arbitrage opportunities the neo-classic theory suggests that
a homogenous good must sell for the same price, known as “the law of one
price” [1]. However, even for homogeneous goods, empirical investigations
show the existence of price dispersion[2]. Economists givefour popular
explanations for the origin of the price dispersion in product markets of
homogeneous goods: amenities, heterogeneous costs, intertemporal price
discrimination and search frictions. The first explanation suggests that identical
goods sell at different prices because they are bundled with different amenities
in different transactions [3]. The second states that firms at different locations
have different costs causing prices to vary for similar goods[4]. Time dependent
fluctuations of the price in order to satisfy different consumer groups [5- 8] and
the limited ability of buyers to search the entire market [9-11]are other economic
explanations for the price dispersion.



UNDER PEER REVI EW

The presented microeconomic model is established for a homogenous
good in a polypoly market and suggests that statistical fluctuations of the price
generates a similar price dispersion independent of the economic origin. The key
idea of the theory is that the price dispersion has its origin in the dynamics of the
purchase process. This dynamicsis governed by the chance that supplied and
demanded product wunits meet in a given price interval[12,13].
Thedynamicapproach suggests that the price dispersion of homogeneous
goodsmust be fat-tailedfor short time horizons.As shown below,this statement is
in agreement with empirical investigations of the price dispersions of
homogeneous goods.

In order to derive the price dispersionthe paper is organized as follows.
First the fundamental relations governing the purchase process of product
unitsare established. Explicitly derived is a quasi-static price dispersion that
takes the price dependent configuration of demanded and supplied units in the
purchase process into account. Byincluding time dependent variations of
demanded and supplied units a Walrus equation isestablished forthe evolution of
the mean price. For random demand and supply fluctuations the corresponding
mean price distribution is derived. Both distributions determine the
unconditional price dispersion of a homogeneous good for short and long time
horizons. The theory is compared with empirical investigations of an extensive
study of homogeneous consumer goods followed by a conclusion.

2. THE THEORY

The model is established for a polypoly market of a homogeneous good
with a large number of independent suppliers (retailers) N(¢) and buyers n(z).at
time step t. The presented theory is based on the idea that purchase events are
the result of the conjuncture of demanded and supplied product units. Indicating
the total number of demanded (desired) units by X(#) and the total number of
supplied (available) units by 7 (#), purchase events must disappear ifone of the
variables vanishes. Hence the total unit sales y(z)can be written up to the first

order as a product of both variables [12]:

V(@) =1z (1)x(t)
(D)

with the unknown rate #. This rate characterizes themean frequency by which
the meeting of demanded and supplied units generates successful purchase
events(transactions) per unit time. Since X(¢),Z(¢), y(¢)>0, we demand that also

n=0.
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The demand and supply dynamics of the total physical flow of product
unitsis determined by conservation relations of the form':

dx(l‘):d‘(t)_j;(t); dZ(t) :g(l‘)—j"(f)
dt dt
2)

The first relation states that the total number of units demanded by buyersof the
good increases with the total demand rated (r)and decreases by the purchase of
product unitswith the total unit sales rate y(¢) . The second relation suggests that
the total number of suppliedunits increases with the total supply flow s (¢) and
decreases with the total unit sales rate y(¢).

The presented theory of the price dispersion is based on a generalization
of Eq.(1). For this purpose we introduce price dependent unit salesy(z,p). For a
homogenous goodtheycan be obtained by accumulating the unit sales of
individual suppliers (retailers)in a given price interval p and p+dpby:

N(t)

y(t,p)= Zyk (t,p)
3)

The probability density of sold units P(¢,p)indicates the price dispersion given
by:

P(t,p)= —ygt’ P)
y (1)
“4)

The total unit sales can be obtained by integrating over the price dependent unit
sales:

y()= Ty(t, p)dp
S)

The price dependent cumulative distribution becomes:

'The total number of demanded and supplied units X (#) and Z (¢) are regarded to be scaled by a large number

such that the variables can be treated as real numbers. Therefore the time evolution can be established in terms of
differential equations.



UNDER PEER REVI EW

F(t,p)=[P(t.p)dp'

(6)

S —

and the mean price ¢ of the homogenous goodis determined by:

u(t) = [ Ple, p)pdp
(7)

We can further establish price dependent numbers of demanded units
x(p,t)and supplied units z(p,t). Theyare related to the total numbersby:

()= [ 20, p)dp; %)= [ x(t, p)dp
8)

The corresponding probability density functions have the form:

1 1
P(t,p)=——:z(t.p); P(t.p)=——x(t,p)
Z(1) x(1)
9

while the cumulative distribution functions are given by:

F.t,p)=[P(t,p)dp; F.(t,p)=P.(t p)dp'

(10)

S
O S

The key idea establishing the price dispersion of a homogeneous good is
the assumption that Eq.(1) is valid also for the meeting of demanded and
supplied units in a given price intervalp and p+dp. That means we argue that
y(t,p) must be zeroifeither the number of supplied units z(z,p)or the number of
demanded units x(t,p) disappear in this price interval. Hence, the price
dependent unit sales can be written up to the first order as proportional to the
product:

y(t, p) =nz(t, p)x(t, p)
(11)
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where the meeting rate #is considered to be price independent.

For the derivation of the price dispersion we want to take advantage from
a separation of the timescales and assume that the total numbers of demanded
and supplied consist of two contributions. There is a slowly varying contribution
indicated by X, and Z, and fast variations denoted by 0x(?), dz(t). For a short time

interval Arwe can write:

X(O=X+(); ZO)=7,+&@)
(12)

We start by ignoring the time dependent variations and establish a quasi-
static price dispersion Py(p) for a constant number of demanded and supplied
units X,and Z, .

2.1. The Quasi-Static Price Dispersion

Under the condition that sufficient purchase events take place during Arthe
price distribution Py(p)isdetermined by the chance that demanded and supplied
units meet in a given price interval p and p+dp.In order to make profit we
demand that the supply side will offer product units only for prices p>p,,, where
the minimum price is strictly positivep,,=>0.Since all units of the good are
equivalent buyers prefer to purchase units for the lowest available price.
Thereforex(p) must have its maximum X at p,, and disappears for p -c0. The
number of demanded units x(p) for buyers who wants to pay a price p is
determined by all units up to this priceand can be given by:

x(p)=%, - %, [ P.(p)dp'=5,(1- F.(p))

(13)

On the other hand the price dependent number of available units z(p),for
buyers who wants to pay a price p,will increase with an increasing price and
approaches its maximum Z, for p 2. Hence, the number of available units z(p)

can be determined by:

2(p) =%, [P.(p")dp'=Z,F.(p)

(14)
The price dependent unit sales Eq.(11) become with Eq.(13) and Eq.(14):

y(p)=1Z,F.(p)%,(1- F.(p))
(15)
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Applying Eq.(5) leads to the total unit sales:

y = ﬂ%ozow
(16)

with:
W= [F.(p)1=F,(p))dp

17

The price distribution Eq.(4) turns with Eq.(15) and Eq.(16) into:

1
P (p) —WFZ(p)(l—Fx(p))
(18)

It expresses the chance that demanded units meet supplied units.
A monotone decreasing and a monotone increasing function have a single
interception point p* at which:

x(p*) = z(p*)
(19)

For a price p<p*, the number of desired units increases the number of available
unitsx(p)>z(p). Therefore the unit salesare limited by the number of available
units z(p) and the relative abundance of purchase events in the price interval p
and p+dp is approximately equal to the relative abundance of available units.
HenceP,(p)=P.(p). For small prices the chance to find demanded units can be
given byl-F,(p)=1.Therefore the price distribution Eq.(18) have for p<p*the
form:

_1 R B RN B ORI
P(p)= Fp) Wpmez(p)dp—ijmPy(p)dp o B )

(20)

From this relation follows for p<p*:

dF.(p) 1
P =2 =—F
> (p) i W (p)
(21)
andthus:
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F,,(p) = CﬂelFC2
(22)

whileC;=exp(1/W)and Cis an integration constant.

On the other hand for p>p* it can be argued that the number of available
units increases the number of desired unitsx(p)<z(p). Purchase events are
therefore limited by the number of desired units and the relative abundance of
purchase events is approximately equal to the relative abundance of desired
unitsP,(p)=P,(p). For large prices we can further approximate the chance to find
supplied units by F(p)=I and Eq.(18) becomes for p>p *:

1 Lt = L= Tpipn |= L(-
Py(p)=W(1—Fx(p))—w(l—pfml’x(p)dpj=W(1 iPy(p)dp] W(l F(p))
(23)

We get for p>p*:
_dr(p) _ 1
Pp)==2 = - F )

(24)

which leads to:

F(p)=1-C'e"™
(25)

with the integration constantC;. We demand for p=p* that:

Ce" “=1-Ce "™
(26)

This relation can be satisfied by setting C;=1/2, C,=p* and C;=-p*The
cumulated distribution function has therefore the form:

F.(p)~
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27)

which corresponds to a probability distribution function:

P(p)~e""
(28)

We can estimate the variance of the price distribution by evaluating the
- 2
integral:

Var(P(p)=2[e""(p—p*)dp=2+e""(2p, - p*)—(p, — P*)’ —2)
(29)

For a sufficiently small price distancep,-p*the exponential function can be
expanded asexp(p,,-p*) =1+ p,-p*and the variance turns into:

Var(P,(p)) = 2(p, — p*)
(30)

Therefore the quasi-static price distribution Eq.(28) can be approximated by a
fat-tailed Laplace distribution of the form:

-4l

1
P(p)=—=e °
2 20'6
(31)

where we used thatp*=u. The standard deviationbecomeswith Eq.(30) a function
of the mean price:

o=2(u-u,)
(32)

Hence theprice dispersion is a very narrow peak for u~u,. The cumulated
distribution function turns into:

1 v
—e’ PSH
F(p=1 2 .
l——e ° >
5 p=u

*Note that the small contributions from the integral for p>2(p*-p,,) are neglected.
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(33)
With Eq.(20) and Eq.(23) we can further write for Eq.(13) and Eq.(14):

x(p)=X,(1-F,(p))
z(p)=Z,F.(p)
(34)

From the interception point Eq.(19) follows for the total number of supplied and
demanded units:

~

xO =Z0

(35)
2.2. The Walrus Equation

The derivation of the quasi-static price dispersion Eq.(31) neglects the
impact of the time dependent variations ox(¢) anddz(t). Since the only free
variable in Eq.(31) is u these perturbationsgenerates variations of the mean

price. We want to evaluate the shift of the mean price under Jx(¢) anddz(t). For
this purpose the interception point Eq.(19) at time step tiswrittenas:

xuld (ﬂold ) = Zuld (ﬂold )
(36)

and the new interception point at ¢+dt as:

le(f‘W (ﬂnew) = Znew (ﬂ}’l(f‘w)
(37)

The new mean price is shifted in relation to the old mean price by:

ll'lnew = old + 5111
(38)

The new interception point can be written as a perturbation of the interception
point. We get:

'xnew (ﬂnew) = xold (ﬂnew) + éx; Znew (ﬂnew) = Zold (ﬂnew) + 51
(39)
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10

while:

5#, 2o (,unew) =2, (luo[d ) +

Hola Hola

dx
Kota (,U "ew) = KXot (:ugld )+ %

dz,,(p)
old 5
J W

(40)

The price derivatives can be evaluated from Eq.(34) and we obtain:

dx,,(p)
dp
(41)

= _"i/:OPy ()

U

and:

dz,,(p)
dp
(42)

=X,P, (1)

U

while we used Eq.(35). Applying these relations in Eq.(37) the mean price
change during a short time intervalAt 2dt becomes:

1 dﬂ_H(dEE de

(u-p,)de\ar ar
(43)

with
xO
(44)

Eq.(43) can be rewritten with Eq.(2) as:

1 du ~ ~
o Hd0)-5(
(uoy—p,) dr O
(45)

This relation is the well-known Walrus equation. It states that an excess total

demand rate increases and an excess total supply rate decreases the mean price
in time.

10
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2.3. The Mean Price Distribution

In order to establish a statistical model of the price dispersion we assume
that both sides of the market generate random variationsof the demand and
supply rates such that:

X(t)=H(d(1) - s(1))
(46)

can be treated as a the fluctuating time dependent function. As a first
approximationy(t) is treatedas white noise with time average and time
correlation function:

(x@)=0
(@, x(t"))=2D8(~1')
(47)

whereD is a noise amplitude. The Walrus relationEq.(45) turns in this caseinto a
Langevin equation of the form:

da(t)
dt
(48)

= () (t)

with a shifted mean price:

w(t) = p(1) - 1,
(49)

The mean price is governed in this approximation by a multiplicative stochastic
process. The central limit theorem suggests that the mean price distribution can
be given after sufficient time by a lognormal distribution of the form:

B 1 _(n(w/T)
P‘”(w)_«/ZﬂQa)eXp( 2Q° J
(50)

where/ and Q are free parameters.

Eq.(32) suggests that the standard deviation of theprice dispersionsP(p) is
proportional to w. Therefore the standard deviation must be also considered as a
fluctuating variable. It isgoverned in this approximation bya lognormal
distribution that can be obtained from Eq.(50)by changing the variables:

11
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P(o) =

- _(In(o/TY)
N A 20"
(51

with the free parameters /” and Q.

2.4. The Price Dispersion

The model suggests that the price of a homogeneous good is determined
by two random processes. On the one hand it is related to the chance that
demanded and supplied units meet in a given price interval generating thequasi-
static price distributionP,(p). On the other hand demand and supply variations
generate mean price fluctuations described byP,(w). In order to take both effects
into account Eq.(4) can be interpreted as an unconditional price distribution of
the form:

P(p)=[P,(plo)P,(@)de
(52)

where the conditional price distribution Py(plw) characterizes the probability
density under the condition that the mean price isjustw.

We want to confine the discussion here to two extreme cases:
i). In the first case the price distribution Py(p) is regarded to be located around
the mean price. This is the case when u=~u,. The conditional price distribution
Py(plw) can then be approximated by a Dirac-delta function of the form:

Py(plw)zé‘(p—a))
(53)

and the unconditional price distribution becomes:

p( (in(@)-I) xp(— (In(p)-T) J

< 1
P(p)=[8(p—-@)—0r
2 { (P a))x/ﬁﬂa) X 207 x/_Qp 2Q0°

(54)

In this case demand and supply variations governthe price distributionandafter
sufficient time theprice dispersion has the form of a lognormal distribution.

12
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ii). In the second case we assume that demand and supply variationsare
sufficiently small. The mean price is in this case located around a constantu, and
the price distribution Eq.(50) can be approximated by:

P,(u)=o(u—u,)
(55)

The price distributionbecomes:

prﬂo‘
o

lp

=1 e 1
P(p)=[—e * S(u-pu)du=—
(p) lwe (=, dp = —e
(56)

In this case the price dispersion reduces to alLaplace distribution.

For short time periods the price dispersion of a homogenous good can be
expected to be close to approximation ii),because large variations of demand and
supply flows are rather unlikely. Over long time periods, however, the price
dispersion will be governed by approximation i).Writing the spot price of a good
as:

p(t)=pu(t)+op(1)
(57)

thestandard approach to describe the short term spot price evolution is to apply
stochastic differential equations of the form[14]:

dyp = Np,t)dt+ o, (p.t)dw
(58)

wheredw indicates a Wiener process. The price fluctuations Jdp(f) must contain
both effects, the localization of the price distribution around the mean price and
supply and demand fluctuations. The first effect is modelled by introducinga
mean reversion of the spot price by setting A(dp,t)~-op. The volatility ay(dp,t)
takes thefat-tailed quasi-static price distributionby ARCH and GARCH models
into account, not further discussed here.

3. COMPARISION WITH EMPIRICAL DATA

For a comparison of the model with empirical data we want to confine
here to short time horizons. In this case the model suggests that the price
distribution can be described by a Laplace distribution. Normalizing the price
dispersion with respect to the mean price the only free parameteris the standard
deviationo.

13
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Here we want to focus on anextensive investigationof price dispersions of
homogeneous consumer goods performed by Kaplan and Menzio [15].The price
dispersions wereobtained by studying data from the Kilts-Nielsen Consumer
Panel Dataset (KNCP). It contains price and quantity information for over 300
million transactions by 50000 households. It covers over 1.4 million goods in 54
geographical markets for thetime period 2004-2009. The investigators
aggregated the data into four differentdefinitions of a good:
1.UPC: A good is the set of products with the same barcode (Universal Product
Code: UPC).

2. Generic Brand Aggregation: According to this definition, a good is the set of
productsthat share the same features, the same size and the same brand, but may
have differentUPC’s. Since the KNCP assigns the same brand code to all
generic brands (regardlessof the retailer), this definition collects all generic
brand products that are otherwiseidentical.

3.Brand Aggregation: According to this definition, a good is the set of products
that sharethe same features and the same size, but may have different brands and
differentUPCs.

4. Brand and Size Aggregation:In this case a good is considered to be the set of
productsthat share the same features but may have different sizes, different
brands and differentUPCs.

Displayed in the figures 1-4 are the empirical price dispersionsadopted for
each definition of a good by plotting the distribution across all investigated
markets, goods and quarters. The investigators found (nearly) symmetric,
leptokurtic price distributions of normalized prices(uy=1).Since the empirical
distributions are fat tailedthe Laplace distribution can be used to fit the empirical
price dispersionsas shown by the solid lines in figures.

In the first two definitions of a good the supplier dominates the market.
We thereforeconclude that deviations of the empirical data from the expected
Laplace distribution around the centre in the figures 1-2 stem from the
dominance of the main supplierin the corresponding market.’The third and
fourth definitions of a good come closer to the model assumptions. As can be
seen in figures 3-4the deviation from the Laplacedistribution around the centre
disappears. Note that in the figures 1-3 the price dispersion is symmetric around
the mean price. The distributionis slightly shifted in figure 4to lower values and
deviates from asymmetric Laplacian for increasing prices.It indicates
thatapproximation ii) is not completely valid. The mean price fluctuates
considerably in this definition of a good.

The standard deviation of a homogenous good is determined in the
presented model by the difference between the actual mean price uyand the floor
price u,,(Eq.(32)). The empirically found increase of the standard deviation with
increasing aggregation in the figures 1-4 is probably due to the increased variety

3The price distribution can be considered in these definitions of a good as consisting of two contributions, one
from the supplier and the other from independent retailers. The model describes merely the impact by the
retailers on the price dispersion.

14
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of product versions. The presented theorypredicts, though, that the mean price
and hence the price standard deviation fluctuates in time governed bya
lognormal distribution.However,instead considering the time evolution of the
standard deviation of a single good we can alternativelyconsider an ensemble of
goods and study the distribution of their standard deviation. In other words, if
sufficient homogeneous goods are available,the time averaged distribution of the
standard deviation can be approximatedby an ensemble average.

The empirical specification of the relative abundance of the standard
deviation of all investigated markets, goods and quarters are displayed in figure
5. Under the condition that the time and ensemble average generates the same
distribution, Eq.(51) suggests that the distributionof the standard deviation is
lognormalstarting at @®=0.Setting out normalized prices, the lognormal
distribution must therefore be shifted to negative values by the mean magnitude
W/lo. Applying a shifted lognormal distributiona good coincidence with the
empirical data can be achieved as shownby the solid linein figure 6.*

4. CONCLUSION

The paper establishes ananalytic model ofthe price dispersion. Based on
the assumption that the price distribution of homogeneous goods is governed by
the price dependent distribution of supplied and demanded unitsthe presented
approach predicts a fat-tailed price dispersion. The theory suggests that the price
dispersion can beapproximated by a Laplace distribution for short and by a
lognormal price distributionfor long time horizons. The short term price
dispersionP(p)is schematically displayed in figure 6 together with the price
dependent distributions of demanded and supplied unitsx(p) and z(p). For p<u
the number of demanded units increases the number of supplied units and vice
versa for p>u. They intercept at mean price u. Following the neo-classic
approach the market is cleared at this price. However, the presented model
takesthe in- and outflows of product units into account. Since the chance that
demanded and supplied units meet in a given price interval have its maximum at
mean price, the price dispersion P(p) is located around u.The theory further
suggests that the mean price is not constant but fluctuates in time due to demand
and supply variations. For a homogeneous good the mean price is governed by a
Walrus equation, suggesting that an excess demand increases and an excess
supply decreases the mean price.Under the condition thata floor mean price
wn=0 exists,the standard deviationof the price dispersion must be a function of
the mean price. As a consequencethe price distribution becomes a very narrow
peak for u—u,. For the case that demand and supply variations suffer from

* Note that the same argumentation applies tothe mean price. The short term distribution of the relative
abundance of the absolute mean price of a sufficient number of homogeneous consumer goods must be
lognormal.

15
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random fluctuations the distributions of the standard deviation and also of the
mean price are governed by a lognormal distributions.

The theory is compared with empirical investigations of the short-term
price dispersion of homogeneous consumer goods.As expected by the model the
empirical data can be fitted with thefat-tailed Laplace distributionwhilethe
standard deviationisthe only free parameterof this model. The comparison
suggests that deviations from the Laplace distribution near the centre may be
caused by deviations from the assumption of a polypoly market. In agreement
with the model the empirical data of the standard deviation of the price
dispersion can be fitted witha shifted lognormaldistribution.

The main result of this model is that the price dispersion of homogeneous
goods in polypoly marketsmust exhibit the same stylized factsindependent of the
economic origin. The price dispersion can be described by a Laplace
distributionfor short and a lognormal distribution for long time periods while the
standard deviation is governed by a lognormal distribution.
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Figure 1: Displayed is the normalized price distribution (squares) for the first
definition of a good (Kaplan and Menzio 2014). The solid line indicates a
Laplace distribution fit witho=0.125.

Generic Brand Aggregation
1

Density

a1

001

Normalized Price



UNDER PEER REVI EW

18

Figure 2: Displayed is the average price distribution (squares) for the second
definition of a good (Kaplan and Menzio 2014). The solid line is fit of a Laplace

distribution with 6=0.143.
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Figure 3: Displayed is the average price distribution (squares) for the third
definition of a good (Kaplan and Menzio 2014). The solid line is a fit of a

Laplace distribution with 6=0.145.

Brand and Size Aggregation
10

Dansity

La e 18 F4

o 0,2 o 06 08 i 1,2
MNormalized Price

Figure 4: Displayed is the average price distribution(squares) for the fourth
definition of a good (Kaplan and Menzio 2014). The solid line indicates a

Laplace distribution with 0=0.2 that is shifted by 0.06.
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Figure 5: Displayedisthe standard deviation of the relative price of the
empirical data (squares) (Kaplan and Menzio 2014). The solid line is a fit of a
lognormal distribution with /7=0.41,02°=0.245shifted byu,,/u=0.0245.

Figure 6: Schematically displayed are theprice dependent distributions of
demand unitsx(p) and supply unitsz(p)of a homogeneous good in a polypoly
market (dashed lines). The corresponding short-term price dispersionP(p)is a
Laplacian located around the mean price u (solid line).



