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Abstract

A dynamic model of the product lifecycle of (nearlyomogeneous durables in polypoly
markets is established. It describes the concueeolution of the unit sales and price of a
good. The theory is based on the idea that thes ghleamics is determined by a meeting
process of demanded with supplied product unitkinfpadvantage from the Bass model for
first purchase and a logistic model for repurchtageentire product lifecycle of a durable can
be established. For the case of a fast growinglguibe model suggests that the mean price of
the good decreases according to a logistic lawhBtite established unit sales and price
evolution are in agreement with the empirical ddtalied in this paper.

The presented approach discusses further the emdeade of the diffusion process with the
supply dynamics. The model predicts the occurrefdest sales in the initial stages of the
lifecycle due to supply constraints. They are thgio for a retarded market penetration. The
theory suggests that the imitation r&éndicating social contagion in the Bass modelitas
maximum magnitude for the case of a large amourgvailable units at introduction and a
fast output increase. The empirical data of theestigated samples are in qualitative
agreement with this prediction.

Keywords. Product Lifecycle, Consumer Durables, Product WBihn, Bass Diffusion,
Logistic Growth, Supply Constraints



1. Introduction

A microeconomic model is presented that investigdhe product lifecycle (PLC) of
(nearly) homogeneous durables in polypoly markdtse product lifecycle concept suggests
that analogous to the life of organisms goods algest to characteristic stages in their unit
sales evolution classified usually into introduntigrowth, maturity and decline phase [1].
The PLC of durables was studied intensively in orte forecast the adopter and sales
evolution [2-4]. It also applies as a guideline dorporate marketing strategy and in operation
research in order to estimate production capadiie§.

The unit sales evolution is determined by firstd aepurchase of a durable. First
purchase is related to the spreading of a goodth@anarket. Repurchase is proportional to
the number of current adopters and a correspondipgrchase rate that describes multiple
and replacement purchase of product units. Theugwal of the market penetration is known
as market diffusion stipulating the initial stagesthe PLC. In particular the Bass model
turned out to give an appropriate picture of tHéudion process of consumer durables [8]. It
suggests that the market diffusion of new prodecissists of a fast and a slow spreading
wave. The fast wave is mediated by mass medialendlow one is due to social contagion.
While diffusion models work well as a forecast tdbé implementation of the price as a
decision variable turned out to be difficult. A iy of models based on the Bass model were
developed in order to include the price. It is lisuaken into account as a perturbation of the
spreading process [4,9,10]. The price, though, k&y microeconomic variable that has its
origin in the relation between supply and demartte Ppresented dynamic model offers an
alternative approach to understand the unit saldspaice evolution not only of durables but
also of non-durable goods in a unique frameworf.[11

The key idea to combine the sales and price dyrsofia durable is to treat purchase
events as a meeting process of demanded (requresupplied (available) product units.
While the spreading process determines the georredte of demanded units, the number of
available units is a result of the output of sugnali Their evolution determines the price of the
good. It can be shown that based on this idearibe dispersion of homogeneous goods has
for short time periods the form of a Laplace diition [12,13]. The mean price of this
distribution is determined by a Walrus equation.sitggests that an excess growth of
demanded units cause an increase and an excesth grbeupplied units a decrease of the
mean price [14]. The presented model is an apphicatf these considerations and rigorously
derives the PLC of durable goods from the dynamictemand and supply.

The paper is organized as follows. The nextice&stablishes a model for the PLC of
durables in polypoly markets. It starts with therieltion of the market dynamics of
demanded and supplied product units followed bymsideration of the price dynamics of
homogenous goods. After deriving the sales anc ghmamics of durables the impact of the
supply evolution on the rate of adoption is studi€te presented approach is applied to
empirical investigations of the PLC of nearly horangus consumer durables where market
penetration and price data are available. The yhedrthe PLC of durable goods is
summarized in the discussion, followed by the ntainclusions of this work.

1 With nearly homogeneous goods is meant that thed gzannot be treated as comprising of successive
technological generations. In this case we woukkha treat each generation separately as homogsnEor
example not the personal computer but each techiwalogeneration of personal computers can be degbas
homogeneous.



2. TheModel
2.1. The Dynamics of Polypoly M arkets

The model presented here is established for (Hehdynogeneous durable goods in
polypoly markets. The demand side of the durableketds determined by the total number
of demanded (desired) uniigt) at time stef generated by potential buyers. The supply side
on the other hand is given by the total numbewuppsied (available) unig(t dffered byN(t)
suppliers (retailers). For a polypoly market we daochthatN(t)>>1.

The total unit sales of the durable are indicat@d. A3 mentioned above the main
idea of the presented microeconomic approach @®msider purchase events as the meeting
of demanded and supplied product units. Thereftrenust vanish if eitherx(t QrZz(t)

disappears. Hence the total unit sales can beewritp to the first order as a product of both
variables [15}:

y(t) Caz(t)x(t)
@)

where the unknown rate characterizes the mean frequency by which the inge@rocess
generates successful purchase events. S(bcez(t), y(t) >0, we demand that als@0. The

evolution of the number of demanded and supplieisuten be written as conservation
relations of the forrh
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Eq.(2) suggests that the total number of demandéd increases with the total demand rate
d(t) which represents the generation rate of demandiésl by potential buyers. The number
X(t) decreases in time by the purchase of product wvitts the total unit sales ratg(t . )

Eq.(3) states that the total number of suppliedsuinicreases by the supply of product units
with the total supply rate (total outpsi(t) and decreases due to the purchase of these units

with the total unit sales rafdt). The variables in Eq.(3) can be obtained in a jpally
market from a sum over the number of supplift by:

2 Note that this form of relation has its origintire description of chemical reactions in termsaté requation,
where the reaction rate is proportional to the pobaf their concentrations. This form was appbdsb to other
meeting processes in physics, chemistry, biologiyemonomy []. So for example the second term oBhss
model considered below has a similar form descgilie meeting of potential adopters with currerdpers.
This approach is not applicable to the case ofparehase events known for example from luxury good

% In order to establish a continuous model integeiables are scaled by a large constant figure thatithey
can be treated as small real numbers. We demanthtbacaling leads t&(t) , Z(t) < 1.
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2.1.1. Demand and Supply

In order to establish the market evolution of aathe the dynamics of demand and
supply has to be specified. We assume that demamiezido not last forever ones they are
generated. Instead we take into account that theg a finite mean lifetim®. That means,
demanded units not leading to purchase eventsglariime period? disappear. This effect

can be included in the demand raitg) by writing:

~ ~ X(t)
d(t) =d,(t)-—=
(t) = do(t) o

(5)
where ao(t) describes the generation rate of demanded unitpabgntial buyers and the

second term takes the disappearance of demandedwith the ratel/® into account. The
amount of demanded units generated by the&@(te can be given by:

%,(t) = ©d, (1)
(6)
The supply side is governed by the reproductiorcgsse. In a free market suppliers

sell product units in order to make profit. Reinugg a part of their profit and external money
they can increase the total outp(it in)time. This growth process can be charactertned

the variablei(t), defining the relation between total supply flomdaotal unit sale$:
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With this relation Eq.(3) turns intp

cZ(t) -
—==p(t)y(t
ot y()y(t)
(8)
We want to confine here to fast growing marketswit)>0. For a sufficiently high

the number of supplied units evolves much fastan tthe number of demanded units in the
considered time intervatt such that:

* This variable is also called reproduction parametace it characterizes the growth process obtitput in the
reproduction process.

® The impact of the finite lifetime of a durablenisglected because it is large compared to theafasen-
durable (see [11]).



oR(t) __ cE(t)
dt dt
(©)

In this case we can approximate:

&X(t)/dtCO
(10)

and obtain immediately from Eq.(2) and Eq.(5):

~ ~ ~ 1_

y(t) 0d (1) = dy (1) = g X(1)

(11)

In this approximation the unit sales are equal e generation rate of demanded units

diminished by the rate&x(t) /@. Applying Eq.(1) and Eq.(6) in Eq.(11) we get foe total
number of demanded units:

(1) = -—2l__
1+0n7Z(t)
(12)

Expanding this relation for sma#i(t) yields:

X(t) 0%, (t)(1-©nZ(t))
(13)

In order to determine the time evolutionzft we apply Eq.(13) in Eq.(1). Eq.(8) turns into:

% =a(t)Z(t) - Ona(t)Z(t)?
(14)

with:

a(t) =np(t)
(15)

In order to solve EqQ.(14) we approximate the tinepahdent growth rate of supplied units
a(t) by its time average over the considered time viateft:

to+At

a=— |a(t)dt
Att[()

(16)

® This approach is known as adiabatic approximation.



In this approximation Eq.(14) becomes a logistid¢fedential equation with constant
coefficients. The evolution of the number of supglunits can be given by:

=(t) = Zmax
Z(t) =—F—
® 1+Ce”

17)

with the integration constad; and:
-1

Zmax ,7@

(18)

The time evolution of the total number of availabldts depends on the sign of the supply
growth ratex. For the considered supply market witk0, Eq.(17) predicts thaZ(t) increases

in time according to a logistic law unti(t)=znax INsertingznax in EQ.(12) suggest that the
number of demanded units becomés) = X,(t  if/the saturated state. This consideration is

based on the condition that no supply constraiotsioduringt.”
The total unit sales Eq.(11) have with Eq.(12) Bnd17) the form:

70 =3, 20 = Gl

(19)

max

This relation suggests that the sales evolutiateisrmined on the one hand by the generation
rate of demanded unitd,(t) and on the other hand by the evolution of avadlabiits Z(t ).
At introduction of the goodz(t) is necessarily small. Therefore the unit saleshinlge

limited by the amount of available units. As a fesliese unsatisfied demands lead to lost
sales® With an increasing supply flow this effect disappe

2.1.2. The Mean Price Evolution of Homogeneous Goods
In order to take the product pripeof the homogeneous good as a decision variable of

potential buyers into account, we introduce thecerdependent cumulated distribution
functions of demanded and supplied ur{js,t) andz(p,t)by:

X(t, p) = X(t)[ x'(t, p')dp

(20)
2(t, p) = Z(1)[ 2 (¢, p)dp
(21)

" If there are supply constrains the number of sedpinits is bounded byz,., that is smaller than given by
Eq.(18). In this case the supplied units evolviogistic waves suggested by empirical data of desab
discussed below.

® This effect is also termed backordering.



wherex’(p,t) andz’(p,t) are the probability densities to find demandegeesvely supplied
units in a given price interv@ andp+dp. The functionx(p,t) andz(p,t)can be interpreted as
demand and supply curves of the good. GeneraliZmgl) we assume that the number of
sold units in a given price interval must disappiéahe corresponding numbers &ft,p)
respectivelyz(t,p) vanish. Hence the price dependent unit sales préouhe first order
proportional to both variables:

y(t, p) Cox(t, p)z(t, p)
(22)

where the meeting raigis treated as price independent. The price digpef sold units of
a homogeneous good is determined by the probab#isityPy(t,p) defined by:

p (. p)= Y(L.P)
AT
(23)

As established in [12,13] the price dispersiorhofmogeneous goods can be derived
from EQ.(22). For short time horizons the pricepdision has the form of a symmetric
Laplace distribution:

—e
20

1 - p_lf‘
P(p) O

(24)

with the standard deviation:

stdP, (p))=v20 0V2(u- u,)
(25)

whereu is the mean price of the distribution amgh0 is a minimum mean price indicating a
technological limit beyond which the supply of puatlunits is not profitable. Further derived
in these references is a relation that governgiyimamics of the mean prigdt). It suggests
that the mean price is determined by a Walrus éguaf the form:

1 d_’u = H(g—gj
MU=, dt dt dt
(26)

whereH>0 is a constant. This relation can be used to ckeniae the evolution of the mean
price of homogeneous durables in the consideredkehaonstellation. For this purpose we
take advantage from Eq.(10) and rewrite Eq.(26) as:

L du) o, O
Ht) - p, dt dt
(27)

That means, in a fast growing polypoly market theamprice is essentially determined by the
evolution of available product units. Applying Ed we get:



% O-Haz () (u(t) - 4,)

(28)

while higher order terms m(t)are neglected. Fou>0 the mean price of a durable is
declining in time due to the excess suppljhe stationary solution of this relation is given
either byu=um or Z=1z_,,. Eq.(25) suggests that fprum the standard deviation disappears

and market becomes a monopoly market. Since wesfbete on polypoly markets this case
is not further considered.
For u(t)>um, EQ.(27) can be written as:

dut)
=g, PO
(29)

and we readily obtain:

H() = e + 1, O gt (1= HZ(1)) +
(30)

The model suggests that for a polypoly market tlemmprice declines with increasing)
given by Eq.(17). FoZ(t) - z,,the mean price approaches a floor pficeum governed by
a logistic law. The floor price can be obtainedriro

Ui = HyexpHz, )+ 4,
(31)

The introduction mean price of the goa@) is defined by:

1(0) = u, expHZ(0) + i,
(32)

while generallyz (0) # 0.

2.2. The Unit Sales Evolution

The evolution of the total unit sales of a goodumually referred to as product
lifecycle. The total unit sales are the resulttod first- and repurchase of the durable. First
purchase is related to the spreading of the gatodtie market. This spreading process can be
described by the cumulative number of adopité4&). In order to be in line with previous
research we want to define the market penetratftyroy™®:

NA(t)

n(t) = v

(33)

® Fora<0 the mean price would exhibit an exponential grovatsed by a supply shortage.
9 As mentioned above integer numbers are scaleddrge number. In order to establish a consistentah
this large number id1.



The number of all possible adopters in a given dormderested in purchasing the consumer
durable isermed market potential.**

We want to take the inhomogeneity of the demand sidthe market with respect to
the price into account by introducing a market weduV(u)<M. It represents the number
potential adopters who can afford the good for amgriceu(t). The scaled market volume
becomes:

V(u()
M

v(u) =
(34)

while 0<v(x)<1. The market volume decreases with increasing rpeae, dv(«)/du<0.
First purchase is determined by the time evolutbrihe number of adopters. This
number is governed by a conservation relation asdtie form:

dn(t) _
dt
(35)

gDy (1) - n(t)

The first term is the product of a generation g&t¢ of adopters with the number of potential
adoptery(t) not yet adopted the good. This variable can bé&ewrias the difference between
the market volume and the current number of adsepter

@(t) =v(u)—n(t)
(36)

The second term in Eq.(35) indicates the declina(fwith a mean decline rate¢ In the
initial stages of the lifecycle ig(t)>0, while =0. The decline phase is characterized by
»(t)=0, 6>0. Expanding the generation raié) as a function of the number of adopters leads
to:

#(t) C A +Bn(t)
(37)

with constant coefficient®\, B>0. Inserting Eqg.(37) in EQ.(35) with=0, we obtain a
standard model for the spreading process of goads/k as the Bass model [16]. The first
purchase unit sales are determined by the growtiheomarket penetration:

7, (= 8 = A v =) + Br) ) (1)
(38)

The Bass model suggests that the spreading of @ igé@ a market consists of two waves.
The first term indicates the fast wave due to thensaneous purchase of potential adopters
with the so-called innovation rafe The second term indicates a slow spreading waueez

by social learning, where the number of adoptétsincreases with an imitation raiée

™ For simplicityM is treated as time independent.
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Repurchase events must be proportional to the mumember of adopters. The total
repurchased number of units per unit ti€t) can therefore be modelled as the product of

n(t) with a time dependent repurchase r&® characterizing the average number of
repurchased units per unit time and adopter:

Yi (t) = &(t)n(t)
(39)

The repurchase ratét) describes multiple and replacement purchase. Beplant purchase
is due to the finite lifetime of the good caused for example by product failbeltiple
purchases can be specified by the number of upitschased during this mean lifetime. The
repurchase raté(t) approaches therefore after sufficient time to aimam magnitude
Emacilzt? The growth of the repurchase rate upciax can be modelled by the dynamic
equation:

% = aZ()(&m - £(1)

(40)

wherea>0 characterizes the growth rate &f). The solution of this relation determines the
repurchase rate evolution:

Em ax

1+C.e™

¢(t)=
(41)

with the free paramet&:.
The total unit sales are the sum of first- andirepase events:

dn(t)

yO =y, O+¥ ==

(42)

+¢()n(t)

The product lifecycle can be characterized by thennprocesses governing the adopter
evolution:

i) In the introduction phase of the PLC the mainrse of the growth ofi(t) is spontaneous
purchase. Hence, the introduction phase is detednlay the dominance of the first term in
Eq.(38) over the second which leads to the comdideBn(t). It is related to the fast
spreading wave of the good.

ii) In the growth phase social learning dominates adopter evolution. This phase is related
to the slow spreading wave whek&Bn(t) in Eq.(38). At the transition between both phases
the number of adoptersrig~A/B.

i) In the maturity phase the spreading due taaamntagion saturates while:

dny) _g
dt
(43)

2 Note that virtual goods like music, software opk® have in infinite lifetime =« and hencé,,~0.
Therefore repurchase of these goods usually disaeppe

10
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From Eq.(38) follows with Eq.(43) that the numbéradopters is determined in this period
by:

n(t) Cv(u(t))
(44)

However, according to Eq.(30) the mean price dese®an time and as a consequence the
market volumev(u(t)) increases. That means, when the spreading prahesso social
contagion slows down the number of adopters inedsie to the decline of the mean price.
This is an additional diffusion process relatedh® evolution of the mean price. However, in
order to keep the presented model simple this iaddit diffusion process in the maturity
phase of the PLC is not further taken into accdieme ® The market volume is approximated
by a constant(u)~no. The evolution of the market penetratio(t) can then be described by
the solution of Eq.(38) given by:

1_ e—(A+B)I

2
(1+Be‘(A+B)‘j
A

which yields anS-curve in time. The total first purchase unit satasised by Bass diffusion
become:

n(t) =

Ny

(45)

dn(t) A(A+Bfe !

yi ()= (A+ Be A+B)t)

(46)

Ny

iv) The decline phase is related to the occurr@i@eclose substitute of the current durable at
time step ty. This substitute changes the repurchase behavidupotential buyers
immediately. For the case that the current goadtisiately replaced the repurchase r&t
declines in time whil&,c0. This effect can be taken into account in the tawelution of
the repurchase rate Eq.(40) by assuming a neggtoweth rate—a’. Eq.(40) turns therefore
for t>tq into:

(47)

with a’>0 neglecting higher order termsdt). The differential equation has the solution:

) =&(t)e™ g,
(48)

13 Models including the price dependent market volameediscussed for example in [10,15]. It is shokat for
an exponential decline of the mean price the adawelution can be described by Gompertz equation.

11
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where &y,i=0 indicates a remaining minimum repurchase ratea/Assult of the declining
repurchase rate the number of adopters declinds tvé rated>0. Applying Eq.(35) with
p(t>tg)=0 we get fort>t:

n(t) = n(t,)e ) +n
(49)

min

while nmi, is an eventually remaining minimum number of adagt

The established relations allow a characterizatibthe entire product lifecycle for
both, the evolution of the mean price and the saliés and penetration evolution. In order to
compare the model with empirical data a minimum cfetree parameters is required. The
evolution of Z(t ) entails three free parametexsy « andC,. For the mean price evolution
four additional parameters are necessasy i, um and H. The adopter evolution is
characterized here by Bass diffusion Eq.(45). lbings the free parametets Bandn,. The
decline phase starts &tand requires two extra parametérand npni,. The total unit sales
y(t) are governed by Eq.(42) determined by Bass diffussimd the repurchase rate
parameters, maxandCe The decline phase finally uses the parametesdémin, Since the
empirical unit sales are usually given in absolatenbers, for a comparison the market
potentialM has to be known. A complete description of thedpat lifecycle together with the
mean price evolution involves a minimum number 6fflee parameters in the presented
approximation.

2.3. The Relation between M ar ket Penetration and Supply

Eq.(19) suggests that the initial stages of thecyidée suffer from a constrained
supply. This effect must have an impact on the aiglaf the spreading process of a durable.
Here we want to estimate the impact of a constdasupply on the imitation paramet@rof
the Bass model. For this purpose the total ungssake approximated by the first purchase
salesy, (t) in Eq.(42). Further we can neglect the impactpafrdaneous purchase on (t)

since A0. From Eq.(19) follows with Eq.(38):
dy (t)

Bn(t)y(t) DW

(50)

Obviously the impact of a constraint supply cambglected ifC~=0. The idea is therefore to
treat the imitation paramet®& as a function of,. ExpandingB(C; ) up to the first order
yields:

B(C,) OB, +BC,
(51)

with the unknown coefficient8y andB;. Inserting this relation in Eq.(50) and expanditepa
the right hand side of Eq.(19) with respecCtave get:

(B, + B.C,)n(t)w(t) 0d,(H)-Ce)
(52)

12
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A comparison of the coefficients leads to:

Bn(t)@(t) =dy(t); B n(ty(t) = —dy(t)e™
(53)

The relations suggest thBf must be a time dependent function of the form:

B,(t) =~ Boe_m
(54)

Taking the time average over the growth pedtgl we obtain for the mean magnitude of the
imitation parameter:

B(B) = AB_tO [a-c.e )it =B, (1+ )

g

(55)
with:
—aAtg _
p=°_""ic,
aAtg
(56)

Note thatf<0, because the exponential function is smaller thae for A4t;>0. Eq.(55)
suggests thaB(p) is linear increasing function. The magnitude of timitation parameter
raises with increasing until f=0. For p=0, the supply constraint has no impact on the
imitation parameter. In this cad®(f) has its maximum magnitudB, and the diffusion
process takes place with maximum velocity. The diffn is unperturbed for the case of a fast
price decline related to a high during the growth phasét,, respectively for smalC,
indicating a large amount of available units atradtiction of the good. It has to be
emphasized that the retarded market diffusion tsanmonsequence of the price evolution but
exclusively the result of the constrained supplthminitial stages of the lifecycle.

13
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3. Comparison with Empirical Results

The presented model suggests that the PLC of (neladyogeneous consumer
durables in polypoly markets have the following retwderistics:
1. Homogeneous durable goods in polypoly markeige he price dispersion that can be
approximated by the Laplace distribution Eq.(24).
2. For a fast growing supply the number of avadalnhits Z(t)increases in time according to

the logistic law Eq.(17). This evolution causes gidtic decline of the mean price described
by Eq.(30).

3. Applying the Bass model for the market penetrati(t) the initial stages of the PLC can be
approximated by Eq.(45), while the decline phassh&racterized by Eq.(49).

4. The total unit sales are determined on the ond bg the growth of the number of adopters
and on the other hand by the repurchase of the.gdufirst purchase unit sales are given in
the presented approximation by EQ.(46) as a redulthe Bass model. Repurchase is
determined by EQ.(39) with the logistic repurchaste rEq.(41). The decline phase is
governed by an exponential decay of the repurcltasalescribed by Eq.(48).

5. The diffusion processes is subject to a supphsiraints causing a decelerated diffusion
process. Plotting the imitation rat® as a function off the model suggests a linear
relationship of the form Eq.(55) .

In order to compare the presented model with ablgl@mpirical data a number of
consumer durables are studied satisfying the moaiedlitions where the market penetration
and the price evolution are known. For two samples data of the empirical unit sales are
available. Unfortunately the first assertion canbet verified for the considered samples
because the price dispersions of these goods &reown. From empirical data of the price
dispersion of homogeneous goods it was found, hewstat their price dispersion can be
approximated by a Laplace distribution [13,16,17]is assumed that the chosen examples
exhibit similar distributions.

3.1. Market penetration, Mean Price and Supply Evolution

In order to illustrate the entire PLC of a duraltkee empirical market penetratioit)
of Black & White (B&W) TV sets in the UK [18] is dplayed in Fig.1 (squares) together with
a fit of the Bass model Eq.(45) for the initial stsagf the PLC (solid line) while Eq.(49) is
applied for the decline phase. The fit parametsgssammarized in Table 1. Indicated are the
phases characterizing the stages of the lifecyslsuggested by the model. The transition
between introduction and growth phase takes pldca market penetrationg=2%. We
assume that deviations from the Bass model in theirty phase of the PLC are due to the
mean price dependent diffusion not further discdidsere. As expected, the decline phase of
this good can be described by the exponential de€dlie number of adopters by Eq.(49)
starting att4=26 years. Displayed in Fig.1 as a measure of the rpeiaau(t) is the average
sales price scaled by the maximum price [19]. Thehdd line represents a fit of Eq.(30).
Shown in the insert is the functiar(t) that follows from the fit of the mean price withet

scalingzna=1. According to this modek(t) indicates the evolution of freely available units.

Shown in Fig.2 is a similar example. Displayedhis empirical sales evolution of Black &
White TV sets in the USA [19]. Both samples have yaamhics in agreement with the
presented model applying the parameters summaiiz&dble 1. Unfortunately data for the
decline phase of this durable are not available.

14
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Presented in Fig.3 are the empirical market petietraand price evolution of CD-
players in the USA [20]. This good has the smalfstametern=0.17 in the considered
collection of durables suggesting a slow incredgdetotal output in time. A consequence of
the theory is that for small supply growth ratéethe mean price is susceptible for demand and
supply fluctuations. This can be seen in the inpiatiod of the market penetration where a
considerable fluctuation of the mean price is ewiddpproaching the inflection point of the
adopter evolution (maximum of the first purchasé sales) price fluctuations settle down. A
very fast growing market is that of DVD playersthe USA displayed in Fig.4 [20]. This
market has the highest supply growth @&t8.65 exhibiting a rapid increase of supplied units
accompanied with a considerable price decline.

Displayed in Fig.5 is the market evolution of Color sets in the USA [21]. Note that
the Bass model applies merely up to al8Qf6 of the total market potential. The presented
model is derived for the case thaft) does not suffer from supply constraints approaghin
Zna=1 with a constant supply growth rate over the entire lifecyclett (Eq.(16)). The
empirical data suggest, however, that the suppblution may have two separated logistic
growth periods withzn,<1l and nearly constant. In this case the price evolution can be
approximated by two logistic waves separated by tatet;. This result can be interpreted as
a rapid expansion of production capacities aftgpduction of the good followed by a much
slower output increase. Applying two successiveistig waves the price and hence the
supply evolution can be fitted with a higher accyralhe data of the fit parameters zmaxk
C with k=0 for the first anck=1 for the second growth period are summarized ind abl

This supply evolution can be found also in the riext examples of durables. Shown
in Fig.6 is the market evolution of cell phonesthe USA [20]. The data suggest a
considerable increase of the output uptd 991 accompanied by a rapid price decline. After
this growth period the expansion of the capaciiesved down. A dichotomy of the supply
evolution is also evident in the market evolutidiV&€R’s in the USA [20] with two growth
waves of nearly equal

3.2. The Unit Sales Evolution

In addition to the market penetration and pricelatian the model allows also an
investigation of the evolution of the total unitesa For two examples empirical sales data are
available. Displayed in Fig.8 are the total uniesaof VCR'’s in the USA (squares) together
with a fit of Eq.(46) and Eq.(39) for first- and tephase (solid line) with the parameters
given in Table 1 [20]The model suggests that the sales peak with itsrusm around 1986
is due to first purchase caused by Bass diffusitre total unit sales growth until maximum
magnitude was approached in 2000. The decline ofititesales starts in 2001 caused by the
introduction of DVD recorders as a close substitute

Another example of the PLC of a consumer durabbisplayed in Fig.9. It shows the
rise and decline of the unit sales of CD-playerthim USA (squares) and fit with the model
equations (solid line) applying the parameters ibl@d [20] In difference to the VCR case
the first sales peak due to the diffusion procassat clearly evident. This is due to the slow
penetration of this good. The time until it is @q@d by a close substitute (MP3 player) is
much shorter than for VCR’s. The decline ratdor CD-Players is, however, much smaller
than for VCR’s suggesting that CD-Players can henébin US households over long time
horizons.
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3.3. The Relation between Mar ket Penetration and Supply

Eq.(55) predicts a linear relationship between théation parameteB of the Bass
model as a measure of the diffusion velocity duesdoial contagion and the paramefer
describing the impact of lost sales in the initigges of the lifecycle. Taking advantage from
the data in Tablel the relation between both pammsés plotted in Fig.18" From a linear
regression fit we get for the solid line displayedFig.10 Bp=1.7 and B;=1.1. Eq.(55)
suggests, however, that both parameters shouldum.eSince this is not exactly the case and
due to the small coefficient of determinatid®f<0.8) of the regression fit we can conclude
that the established theoretical considerationdimgato Eq.(55) are qualitatively correct, but
cannot verified quantitatively with this small nuerlof examples.

4. Discussion

In this paper a dynamic microeconomic model of € is established based on the
dynamics of supply and demand. The PLC evoluticscleematically displayed in Fig.11 for
the case of a homogeneous durable in a fast gropohgpoly market. At introduction of a
new durable the total number of available ura{s) (solid line) is usually small compared to

the corresponding total number of demanded uxits (daghed line). As a consequence not

all demands can be satisfiéd.

The aggregated demand and supply cuw(&ép) and z(t,p) at the introduction time
steptp are indicated by solid lines in the right inseérf.11. The model is based on the idea
that sales events in a given price interval coubtethe unit sales ratgt,p) are the result of a
meeting process of demanded and supplied produtst gimen by the aggregated distribution
functions x(t,p) and z(t,p) The chance that demanded and supplied producs omeet is
determined by the overlap of these functiofts has its maximum magnitude at the
intersection point ok(t,p) with z(t,p). The unit saleg(t,p) and also the price dispersié)(p)
have a maximum there and corresponds to the meéaewt) of the goodIn similarity to the
neo-classic microeconomic approach the market pricegherefore determined by the
intersection of the supply and demand cueBhe resulting price dispersid?y(p) (dotted
line) has for homogeneous goods the form of a lcapthstribution.

For a fast growing output (a supply market) thectionsx(t,p) andz(t,p) are subject
to time-dependent variations inducing shifts of thean price. The mean price evolution is
governed by a Walrus equation, i.e. an excess aser®f the number of demanded units
increase and an excess increase of supplied wtteakse the mean price in time. For the case
of a fast supply growth the total number of avddalmits Z(t) increases in from of a logistic
function until Z(t) =zmax While the number of demanded un¥é) declines in the run of time
indicated in the upper graph of Fig.11. As a rewtmean pricg(t) declines governed by a
logistic law approaching a floor prige displayed in the lower graph of Fig.11 (For some
durables the empirical data suggest that this ¢lemluakes place in form of two logistic
waves). Note that the price dispersion does nog shift to lower values in the PLC, but

|n the case of two supply waves, the data of iise Wave with index0 were taken.

15 Note that in this dynamic microeconomic modeltiheealistic assumptions of the neo-classic modslah
demanded units are necessarily equal to all suppliéts can be omitted. Not satisfied demands gisapand
do not contribute to the unit sales (Eqg.(11)).

6 The demand and supply curudsp) andz(t,p)are a consequence of the purchase process assaipiing
minimizing propensity of potential buyers and acprmaximizing propensity of suppliers [13]. A dertion of
these functions from utility considerations of putal buyers or from the profit maximizing behaviai the
suppliers as in the neo-classic model is not reguir
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because a price is strictly positifa(p) must become a narrow peak around the floor price
as schematically indicated in Fig.(113].

Accompanied with the supply and demand evolutiengood spreads into the market
described here by Bass diffusion. The spreading gsoaletermines the evolution of the
market penetration(t) and first purchase sales. In order to completartiial stages of the
PLC repurchase is taken into account here by atlogjsowth of the number of repurchased
units per unit timé’ The decline phase of a good starts with the imicidn of a close
substitute at time stefa. It has an impact on the repurchase behaviouroténpial buyers
causing an exponential decline of the total uniésand the number of adopters with time.
The total PLC is schematically displayed in the logeaph of Fig.11 in terms of the total unit
sales y(t) (dash-dot line) and market penetratiof) (solid line). The characteristic stages of
the lifecycle can be separated in this model byrntiaén processes determining the adopter
evolution also indicated in Fig.11.

Previous considerations suggested that the pvicleitson must have an impact
on the diffusion process [22]. In the presented eh@dhigh introduction price would cause a
small market volume. The declining mean price witbréasing supply leads to a growth of
the market volume. This additional price dependéffitigsion process is not further discussed
here (see [15]). But the mean price expressesthésoelation between supply and demand.
Explicitly derived in this paper is that a supplydiage in the initial stages of the PLC may
cause lost sales. This effect is the origin of eetbrated spreading of the good. The imitation
parameteB of the Bass model has its maximum magnitude flasagrowing supply during
the growth periodity (high supply growth paramete) and if the initial number of available
units is high (smalC,). A comparison with empirical investigations shaivat the theoretical
considerations predicting a linear relationshipwastn the imitation parametdd and a
comprised parametgrindicating the supply growth are qualitatively remt.

5. Conclusions

We can conclude that:

1. The PLC of homogeneous durable goods in polypolyketaris determined by the
complex dynamics of demand and supply. This dynagecerate a (Laplacian) price
dispersion and governs the mean price evolutioreg®d by a Walrus equation.
While the demand side is characterized by the éieoilirst- and repurchase events
the supply side is mainly determined by the outpatvth.

2. First purchase is related to the spreading prooktse good into the market governed
by a conservation relation for the number of adpt€he market penetration can be
well described by the Bass model suggesting adfiadta slow spreading wave of the
market penetration where the fast is mediated bgsmmaedia and the slow is due
social contagion.

3. Repurchase is caused by the finite lifetime of adgand multiple purchase events. It
can be modelled as a logistic growth of repurcleasats.

4. The introduction of a close substitute changes #painchase behaviour of potential
buyers. It induces an exponential decline of thpurehase sales and market
penetration.

5. Supply constraints in the initial stages of the Ptalise a retarded spreading of the
good into the market. The imitation parameter e Bass model decreases with a
slow output growth and a small number of availabiés at introduction of the good.

" periodic oscillations in the repurchase processtduhe initial growth period are neglected heee([15]).
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Tables

Parameter |(B&W TV |B&W TV |CD DVD Colour |Cdl VCR
(UK) (USA) Player Player TV Phone

Figure 1 2 3 4 5 6 7
to 1946 1948 1983 1998 1954 1984 1978
o[ year’] 2 0.5¢ 0.17 0.6% 0.3¢ 0.6 0.€
Zma 1 1 1 1
C, 8 10 6 4
Zinav0) 0.28 0.5 0.5
Cyo 10 10 10
ao [ year'] 0.38 0.6 0.6
t;[ years] 19 5 1C
Zmasl 0,72 0.5 0.E
Ca 6 10 150
a1 [ year'] 0.2 0.43 0.63
1o [%0] 13C 11C 11€ 15(C 10C 112 10E
14 [%0] 60 28.¢ 15 20 8 14 8
H 0.77 1.35 2.06 2 2.52 2 2.57
Alyear] [0.0065 | 0.05 0.0085 | 0.007 0.0005 0.0015 0.0018
B[year] [0.4 0.4 0.4F 1.2 0.4 0.5% 0.6
o [%0] 90 90 76 70 83 55 82
Min Mio 85 79
tq] years] 26 17,8 23.8
o] year] 0.1€
Nmin 0
a[ year'] 0.3 0.31
alyear] 0.1 0.65
Emin 0 0
Ema 1.0 0.33
C.. 50 120
Aty years] |2C 14 18 10 25 15 16
B -1.0¢ -1.2¢ -1.2F -0.57 -1.0Z -1,1 -1.0¢

Table 1. Characteristic parameters of the studied examplassimplicity we have sei,=0.

8 The time dependence in Eq.(17) has to be repiretie second wave iyt,.
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Figure 1: Evolution of the market penetratin(t) (squares) and mean pricé) (triangles) of
Black & White TV sets in the UK 8,19]. The solid line (market penetratiand dashed lir
(mean price) are &t with the parameters in Table The insert shows the functicZ(t)

derived from the meaprice evolutior
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Figure 2: Evolution of the market penetratin(t) (squares) and mean pricé) (triangles) of

Black & White TV sets in the USA19].
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Figure 3: Evolution of the market penetratin(t) (squares) and mean pricé) (triangles) of
CD players in the USA [20].
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Figure 4: Evolution of the market penetratin(t) (squares) and mean pricé) (triangles) of
DVD players in the USA [20].
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Figure 5: Evolution of the market penetratin(t) (squares) and mean prig@) (triangles) of
Color TV sets in the USA [21].
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Figure 6: Evolution of the market penetratin(t) (squares) and mean prigé) (triangles) of
cell phones in the USA [20].
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Figure 7: Evolution of the market penetratin(t) (squares) and mean prigé) (triangles) of
VCR’s in the USA [20].
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Figure 8: Evolution of the unit sales of VCR(squares) in the USA [20].
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Figure 9: Evolution of the unit sales of CD playe(squares) in the USA [20].
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