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An absolute deviationapproach to assessing correlan

Abstract

This paper describes two possible alternativebdantore traditional Pearson’s R correlation
coefficient, both based on using the mean absadlig@ation, rather than the standard
deviation, as a measure of dispersion. Pearson’s Rell-established and has many
advantages. However, these newer variants also $exeral advantages, including greater
simplicity and ease of computation, and perhapatgrdolerance of underlying assumptions
(such as the need for linearity). The first altéineaapproach simply divides the co-variance
by the absolute mean deviation(s) instead of thadstrd deviation as in Pearson’'s R. The
second alternative uses the sum of each pair ofatiens in x and y instead of the
covariance, and again uses the absolute mean ide¥sgtas the denominator. All three are
compared to one another using 30,000 simulatiosedd00 pairs of random numbers. The
substantive findings are the same for each appr@axchthe ‘coefficients’ correlate with each
other (using R) at +0.99 to 1.00. The three appgreaalso give the same substantive findings
when trialled with real-life secondary datasets.e Timtroduction of simpler kinds of
regression forms part of an attempt to simplify tise of numeric analysis, to make it more
‘everyday’, for the benefit of both analysts andi@amers of evidence.

Introduction

In the UK, there is a long-standing concern abbetgoor quality and utility of social science
and public policy research, and this poor qualég been largely attributed to deficiencies in
methods (Mcintyre and Mclintyre 2000, Schuller 20Galdacre 2013). Similar concerns
have arisen in other countries (National ScienagnBation 2002). Recent capacity-building
efforts have focused on a purported lack of woikgisumbers, and the solution proposed is
a national Quantitative Methods Initiative for smicscience (Economic and Social Research
Council 2014). That initiative is funded by a rangé partners including the Higher
Education Funding Council for England, the Brit&bademy, the Nuffield Foundation, and
the Economic and Social Research Council. The facos the development of new methods
courses, teaching resources, new training oppaosniwork placements, scholarships, and
the embedding of ‘quantitative’ evidence in subst&ncourses for all upcoming social
scientists. The model underlying all of this adtivand expenditure is that ‘quantitative’ work
in social science is currently good, especiallg@nomics and psychology, but that it is not
always well taught, and there is just not enougit ofitside those two areas (Maclnnes 2009,

p.2).

Some of this diagnosis may be correct, although possible that the problems of social
science are as much to with lack of design, gencimasity and research integrity as to do
with there not being enough studies that involvenbersper se. Many of the proposed

solutions also may be necessary but they will pogbaot be sufficient. What is being taught
as ‘quantitative’ methods is currently too ofteromg (the meaning of significance tests is
widely mis-described, for example — see Gorard 2046d even more often needlessly
complex (the use of multi-level modelling with pdgiion data, for example). It is these
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confusing approaches more than anything that aréndrresearchers away from the
relatively simple use of measurements and freqesninitheir work (Cooper and Shore 2008,
Hampel 1997, Murtonen and Lehtinen 2003, Watts 198h alternative approach is to
simplify what it means to use numbers in reseaeisiress the solid links between the logic
of analysis for any kind of data, and then tryrtgoiove uptake through the pedagogy and
persuasion of something like the Quantitative Mdthtnitiative. This paper is one step in
that approach.

The paper introduces two possible alternativebeanore traditional Pearson’s R correlation
coefficient, both based on using the mean absadlig@ation, rather than the standard
deviation, as a measure of dispersion. These \ariaave several advantages, including
greater simplicity and ease of computation, anctgretolerance of underlying assumptions
(such as the need for linearity). The paper formd pf an attempt to simplify the use of
numeric analysis, to make it more ‘everyday’, foe tbenefit of both analysts and the
consumers of evidence.The approach includes reygattie standard deviation (and its
needless squaring and square rooting) with thelatesdeviation where possible, introducing
a robust absolute deviation effect size (Gorard3202014a), and absolute deviation
regression models, and of course the removal offgignce testing and all of its components
from everyday analysis (Gorard2014b).

Correlation is a measure of the strength of aioelahip between two variables, where each
value in one variable has a corresponding or paietdde in the other variable. An example
might be a list of test scores in maths and reatbnghe same children. Correlation is the
key idea underlying more complex modelling inclgliforms of regression and data
reduction. It is usually based on a scatterplotwshg a linear or near-linear relationship
between the two variables, and the correlationffadent’ is an estimate of how well the
pairs of values in both variables “fit’ a straidime (Gorard 2003). In this type of correlation,
the values must be real numbers (and there are tgbleniques for categorical data). The
traditionalcorrelation coefficient is Pearson’s R.

Pearson’s R correlation coefficient

Correlation generally starts with covariance. ‘Qisace’ is an estimate of the scale of inter-
relatedness of two variables. For a set of cases\vimgtwo variables x and y, we can find
the deviation of each value from the mean of tlaiable, multiply the results for each pair
of values, and sum these products for all valuefrb dividing by the number of values.
This covariance, or average co-deviation, is lavhere each value in a pair differs from its
mean in the same direction consistently.

FZ(Xi -X).(yi - YIn (Covariance)
i=1
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The covariance is standardised and adjusted fos¢hke of measurement by dividing it by
the product of the two standard deviations fortéhe variables. This produces the correlation
coefficient known as R.

(50494 -9

(Pearson’s R)

n n
IX(xi - X)Pn]N[E(Yi - )7n]

i=1 i=1

The numerator is the covariance of the two setsuafibers x (from 1 to n) and y (from 1 to
n).This covariance is the sum of: each numbers’iaiem from the mean of one set
multiplied by the equivalent numbers’ deviationrfrethe mean of the other set, all divided by
the number of numbers in both sets. The denomingtathe product of the standard
deviations of the x and y sets of numbers indivilgu&lthough usually invisible to analysts
using software like SPSS this is quite a complemida. It is not an easy formula to explain
to general under-graduates in social science, Xamgle. The squaring and square-rooting
involved in calculating the standard deviation @ mtuitive, and has the effect of over-
emphasising larger deviations from the mean. Taeesimpler alternatives.

Using the mean absolute deviation

Originally the standard deviation (SD) was deviasd way of eliminating the signs for each
deviation. By definition, the sum of all of the davons from the mean for any set of

numbers will be zero. Squaring them before sumnmradkes them all positive, and so the

sum of all deviations would only be zero if everymber in the set was equal to the mean
(i.e. there were no deviations).

:]/[Z(Xi - X)%n] (Standard deviation)
i=1

A simpler alternative to the standard deviationaaseasure of dispersion, is the mean of the
absolute deviations from the mean (IMD|). Here then is of the absolute values
(irrespective of sign) of each deviation, and bseeathis is divided by the number of values,
it is the mean absolute deviation. It gives theesanbstantive result as the standard deviation
because the two are, of course, closely relatedaf@@014a).

n
S - X /n (Mean absolute deviation)
i=1

This is the average by which each value deviat@® fthe mean in each set of numbers(as
opposed to the average deviation from the mediaheohumbers, which could also be used —
El Amir 2012b). Such an everyday meaning is losth@ more complex calculation of the
standard deviation, because of the squaring andreqooting. And that is part of the
problem when introducing a measure of dispersite lhe standard deviation to new
researchers.This ease of understanding is onlyreason for increasingly preferring the
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absolute deviation over the standard deviation. absolute deviation is also more robust
when dealing with real-life data not necessariljlofwing a normal distribution (Gorard
2005). In fact, its use requires no assumptionsiate format of the data other than that it is
based on real numbers.

There is anyway a widespread but apparently disdegbambiguity in the use and reporting
of standard deviations. The formula for calculatangtandard deviation makes it clear that
the sum of squares is divided by n, and then tharggroot of the result is taken. Any square
root for a real positive number must always coneifstwo values (one positive and one
negative). In practice, however, the positive squaot is often the only one quoted and
considered by analysts. Statistical software sscBRSS and office software such as Excel,
for example,only ever displays the positive or gnei result as the standard deviation. So it
is only the positive square root that isgeneraltgppgated into future calculations (like
calculating a standard deviation). The formula $thaaally be adjusted to portray that it is
the absolute value of the square root that is besed.But then the main reason why the
standard deviation was devised was to evade the ofisabsolute values, which are
inconvenient in many ways for algebraic manipulatim practice, the use of what are clearly
absolute values in the calculationofstandard dmriatmeans that any advantage they may
have had over absolute deviations now disappeaysetely.

Using the absolute value of the standard deviaahappens in practice, can alsocause
‘errors’, since in some calculations half of thesgible ensuing outcomes will be ignored. A
widespread example is an effect size such as Cshienihere a difference between means is
standardised through division by their standardiat®n(s). The result should therefore
really be both positive and negative (because thadard deviation in the denominator
should be both positive and negative). This wouhmthat it is not possible to tell from the
effect size alone in which direction it operatest Example, it would not portray whether the
experimental or control group had performed betiea simple randomised controlled trial.
Of course, it is possible to tell this by other megsuch as inspecting the data), but the
summary effect size itself would be neutral on thatter, even using the convention of
putting an intervention group before the contraugr score. Therefore, a simpler form of
analysis based solely on absolute deviations cbeldresented instead. This is the idea
examined further in this paper.

An absolute deviation correlation coefficient

One simpler alternative for a correlation coeffitievould be to replace the standard
deviations in the denominator of R with the measofltte deviation of each set of numbers
instead. This would be:

n

(204~ - -

1=

(new correlation coefficiRALL)

n n

2% - XXy - yin
i=1i=1

This approach does not involve squaring the denatiof each value from the mean,
summing the results and then finding the squaret. rdte resulting formula is

4
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thereforesimpler than for Pearson’s R. It is the €1 the products of each pair of deviations
divided by the product of the sums of each paneifiations. As a measure of dispersion, the
mean absolute deviation is robust and efficientlikdnthe standard deviation, it does not
artificially and unnecessarily inflate the largeevidations by squaring them, and then
incompletely square-rooting the results. In alnadisbther practical circumstances it does not
matter whether the standard or absolute deviasiarsed. For example, creating 30,000 pairs
of samples, each of 100 random numbers, allowsctheelation between each pair to be
assessed. Doing this with both Pearsons’s R andliselute deviation correlation (here
termed ‘RAL’) yields two sets of 30,000 exampleg@ife 1). This shows that there is a clear
and straight-line equivalence between the two nmeasof correlation. Using R, their inter-
‘correlation’ is reported as +1.0.

Figure 1 — Scatterplot of values for R (x axis) &l (y axis), each based on 30,000 trials
using two sets of 100 random numbers
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A standard deviation is generally larger than asollie deviation for the same set of figures
(because it inflates the figures slightly via trguaring and square-rooting process). This
means, in turn, that the absolute deviation caielacoefficient (created by dividing the
covariance by the absolute deviations) is genefaliger in absolute terms than R for the
same two sets of figures. RA1 is usually greatantR by a factor of around 1.3, because the
absolute deviation is usually smaller than the ddiash deviation by a factor of about 0.77.
Some commentators have stated that there is aesiompiversion from SD to M|D|, through
multiplying by \(2/x) or 0.77. In fact this is not so. Each SD can hawee than one M|D|,
and vice versa,again caused by the process ofisguidie deviations, summing and then
square-rooting. And this is why the graph in Figare@ppears to divergesomewhatfrom a
straight line towards the extremes. Nevertheleiserecoefficient will work as well as the
other in practice, and the 0.77 or 1/0.77 conversidl usually work well enough to see what
the other coefficient would have been. Before caingathe strengths and weaknesses of
each approach more fully, it is interesting to dethe coefficient can be simplified even
further.
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An additive coefficient

In some respects it seems obvious to create alatorecoefficient that matches Pearson’s R
but with the standard deviations replaced by alsaleviations (as above). It might also be
possible to create a kind of correlation coeffitisnwhich the deviations for each pair of
numbers are summed, and are divided by the surheostims of the deviation for each
number separately. Where both numbers in a paiatiein the same direction they will add
together, and when in the opposite direction thélytend to cancel out. The sum of these
combined deviations for both pairs together caasmessed as a proportion of the sum of the
absolute deviations for each set of numbers alone.

n

XI(x - X+ - Yl

1=

(new correlation coefficRAR)

nn

2% - X/n+Xly: - i
i=1i=1

And,unlike the more complex Pearson’s R, the value can be cancelled in numerator and
denominator. This will yield:

n

210< - X+ -9

1=

(new correlation coeffickRAR)

nn
2% - X+Xlyi - W
i=1li=1

This is even simpler again, and therefore shouléJu®sn easier for new researchers to learn
and use. As with RA1 the results from using RA2imagarrelate very highly with those for
Pearson’s R. Here the results are illustrated @@ pairs of samples, each of 100 random
numbers. Running this simulation with both Pearsor® and the absolute deviation
correlation coefficient (RA2) yields two sets of,800 examples (Figure 2). This shows that
there is a clear and straight-line equivalence eetwthe two measures of correlation. Using
R, their ‘correlation’ is reported as over +0.9%Thse of absolute values in both top and
bottom of the formula means that RA2 is always fpaesior zero).Zero for RA2 is equivalent
to -1 for R. Zero for R is equivalent to 0.667 RA2 (where the regression line crosses the y
axis in Figure 2). When R is 1, RA2 is also 1. Wihég might mean is discussed in the final
section.

Figure 2 — Scatterplot of values for R (x axis) &&R (y axis), each based on 30,000 trials
using two sets of 100 random numbers
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A real-life comparison

It is also interesting to observe the behaviourtlidse two new proposed correlation
approaches using real datasets. One such anaysésed on the annual school-level census
of secondary schools in England. The figures feraharacteristics of pupils in each school
can be used to assess how clustered within specificols, or ‘segregated’ between schools,
are those pupils with any indicator of potentiaativantage. This is done using a segregation
index, and the detailed method is reported in Gbasad See (2013). This means that in each
year it is possible to say how segregated the $dystem is in terms of poor children (those
eligible for free school meals or FSM), childrerttwa disability or special educational need
(SEN), and children from a minority ethnic backgrdynon-White). It is clear that the levels
of segregation and the changes over time are diffdor these different indicators (Gorard et
al. 2013). While segregation by poverty has risgces 1998 and is now falling again,
segregation of SEN pupils has dropped over timeiamdw rising slightly, and segregation
by ethnic origin has fallen continuously. This piet yields the correlations in Table 1.

Table 1 —Comparing three correlation ‘coefficienfist the same datasets: correlating the
unintended segregation of FMS, SEN and non-Whitglgin secondary schools in England,
1998-2014

Correlation approach R RA1 RA2
Segregation FSM ar| -0.8¢ -1.0¢ 0.2¢
SEN pupils

Segregation SEN ar | +0.61 +0.7¢ 0.94
non-White pupils

Table 1 shows that each coefficient remains rel&deglach other in the same way as in the
simulations above. R and RA1 are positive or nggatbgether, and R is between 0.77 and
0.78 times RA1 for both figures (see above). They laoth measuring the same thing and
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yielding the same substantive results. RA2 doehawe¢ actual negative values, but as Figure
2 shows any value below 0.66 can be regarded asirsipaa negative relationship. Both
values of RA2 in Table 1 could be read from theegponding value of R in Figure 2. Again
RAZ2 is yielding the same substantive results asuRperhaps is a slightly harder to interpret
form.

Comparing the three approaches

What this brief paper has shown is that it is dulesio create alternatives to Pearson’s R that
are to some extent simpler (algebraically), bagethe absolute mean deviation (see also El
Amir 2012b). In practice, and as long as all theeefficients are understood, which is used
in practice would make little difference (and mangre trials have been conducted than are
reported in the Figures and Tables here). Thegia# the same, or very nearly the same,
substantive result in the contexts presented henmany respects also they all have similar
characteristics.

Pearson’s R has the advantages of being builtsiofiovare, its current use in other contexts,
and its familiarity for existing users, especiallyncerning its limits, scale and importance in
any context. The latter is important given thamngigance testing and its derivatives are
inappropriate in most real-life research conteXerk and Freedman 2001), and do not
provide an accurate probability of the ‘significeahcof a correlation even when all
assumptions are met (Gorard 2010). What is neadstdad is judgement based on the scale
of the correlation (the effect size), the numbecades, and the quality of data (Lipsey et al.
2012). Familiarity helps such judgement. R alsothasadvantage over RA2 of having a zero
that portrays easily when there is no linear cavare. It is symmetrical,as long as it is
remembered that this is based onusing the absahlies of the standard deviations instead
of the two (both positive and negative) versionstlud standard deviations themselves.
Perhaps most importantly, it is clearly and congatly bounded by -1 and +1.

RAL is very similar to R as would be expected whbeecovariance is being divided by two
closely related estimates of dispersion. Clearlyemvx and y are unrelated the covariance or
denominator for both coefficients is zero, and thath coefficients are zero. Therefore RA1
shares this advantage with R. However, RAl is gdlyesimpler to explain to new
researchers,and slightly easier to calculate. Basetthe mean absolute deviation, it will be
more robust in the majority of real-life situatiombere the data contains errors and/or is not
perfectly normally-distributed (Gorard 2005). Itless distorted by larger deviations due to
the lack of squaring, and so does not promote #letidn of inconvenient data by unwary
analysts. It also appears more tolerant of noralitye As a scatterplot diverges from a linear
crossplot of x and y but the two sets of data netaclear relationship, such as when one is a
power of the other, R decreases rapidly. In th@semstances, RA1 does not decrease. The
real-life correlation of x with x+1 is no strongéman the correlation of x with ?x for
example. R merely makes it appear to be so, becaissrot clearlylinearly related with %
This stable and robust characteristic of RAl is orwson why the factor of 1.3 (above) is
only a guide for when x and y are linearly relatdding RA1 early in an investigation might
help pick up indications of a more complex relasioip than a simple linear one between x
andy.

RAZ2 is different to both R and RA1 in some respeBtsed on addition not multiplication,
and on absolute values in both numerator and dervaiori it does not have a negative
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andpositive form. In this respect it is no differein traditional effect sizes calculated
properly (see above). It might therefore be necgssamake a cursory examination of the
data or look at acrossplot in order to be certéithe direction of any relationship. The major
unique advantage of RA2 is its conceptual and metic simplicity. Like RA1 it is more
robust, less distorted by large deviations, andemalerant of non-linearity than R.

Where the results from each approach differ somgvasathey do at extremes in Figure 1
and throughout Figure 2, it not immediately cledriak result is preferable. To the extent
that the different coefficients yield the same sabsve results (as in measuring a
temperature in either Centigrade or Fahrenheit) g@entifically it does not matter which
one is used. Where they differ, given that theodigin caused by squaring is already well-
known, there is an argument that the absolute tiemi@oefficients might more accurately
portray what is being estimated.

Clearly more work would be needed than presentedisnintroductory paper to make either
RA1 or RA2 something that could be used safely ractice, and offered as a genuinely
simpler alternative to R. Analysts would also nesate practice in assessing the meaning of
a new coefficient value. It is not as easy, formephke, as using the mean absolute deviation to
create a new effect size (Gorard 2013). But thekvgorfar shows that in principle the mean
absolute deviation can be used instead of the atdndeviation in a variety of settings,
probably throughout descriptive statistics (Goraéd4a). The overall objective is to make
working with numbers as simple as possible foratnt social scientists. At present, in the
UK at least, considerable resources are being spentrying to widen the use of
‘guantitative’ methods. Almost all of the effore$ in persuasion and pedagogy. These might
be necessary, but will not be sufficient in themessl This paper is part of an attempt to point
in a different way — correcting the logical errarsd simplifying what it is deemed necessary
to know, before then improving the teaching of tberected and simpler methods.
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