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1 Introduction

Throughout the paper unless otherwise stated, let H be a real Hilbert space with norm ||.|| and inner
product {.,.) . Let C' be a nonempty, closed and convex subset of H. Let {z,} be any sequence in H,
then z,, — x(respectively, x, — x)will denote strong (respectively, weak) convergence of the sequence

A mapping T : C — C is called nonexpansive if
[Tz =Tyl < [lv —yll, Va,yeC. (1.1)

One parameter family I' := {T'(¢) : 0 < ¢ < oo} is said a (continuous) Lipschitzian semigroup on C' of
mappings from C into C' if the following conditions are satisfied:
(1) T(0)x = z for all z € C;
(2) T(s+t) =T(s)T(t) for all s,t > 0;
(3) for each ¢ > 0, there exists a bounded measurable function L; : (0,00) — [0, 00) such that |T'(t)z —
Tyl < Lillx —yll, z,y € C;
(4) for each x € C, the mapping T'(.)z from [0, c0) into C' is continuous.
A Lipschitzian semigroup T is called nonexpansive (or contractive) if Ly = 1 for all ¢ > 0 and asymptot-
ically nonexpansive if limsup,_, ., L; < 1, respectively. Let F(I') denote the common fixed point set of
the semigroup I' , i.e., F(I') :={z € C': T(t)x = z,Vt > 0}.

Let A: C — H be a nonlinear mapping. Then A is called

(1) monotone, if

(Ar — Ay,x —y) >0, Va,ye€ H;

* CBrresponding author.
E-mail address:wen5495688@163.com(M.Wen), huchang1004@yahoo.com.cn(C.S.Hu)



(2) a-strongly monotone, if there exists a constant a > 0 such that
(Az — Ay,x —y) > allz —y|?,  Vaz,y € H;
(3) a-inverse strongly monotone, if there exists a constant « > 0 such that
(Az — Ay,x —y) > af| Az — Ay|®,  Va,y € H;

(4) k-Lipschitz continuous, if there exists a constant k > 0 such that

Az — Ayl < klle —yl,  Va,y e H.
An operator T is strongly positive on H if there is a constant 4 with property

(Tx,z) > 7||z||?>, Ve H.

Given a nonlinear mapping ¢ : C — H. Then the variational inequality problem (in short, VIP) is to
find z € C such that
(pr,y—x) >0, VyeC. (1.1)

The solution of VIP(1.1) is denoted by VI(C, ). It is well known that if ¢ is strongly monotone and
Lipschitz continuous mapping on C' then VIP(1.1) has a unique solution. There are several different
approaches towards solving this problem in finite dimensional and infinite dimensional spaces see, e.g.
[1-9] and the research in this direction is intensively continued.

Next we consider the following system of variational inequality problems (in short, SVIP): find
(z*,y*) € C x C such that

8 Vz € C, (1.2)

Vz € C,

(mBy* +2* —y*,x —a*) >
(p2Box* +y* —a*,x —y*) >

where B; : C' — C'is a nonlinear mapping and p; > 0 for each i = 1,2. The set of solutions of SVIP(1.2)
is denoted by V.

Some special cases of SVIP(1.2):

(i) If By = By = B then SVIP(1.2) is reduced to the system of problems of finding (z*,y*) € C x C

such that
Vr e C,

(pBy* + " —y*,x — ") >0, (13)
0, Vxedl, ’

>
(p2Ba* +y* —x*, 0 —y*) >

which is considered and studied by Verma [10].
(ii) If * = y* in problem (1.3) then problem (1.3) is reduced to the following classical variational
inequality problem of finding x* € C' such that

(Bx*,x — 2%y >0, VreCl.

In order to find the solution of SVIP(1.2), Ceng et al. [11] introduced an approximation method known
as relaxed extragradient method. Some related works, we refer to see [12-14,28-33].
Let F' be a bifunction from C x C to R, where R is the set of real numbers. Moudafi in [15] studies

the equilibrium problem
to find z* € C such that F(z*,y) + (Az",y —2*) >0, VyeC
where A is an a-inverse strongly monotone operator. In [16-18], the authors study the mixed problem

to find x* € C such that F(z*,y) + p(z*) — p(y) >0, VYyeCl
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with ¢ being an opportune mapping.

Here, we study the equilibrium problem
to find x* € C  such that F(x*,y) + h(z*,y) >0, VyeC

that includes all previous equilibrium problems as particular cases.

In this paper motivated by the work of K.R. Kazmi and S.H. Rizvi [19] and Giuseppe Marinoa, Luigi
Muglia and YongHong Yao [20], we introduce a iterative scheme for finding a common element of the set
of common fixed points of a one-parameter nonexpansive semigroup, a system of variational inequality
problems, a variational inequality problem and the set of solutions of suitable equilibrium problem in a
real Hilbert space. We establish a strong convergence theorem based on this method. Our results extend
and improve the corresponding results of K.R. Kazmi and S.H. Rizvi [19] and many others.

2 Preliminaries

Let H be a real Hilbert space. It is well known that

lz = yl* = ll=1* = Iyl — 20z — ) (2.1)

and
Az + (1= Nyll* = Alz[? + (1 = Nyl> = A1 = M|z - y]? (2.2)

for all z,y € H and A € [0, 1].
Let C' be a nonempty closed convex subset of H. For every point « € H, there exists a unique nearest

point in C, denoted by Pcx, such that
e = Pox|| < [lo —yll  for all y € C. (2.3)

P is called a metric projection of H onto C. It is well known that Pz is a nonexpansive mapping of H
onto C' and satisfies
(z —y, Pcx — Pcy) > ||Pox — Poyl? (2.4)

for every z,y € H. Moreover, Pgx is characterized by the following properties: Pox € C and
(x — Pox,y — Pox) <0, (2.5)
lz = ylI* > |l = Peal® + |ly — Pex|? (2.6)
forall z € H, y € C. 1t is easy to see that
ue VI(C,p) < u=Po(u—Apu) for allX > 0.

A set-valued mapping T : H — 2% is called monotone if for all z,5y € H, f € Tx and g € Ty imply
(x —y, f—g) > 0. A monotone mapping T : H — 2H is maximal if the graph G(T) of T is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping T is
maximal if and only if, for (z, f) € H x H, (x —y, f —g) > 0 for every (y,g) € G(T) implies f € Tx. Let
A be a monotone mapping of C' into H and let Ncv be the normal cone to C at v € C, i.e.,

Nev={we H: (v—u,w) >0, Vu e C}

and define
Av+ Nev, veC,
0, vé¢C.

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A)(see,for example [27]).

Tv =

The following lemmas will be useful for proving the convergence results of this paper.


lenovo
高亮

lenovo
高亮


Lemma 2.1. ([11]). For any (z*,y*) € C x C,(x*,y*) is a solution of SVIP(1.2) if and only if =* is a
fized point of the mapping Q : C — C' defined by

Q(z) = Po[Po(x — paBox) — p1 By Po(x — peBox)], V€ C, (2.7)
where y* = Po(x* — paBax™), i € (0,25;) and B; : C — H is a nonlinear mapping for each i = 1,2.

Lemma 2.2. ([21]). Let C be a convex closed subset of a Hilbert space H.
Let F: C' x C — R be a bi-function such that

(f1) F(x,z) =0 for all x € C;

(f2) F is monotone and upper hemicontinuous in the first variable;

(f3) F is lower semicontinuous and convex in the second variable.

Let h : C x C' = R be a bi-function such that

(h1) h(z,z) =0 for all x € C;

(h2) h is monotone and weakly upper semicontinuous in the first variable;

(h3) h is convex in the second variable

Moreover, let us suppose that

(H) for fized r > 0 and x € C, there exists a bounded D C C and a € D such that for all z € C\D,

—F(a,z) +h(z,a) + L{a— 2,2 —2) <0.

Forr >0 andx € H, let T, : H — 2 be a mapping defined by

1
T,z ={z€ C,F(z,y) + h(z,y) + ;(y —z,z—1x) >0, Yy e C} (2.8)
called resolvent of F' and h.
Then
(1) TTQ: # @;

(2) T,x is a singleton;

(3) T, is firmly nonexpansive;

(4) EP(F,h) = Fiz(T,) and it is closed and convez, where EP(F,h) = {z € C,F(z,y)+h(z,y) > 0,Vy €
Ct.

Lemma 2.3. ([21]). Let us suppose that (f1)-(f3), (h1)-(h3) and (H) hold. Let x,y € H, ri,73 > 0.

Then
ro —

1
1T,y = Tryz|| < ly — f| + | Ty — yll.

T2

Remark 2.4. In the sequel, given a sequence {z,}, we will denote with wy,{z,} the set of cluster points
of {zn} with respect to the weak topology, i.e.

ww{zn} = {q € H : there exists ny — oofor which z,, — q}.

Lemma 2.5. (seef20,Lemma 2.5]). Suppose that the hypotheses of Lemma 2.2 are satisfied. Let {r,}
a sequence in (0,4+00) with liminf, .7, > 0. Suppose that {x,} is a bounded sequence. Then the
following statements are equivalent and true:

(a) if ||xn — Ty, xn]| = 0, as n — oo, the weak cluster points of {x,} satisfies the problem
F(z,y) +h(z,y) >0 VyeC

i.e. wyp{xnt C EP(FR).
(b) the demiclosedness principle holds in the sense that, if x,, — x. and ||z, — T}, xn| — 0, as n — oo,
then (I —T,,)x* =0, for all k € N.



Lemma 2.6. (Shimizu and Takahashi, [22]). Let D be a nonempty, bounded, closed and convex subset
of a real Hilbert space H and let & := {T'(u) : 0 < u < 00} a nonexpansive semigroup on D, then for any
h>0,

lim sup ||T(h)(1/0 T(u)zdu) — (%/0 T(u)zdu)|| = 0.

t—oox€D t

Lemma 2.7. ([25]). Let H be a Hilbert space, C a closed convex subset of H, and T : C — C a
nonexpansive mapping with F(T) # 0; if {zn} is a sequence in C weakly converging to x and if {(I-T)z,}
converges strongly to y, then (I — T)x = y.

Lemma 2.8. ([Xu,24]). Let {a,} be a sequence of non-negative real numbers satisfying
An+1 S (1_6n)an+bn+an7 n€N7

where {0,152, C (0,1) and {b,}52, , {on}S2, is a sequence in R such that : (i) lim, 00 6, = 0 and

> ng 0n = 00, (ii) limsup,, . 3= <0 ,(iii)o, > 0,300 < 00. Then limy, o0 an = 0.

Lemma 2.9. (/25]). Assume that T is a strongly positive linear bounded operator on a Hilbert space H
with coefficient ¥ >0 and 0 < p < ||T||7L. Then ||[I — pT|| <1—p7 .

Lemma 2.10. Let H be a real Hilbert space. Then the following inequalities hold:
(1) |z +yl* < |21 + 2y, x + y);

(2) llz +ylI* > l|l=|1* + 2(y, ),

forallx,y € H.

3 Main result

Theorem 3.1. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. For each
i =1,2, let A,B; : C = H be «,f;-inverse strongly monotone mappings, respectively. Let F,h be a
bi-function from C x C to R satisfying the hypotheses of Lemma 2.2. , and & =: {T'(u) : 0 < u < oo}
be a one-parameter nonexpansive semigroup on H such that Q := F(S)NEP(F,h)NVI(C,A)NY £ ()
. Let ¢ : H — H be a nonexpansive mapping and T be a strongly bounded linear operator on H with
coefficient 4 such that 0 < v < 05 and 0 < 6 < ||T||=*. Let {r,} C (0,00) be a real sequence such that
liminf, oo 7p > 0. Suppose {x,}, {un}, {yn} and {z,} be sequences generated by

r1=x € H,
F(up,y) + hun, y) + 2=y — tn, un — ) >0, Vy € C,
“n = PC(un - /\nAun)v (31)

Yn = Onzn + (1 — 6p) Pe[Po (2 — peBazn) — w1 B1Po(zn — uaBazy)],
o1 = Bt + (1= Ba) (& [o" T(w)lanyé(@n) + (I — an 0T )y,]du),

where u; € (0,206;), for each i =1,2, A, C (0,2a), and {Bn}, {an}, {0} are sequences in [0, 1]. Assume
that the following conditions are satisfied:

(i) limy, ooy, =0, Y00 ayy =00, Yoo | a1 — | < 00;

(i) limy, o0 Bn = 0;220:1 |Bn+1 — Bnl| < 005

(i4) limy, o0 0 = 0,30 1 [On41 — 0| < 00;

(i) 302 [Tnt1 — Tn| < 00;

(U) limy, s oo \tn—tin—l\ an(llfﬁn) =0;

(vi) 0 < liminf, oo A, <Hmsup, .o An < 20, Do A1 — M| < .

Then {x,} converges strongly to w, where w := Po(y¢ + (I — 0T))w.
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Proof. First, we show that I — A\, A is nonexpansive. For any z,y € C,
I(I = AnA)a — (I = XAy = [lz =y — An(Az — Ay)|?
= |lz —yl* = 20 (Az — Ay, & — y) + b [| Az — Ayl
< o = yl* = Au(2a = Ao | Az — Ay|? < ||z -y (3.2)
Similarly we can show that the mappings (I — u;B;) are nonexpansive for each i = 1,2.
Next, we show that {x,} is bounded.
Observe that {u,} can be re-written as u, = Ty (z,), n > 1. Let 2* € Q, then
[un — 2" = T, (2n) — 27| < [lzn — 27| (3.3)
Since z* € {2, we have
x* = Po|Po(z™ — paBax™) — pu1 By Po(x” — paBax™)].
Putting
y" = Po(a" — p2Box’),
we see that
" = Po(y* — i B1y™). (3.4)
Since the mapping A : C — H is a-inverse strongly monotone, we have
llzn — 2*||? = || Po(un — AAuy) — Po(z* — M\ Az™)||? < ||(un — MpAuy,) — (2% — X, Az™)||?
< l(un = 2%) = Xa(Aun — Az)|* < Jlun — 21 = Xa(2a — Ap) [[Aupn, — Az™||?
< lup — 2|1 < Jlzn — ™[ (3.5)
Setting t!, = Po[Pco(zn — poBa2zn) — u1B1Po(2zn — paBazy)] and v, = Po(zn, — poBaozy). Tt follows that
[on = |1 = [[Pe(2n — p2B2zn) — Po(a™ — p2Baa™)||* < ||(2n — p2B2zy) — (¢ — pa Baz™) |12
< lzn = 2*|1* = n2(2B2 — p2)l|Bezn — Baa™||* < [|2n — 2*[|* < ||z — 2% (3.6)
Further, we have
£, = =*1* = [|Po(vn — i Bivn) — Po(y* — mBuy*)|1?
< lon =y = 1 (Bro, — Biy*)|1?
< lon = y*II> = 11 (261 — 1) | Bivn — Buy*||?
<z — 21> = p2(282 — p2) | Bazn — Bax™||* — 1 (261 — 1) | Bivn — Bay*||? (3.7)
< lon —a*|” < llan — 2|12 (3.8)
So
”yn - JT*” = ||5nzn + (1 - 6n)PC[PC(Zn - H2B2zn) - ,ulBlPC(Zn - ,UQBQZn)] - .13*||
< Onllzn — 2™ + (1 = 0n)lit, — 27|
S Onllon — 2| + (1 = n)|zn — 27| < [lon — 27|. (3.9)
Now, put w,, = apyd(z,) + (I — @n0T)yn, n > 1. So,
(

[wn — 2™ = [lenyd(zn) + (I = ndT)yn — ||
= [lan(yp(zn) — 0T2") + (I — anbT)(yn — 27|
< (1= andW)lyn — 2| + an(vd(@n) —v0(27) | + [vo(2™) — 0T2"|))
< (1= and)|on — ™| + any|zn — 27| + anllye(z”) — 6Tz

)Ilw5 z*) — 0Ta"||
0y —~

= [1 = an(0y = Vlllen — 2" + an(07 —~ (3.10)



From (3.1), we obtain

lemgs — 2| = |Bnan — %) + (1 - m)(% / "I (w)w, — T(u)a")dul

< Ballzn — 2% + (1 = Bp) lwn, — 27|

< Bl — 2”4 (1= 8,)([1 = n(67 = Dllion — a7 + an (87 - 7 EAZL=,
= (1= (07 —7)(L = Bp))llzn — 27| + an (07 —7)(1 — ﬁn))W

< max{]|z, — "],

1 * *
7 Ihota") - 672" |}

< max{|jz; — =",

1 * *
= Ihota") — 672"}

So, {2} is bounded. Hence, {u,},{zn},{yn}.{0Tys},{w,} and {;- fO" u)wy, } are bounded.
From (3.10), we have

[yp(z™) — 0Tz
97 v

S (@) = 0T

lwn —2*[| < [1 = an (07 = Nzn — 2" + an(67 —7)

< max{|jz; — 27, \I7¢( ) =0Tz} + 5

9,

<||w1—év*H+ ||7¢>( ") = 0Tz"|].

PutD={we H: |w—z*| < |zg—a*||+ 972_7 lvo(x*)—6Tx*||}. Then D is a nonempty, bounded, closed
and convex subset of H. Since T'(u) is nonexpansive for any u € [0,00), D is T(u)-invariant for each

u € [0,00) and contains {w,}. Without loss of generality, we may assume that S :=T(u) : 0 < u < oo is

a nonexpansive semigroup on D. By Lemma 2.6, we get

1 tn 1 tn
lim (- / T(w)wndu) — T(h)(~ / T(w)wndu)| = 0 (3.11)
n—oo 1, 0 n Jo
for every h € [0,00). Furthermore, observe that
tn 1 tn
[t = T(R)2ns1ll < nr — — / W] + (- [ T@undn) =70 [ T,

T G- / T (@)wndu) = T}z

n

1 tn 1 tn tn
< 2o = - [ T@wadl + 1 [ Twwndn) =70 [ T@wd)

= ST

— 28, | — %/0nT(u)wndu||+||(%/0nT(u)wndu)—T(h)( /OnT(u)wndu)H.

From lim,, o B, = 0 and (3.11), we get lim, o0 ||Zn+1 — T(h)Zpt1|| = 0 and hence
li_>m |xn — T(h)xy,|| = 0. (3.12)

We next show that lim,, o ||, — Zn41]] = 0.
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From the nonexpansivity of the mapping (I — A, A), we have

120 = zn-1ll = [[Po(un = AnAun) = Po(un—1 — An—1Aun—1 )|
< [[(un = AnAug) = (un—1 — A1 Aup—1) ||
= [[(un — un—1) — An(Aup — Aup—1) + (A — A1) At ||
< un = un—1) = An(Atn = Aup—1)|| + [An — An—1| | Aup—1 ||
< un = un—1 |l + [An = An—a || Aun—1].

We next estimate

”t;z - t;71||2 = HPC(Un - :ulBlUn) - PC('Unfl - MlBlvnfl)Hz
< ||(vn — p1B1vy) — (V-1 — p1Brvn—1)]?
< wn — vn—1l* = p1 (281 — 1) | Brog — Brvg—1|®
< an j— Un71||2
< Hzn - Zn71||2 — p2(282 — N2)HB2zn - B22n71H2
< lzn — Zn—1||2-
From (3.13) and (3.14), we have
7, = tr_all < lun = wn—1ll + [An = A1l Aup—1]].
We observe that

1Yn — yn-1ll = 10n2n + (1 — 5n)t/n —On—12n-1— (1= 5”—1)t;1—1||

(3.13)

(3.14)

(3.15)

= [16n(2n — 2n—1) + (6 — Sn—1)2n—1 + (1 = 5n)(t; - t;z—l) +[(1=0,) — (1 - 6n—1)]t;z—1H

< Onllzn — zn—1ll + |00 = On-1lllzn-1] + (1 — 5n)||t;z - tiz—l” + 105 — 6“*1|||t2171||
< dullzn — zn—1ll + 100 = On-1lllzn—1ll + (1 = 6n)llzn — 2n—1| + [0n — 5”*1|Ht;7,71||

= [lzn = zn-1ll + [0n = n—1|(l2n-1ll + It 1)
S Hzn - Zn—lH + |6n - 6n—1|M
< Hun - un71|| + |)\n - )\n71|||Aunle + |(5n - 6n71|M7
where M = sup,,>{|[zn[l + [lllt7,[]}-
On the other hand, u, = T, (z,) and up—1 = T.,_, (£pn—1), by Lemma 2.3, we have

Th—
un — wn—1| < [|wn — Tp_1ll + L1 - . 1|,

n
where L = sup,, ||u, — 2,]||. Hence,

Tn—1

Ity = tnall < llen = 2nall + L1 = [+ [An = Ana [l Aup 1,

n

and

Tn—1
Tn

[yn = Yyn-all < llzn — 2nall + LI1 -

| + |)\n - An—1|||f4un—1H + |6n - 5n—1|M-

(3.16)

(3.17)

(3.18)
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From (3.18),we have

[wy, — wp—1]| = [lanyd(@n) + (I — anbT)yn — an-17¢(Tn-1) = (I — an—101)yn_1]|
= [lany(d(zn) — d(zn-1)) + (n — an—1)79(2n-1) + (I — andT)(yn — yn-1)
+ (I = anbT) — (I = 10T ]yp—1 ||
< anyllzn = -1l + lon — an—al[[ve(zn-1)[ + (1 — and¥)[lyn — Y1l
+ lom — an 1 [[|6Tyn—1 ||
< anYllzn — za-1ll + lom — an—1| (V@ (@n—1) | + 16T Y1)

Th—
+ (1 = nb)[lrn — zp—1ll + L1 - Z 1| + A = An—a|[[Aup—1 || + 00 — 6n—1|M]
<[ —an(y = Nllen — -l + lon — ana[([¥é(@n-1) | + [10Tyn-1])
F L= 2 = A || Atn || + (60 — 8n_1|M. (3.19)

n

Let 0,, := - fg" T (u)wydu, n > 1. Then, we have

1 [t 11 fnot I
1607 — On—1]|| = ||—/ [T(uw)wy, —T(w)wp—1|du+(— — )/ T(u)wn_ldqu—/ T(u)wy—1dul|
tn 0 tn tnfl 0 tn tn—1

if x* € Q, we can write

1 [i» 1 1
05 — On—1ll = II;/0 [T (w)wn = T(u)wn—1]du + (-~ ~

n tnfl

1 [t .
+ o /tn_l[T(u)wn_l — T'(u)x™|dul|

Thus,
2t, — tn,1|)

16n = On—all < [lwn = wpall +(
tn

wn_1 — z*]]. (3.20)

Substituting (3.19) into (3.20), we obtain

10n = Onall <[1 = n(0y =)lllzn = 2nall + lan — ana|(vo(@n-1)[| + [6TYn-l])
2lt, — tn,1|)

Tn— *
+ L1 - , 1|+|)‘n_>‘n71|||Aun71H+‘6n_5n71|M+( P lwn—1 — &,
n n
(3.21)
From (3.1), we have z,41 = Bpx, + (1 — 8,)60, and this implies that
||xn+1 - xn” - ||5nxn + (]- - Bn)an - anll'nfl - (]- - ﬁnfl)enfl‘l
< Bullwn — p—1ll + (1 = Bu) 0 — On—1ll + B — Bu—al(lzn—1ll + [|6n-1l])- (3.22)

Using (3.21) in (3.22), we obtain

[#nt1 = 2nll < Bullen — znall + (1= Bu)[(1 = an (07 = ¥))l[2n — Za-s]l + |an — ana|([v¢(@n-1)]| + 10T yn-1l])

21t — th—
[+ Do = At [ At + 16 — G021 4 (A=l

n tn
+ 18 = Bnal(l#n—1 ] + [10n-11])
<[ =07 =Man(l = Bo)lllen = znall + |an = ana|([7¢(@n-1)[| + 10TYn-1l])

21t — th—
4 P = Al At | 4 16 — 80y |01 4 (Al —tnmaly

n tn

+ 18 = Brnal(lzn—1 [l + [10n-11])-

Tn—1

+ L)1 —

[wn—1 — 7]

+ L|1 N Tn—1

[wn—1 — 7]
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Ifwe call D" := max{sup,,>1 ([[7¢(@n ) [+ [0TYn 1), supp>1 (|20 -1 [|[+[[0n 1), supp>1 [wn—1=2"[|, L, M,

sup,,>1 [|[Aun—1||} and b > 0 a minorant for {r,}, we have

_ Tn — Tn—
[Zni1 = 2all £ [1 = (07 = V)an(l = Bu)lllen — 21|l + D'[lay — 1| + %
21t, — th—
+ ‘)\n - >\n—1| + |6n - 5n—1| + (%) + |/Bn - ﬁn—1|]~
From Lemma 2.8, taking
_ 2Dt — tn_
= (07— Man(l— B), by = ZAm ]
n
Tn — T
0 = D/l — 0|+ 2T 0 x4 10— Bt 1B — B
by using conditions (i), (ii),(iii), (iv), (v) and (vi) it follows that
nh_}rxgo |Xns1 — zn] = 0. (3.23)
We show that limy, o0 [|Un —Yn|| =0, limy o0 [Jwn —yn || = 0 and limy, o0 || —un|| = |2n —Tr, 2] = 0.
Now, by the convexity of ||.]|? , we have
2 o[ 2
s =" = 1B =)+ (1= B - [ [T = T
n
< Ballan —2* 2+ (1 = o) wn — 2%
= Bullzn — x*||2 + (1 = Bn)llanyd(xn) + (I — anT)yn — 33*”2
= 6“”'1‘“ - $*||2 ( Bn)”an(')/(b(xn) - HTI‘*) + (I - O‘neT)<yn - x*)HQ
< Ballan =22+ (1= Ba) (1 = @nb3)?(lyn — 2*||* + 200 (v (2s) — 0T 2", wy, — )]
< Ballan =22+ (1= Ba)llyn — 2|1 + 2an|vd(zn) — 0T [[||w, — 2*]
< Bulen — 22+ (1 = Ba)llyn — =*||° + 20, M, (3.24)

where M is an appropriate constant such that M; := sup,, > {[|[vé(zy)

we obtain
[yn — ¥ < bnllzn — 2*[* + (1 = 60) 117, — 2*|?

< Opllan — |2+ (1= b)), —

+(1-

*||2

< dnllzn — x*HQ

— p1(281 — )| Brvn — Bry*|)?]

< Onllen — [P+ (1 = 6n)[[lun — 2*||* —
— 12(282 — p2)[| Bazn — Boa™||* — 1 (26
< nllzn — 2P+ (1 = 6n) ([l — ¥

— 12(282 — p2)[| Bozn — Boa™||* — pun (261
< lwn =212 = (1= 6,) A (200 —

+ 12(282 — p2)|| Bazn — Bax™ > + 11 (261

Substituting (3.25) into (3.24), we obtain

[2n i1 — 21 < Bullan — 2|
+ 12(282 — pa) || Bazn — Bax™||? + 11 (261
<an — 2™ = (1= Ba) (1 —
+ 12(2B2 — pi2) || B2zn — Bax™||* + p1(261
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— (20 —

+ (1 = Bu){llzn — m*HQ -

On)[An(2a —

— 0T z*|||wy, — 2*||}. From (3.7),

Su)lllzn — 2*||* = p2(282 — p2)l| Bazn — Baz™|?

An (20 = Ap)|| Auy — A:zc*||2
— )| Brvn — Bry*|)?]
An) || Ay, — Az*H2
— )| Bron — Bay*|)?]

o) | A, — Az™|)?

— )| Biv, — Biy*|?]. (3.25)

(1= 6,)[(An (20 — \p)|| Ay, — Ax™||?

— )| Bron — By |*)]} + 205, M,

M)l Ay, — Az*||?

— w1)||B1vn — Biy*|*] + 2c, M;.
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It follows that

(1= Bu) (L = 6n) (20 = M) [[Aun — Az™||* + p2(2B2 — pia)|| Bazn — Baa™||* + (281 — )| Brvn — Bry™||?]

<|lzn — CE*HQ = lzngr — x*”Q +anMy < ||z — g ||([|2n — gl + |21 — 27|) + 20, My (3.26)

Since 0 < liminf,, o A, < limsup,, . An < 2« |2y — Zpt1]] = 0, @y — 0, 5, — 0 and 6,, — 0, we
obtain lim, 0 [[Au, — Az*|| = 0, lim, 00 ||B1vn — B1y*|| = 0, limy, o0 || B2z — Boz*|| = 0. By (2.1)

and (2.4), we also have

20 — 2*[|” = || Po(un — AnAun) — Po(z* — A Az*)|®
< Aup — MAu, — (¥ — A\ Az™), z,, — =™)

IN

1 * * *
Sl = A Aun — (@7 = A Az [* + |20 — 27 * = [Jun

— ¥ = A\ (Au,, — Ax™) — (2, — a:*)||2]

1 * * *

< §[||un -z ”2 +llzn — 2 ||2 — |lun = 20 — An(Aun, — Az )||2]
1

< §[||un - 33*”2 + [l2n — x*||2 — |lun — Zn||2 + 2 (un — 2n, Au, — Az™) — )‘i(Aun - A$*>||2]
1 * * *

< gllzn -2 12+ ll2n — 211 = llun = 2ll* + 2Anllun — 2n|l[| Aup — Az*||].

Hence
lzn = 21 < [lzn — 2*)1* = llun — 20l + 220 llun — 20 ||| Aun — Az*]. (3.27)

Next, we estimate

lvn = y*II* = [[Pc(zn = p2Bazn) — Pe(a® — paBoa™) |

< ((zn = p2Bazn) — (2" — p2Bax™),vn — y*)

< $lllzn — " — pa(Boza — Baa )2+ on — oI

Nz @~ 2(Baza — Bow*) — (v — 4P

< 2llzn =21+ lon = 571 = ll2n = 0 — pa(Baz — Boa®) — (" — "))
< Sllen =22 + o =77 = llon = vn = &° = )]

+ 2p2(zn — vy — (2% — y*), Bazy — Box™) — p3||Bozy, — Box™||]
< %[Ilzn =22+ on = y*[1* = lzn — v = (=" —y")|?
+ 22|20 — v — (2" — y) ||| Bazn — Boa™||].

Hence

lon = y*1* < llza — 2 [1? = 120 — v — (&" = y*)I* + 2p2]l20 — vn — (2% — y*) ||| B2zn — Boz™||
< Hxn - x*HQ — Jlun — Zn||2 + 2/\n‘|un - ZnH”Aun — Az™||

—llzn = vn = (@ =y + 22l 20 — vn — (@ = y")[| B2z — Baz™|. (3.28)
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Similarly, we also estimate

Hence

It

£, = 2*[* = || Pe(vn — 1 Biva) = Po(y”™ — pBuy*) |

< (vn — mB1vy) — (y* — i Biy™), t;, — x*)

< gllvn =" = i (Buzw — B )| + I, — |

N =" — i (Brvn — Bay*) — (t — "))

< Sllon =9I + 1t = 271 = llow = £, = pa(Bron = Bry®) + (@* — "))
< Sllon =9I + 1t = 271 = llow = £, + (& = ")

+ 2u1 (v, — t, + (2% — y*), Bivp, — B1y*) — 13 || Bivn, — Biy*|?]
1
< 5[\\% =y 1P+ It — 2 |1? = llon — ), + («* —y")|1?

+ 2 [lon — £, + (=7 = y") [ Bron — Bay“|]-

@ ? < o = y* 17 = llon — £, + (" =y + 20 llon — 5, + (2 = y*) || Brvn — Buy"||

<||zn — $*||2 — flun — an2 + 2\ |un — zn||[| Aun — Az™||
= lzn — v — (2" — y*)||2 + 2p2l|2n — v — (2" — y") ||| B2zn — Baz™||
o — t + @ = )P+ 2pnlon — £, + (& — y*) [ Bron — Bay”|. (3.20)

Substituting (3.29) into (3.24), we have

lzns1 =& 1* < Bullzn — 2% + (1 = Bu)llyn — 2™[|* + 200, My

Which yields

(1-6n)(1

< Bullzn — CE*HQ + (1 = Bn)[0nll2n — x*||2 + (1 —0n) |t’/ﬂ - x*||2] + 2a, My
< Bullrn — x*H2 + (1 = Bn)[0nllzn — x*Hz + (1= 6n)

+ 2\ llun — 2 ll|Aun — Ax™[| — |20 — vp — (27 — y*)H2

|
[lzn = 2*|* = un = 2

+ 24z — vn = (2" =yl Bazn — Baa™[| = lon — t;, + (& = y7)?

+2mmJon — £, + (27 = y")|[[|Bron — Biy™|] + 200 My

< Bullen =212 + (1 = Ba)lBnllzn — &1 + (1 = 6)lllwn — 2" |1 = llun — 2a?

+ 2Xnlun — 2nll| Aun = Az = 20 — va — (2" = y*)|?

+ 22|20 — v — (2" =y Bezn — Baa™|| = |lvn — t1, + (2" — y")|I?

+ 2 lJon — t, + (27 = y")[[[|Bron = Bay™|] + 200 M)

< lon = 2| + (1= Ba)(1 = 6n) [2Anllun — 2nl[| Aup — Az”|

+ 242120 — vn = (2" = y)||Bazn — Bax™ || + 2mlon — £, + (2" — y*) [ Bivn — Biy”|l]
= (1= 8a) (1 = 8a)[lun = 2al® + llzn — v = (@ = y")* + llon = £, + (=" = y")*] + 200 M1

= 8n)lllun = 2nl® + 120 = vn = (2" = y")IP + [l — £, + (2" = y)II’]

< ey — 21 = lznr — @1 + (1= Ba) (1 = 8a) 220l Jun — 20| Aup — Az

+2p2lzn — vn — (27 — y")[[I|Bazn — Bax™ [ + 2pallvn — 15, + (2" — y") || Bivn — Bry™|l] + 200 My
= [lzn = zngal[(en — 27 + l2npr — 27() + (1= Bn) (1 = ) 2Anlun — 2 [[| Aun — Az”||

+ 2pz]zn — vn — (& = y)ll|B2zn — Baz™ || + 2 [lon — &, + (2" — y")|[[| Bron — Bay™|] + 200 M.

(3.30)
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Since 0 < A\, < 2a, ||lzn — zpy1|| = 0, @y = 0,8, — 0, §, — 0 and lim,_, ||Au, — Az*|| = 0,
lim;, o0 || B1vn — B1y*|| = 0, lim,, o0 || B2z, — Bax™|| = 0. it follows from the boundedness of {z,, }, {un},
{zn}, {t},} and {v,} that

lim ||u, — 2] =0, lim |z, —v, — (2" —y")|| =0, lim [jv, —¢t, + (@* —y*)||=0. 3.31
n— oo n—oo n—oo

Consequently, it follows that

120 = toll < llzn — vn = (2" = y")[[ + llon — £, + (&" = y")]| = O(as n — o0). (3.32)
Also limy, o0 |Jun — €] = 0 and limy, o0 ||yn, — th|] = Onllzn — ]| =0 asn — oo
[ = ynll < llun — 5]l + It — ynll = 0(as n — o0) (3.33)
and
[wn = ynll = anllvé(xn) — 0Ty,|| — 0. (3.34)
Next, we show that ||z, — up| = ||xn — T, zn|| = 0. By the firm nonexpansivity of T, , a standard

calculation (see [26]) shows that if p € EP(F, h)
lun = plI* < llzn = plI? = llzn — unl*.
So, let z* € ; then by (3.24)

lZnt1 = 2*[* < Bullzn — 2*[1* + (1 = Bu)llyn — ™[I + 200 My
< Bullzn —a*[1* + (1= Bu)lun — ™[> + 20, My
< Ballen =" |1* + (1 = Bu)lllzn — 27|17 = llon — unll*] + 200 M
= llan = 2*|* = (1 = Bu)l@n — unll? + 200, M,

which implies that

(1= Bu)llzn — un||2 <llzn - x*H2 = lzngr — x*||2 + 20, My

< zntr = anll(lon — 2| + [[#n1 — 27|)) + 20 M.
Since lim,, o0 a, = 0, lim,, o0 5, = 0 and (3.23) , one gets
nh_}n;() |zn, — unl| = 0. (3.35)

So
[yn — 2all < lyn — unll + lun — 25l = 0. (3.36)

Furthermore, from (3.33), (3.34) and (3.35), we have for every h € [0,00) that

1T (h)wn — T(h)xn || < [lwn — on|
< len = unll + lun = ynll + [wn = yall = 0. (3.37)

So, we obtain from (3.12) and (3.37) that
[T (h)wn = ol < IT(h)wn = T(h)zn|| + IT(R)2n — 2|l = 0.
Hence, we have for every h € [0, 00) that

1T (h)wn — wall < NT(h)wn — 2| + |20 = unll] + [|un = ynll + [lyn — wnll = 0. (3.38)
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Next, putting w = Po(y¢ + (I — 0T))w, we show that limsup,,_,. ((v¢ — 0T)w, w, —w) < 0.
Observing that Po(v¢ + (I — 0T)) is a contraction. Indeed, for any =,y € H, by Lemma 2.7 we have

[Po(v¢ + (I —0T))x — Pa(yvp+ (I —0T))y| < [(v¢ + (I — 0T))x — (vo + (I — 0T))y||
< Ivé(@) =yl + (I = 6T))z — (I — 6T))y||
<Alle =yl + (1 —6¥)|z -yl
<A=@7 =z -yl

Banachs Contraction Mapping Principle guarantees that Po(v¢ + (I — 8T))w has a unique fixed point.
Say w € H. That is, w = Po(y¢ + (I — 0T'))w. To do this, we choose a subsequence {wy, } of {w,} such
that

lim sup((v¢ — 0T )w, w,, —w) = lim ((yv¢ — 0T )w, w,, — w). (3.39)

n—00 J—0o0
Since {wy,, } is bounded, without loss of generality, we can assume that w,, — ¢. From (3.34), we obtain
that y,, — ¢. It follows from (3.33) and (3.35) that u,, — ¢ and x,; — ¢. Since {u,,} C C and C'is
closed and convex, we obtain ¢ € C. Next we prove that ¢ € Q = F(S)NEP(F,h)NVI(C,A)NT. (a)
First, we prove that ¢ € U. Take any =,y € C. Using (2.7), we estimate

1Q(z) — Q)| = || Po[Po(x — peBax) — pn By Po(z — pa Ba)]
— Po[Po(y — paBay) — 1 BiPo(y — paBay)]|I?
<|[Pe (2 — paBaw) = Poly — paBay)] — p[BiPo(x — paBax) — BiPo(y — paBay) |12
< ||Po(x — paBaw) — Po(y — paBay)||®
— (261 — m)||BiPo(x — paBow) — BiPo(y — paBay)||®
< (& = p2Box) = (y — p2Bay)|* < ||z — yl|* — p2(282 — p2) | Baz — By < ||z — y*.

This implies that @ : C' — C' is nonexpansive.

Now, we have

[y = Qyn)ll < dnllzn — Qyn)ll + (1 = 0n) | Pe[Po(zn — paBazn) — piBiPo(zn — paBazn)] — Q(yn)|
Since 6, — 0 and ||z, — yn|| — 0 as n — oo, (3.40) implies liminf, o ||yn — @(yn)|| = 0 and hence by

Lemma 2.7, it follows that ¢ € Q(q). Further, it follows from Lemma 2.1 that ¢ € U.
(b) Next, we prove that ¢ € VI(C, A). Indeed, let

Ar + Nox, x€C,
0, x ¢ C.

Tx =

For any given (z,u) € G(T'), u — Az € Ngx. Since z, € C, by the definition of N¢ , we have
(x — zp,u — Az) > 0. (3.41)

On the other hand, since z, = Po(u, — A\pAuy, ), we have (x — z,,, 2, — (uy, — ApAuy,)) > 0, and so

Uy s

(x — zp, .
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By (3.41) and the monotonicity of A, we have

(T — 2n;,u) > (1 — 2, Ax)

Zn; — Un,
> (x—znj,Ax>—<x—znj7%+Aum>
"

J

Zn; — Un,
An

J

). (3.42)

=T — 2n,, AT — Azp;) + (T — 2n;, Azn; — Aty;) — (T — 2n;,

)

Zn; — Un,
A

J

> (T — zn;, Azn; — Aup;) — (T — 2p,

Since 2z,; — q and||zn; — up;|| — 0, we have

i — Zn. = — > 0.
Jlg{)lc(x Zn;,u) = (T —q,u) >0

Again since T is maximal monotone, we have ¢ € T71(0) and hence ¢ € VI(C, A).
(c) Next, we prove that ¢ € EP(F,h).
By limy, 00 [|Tn — un|| = |#n — T, x| and Lemma 2.5, we note that ¢ € EP(F,h).
(d) We show that ¢ € F(S), Assume the contrary that ¢ # T'(h)g for some h € [0,00). Then by
Opial’s condition, we obtain from (3.38) that

timine [z, — gl < liminf |20, — T(h)a]
< liminf([lzn; —T(h)zn, | + [T(h)zn; — T(h)qll)
j—o0
< liminf ||z,, — ql|.
J]—00 N

This is a contradiction. Hence, g € F(S). Thus ¢ € Q = F(S)NEP(F,h)NVI(C,A)NT. By (3.39) and

property of metric projection, we obtain

lim sup((y6 — 07w, w, — w) = lim (76 — 0T )w, w,, —w) = (vé — 7w, g — w) < 0.

n—oo j—roo
Finally, we prove that x,, — w, since w, — w = an(YP(x,) — 0Tw) + (I — apn0T)(y, — w)
lwn —w||* = lan(v9(2n) = 0Tw) + (I — anbT)(yn — w)|
<(1- oznﬁf_y)zﬂyn - w||2 + 200 (Y (2) — 0Tw, wy, — w)
< (1= @n07)?1n — 0 + 20 (v6(n) — 16(w), wn — ) + 2an(v6$(w) — 00, 1wy, — 10)
< (1= an09)?[lzn — wl? + any(lzn — w|® + wp — w]*) + 200 (yo(w) — 0Tw, w, — w).

This implies that

1- n97 2 n 2 n
= < SO0 o g 4 2 o) — 070, — )
20, (67 — ) a;(07)?
== 2Ty e SO
nY QY
b2 () — 6T ) (3.4
T— ~yp(w w, Wy, — Ww). .
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in
ns1 = wl® < Bull(@n —w)|* + (1 - 5n)||(%/0 [T (w)wn, — T(w)w]dul|?
< Ball(n = )| + (1 = Bn)[wn — wlf?

200 (67 — 2 (67)?
< Ball(n —w)? + (1 — B[ = 22 OT =Wy ey @O0

1 —any 1—a,y
20,
— 0T _
o (90(w) ~ 0w v, — u))
— 2an(9'7 B 7) 2 an(l B Bn) —\2 2
=[1-(1-5) 1— any Jzn —wll”+ 1— any [an (09)7[|zn — w]|

+ 2(yp(w) — 0Tw, w,, — w)]
= (1= 6p)||zn — w|* + by.

where §,, = (175,1)%&1;7) and b, = %‘jﬁ;)[an(ﬁfy)z\\xn7w|\2+2<7¢(w)fGTw,wn7w>]. It is easily

verified that > 7, §,, = co and limsup,,_, . % < 0. then by Lemma 2.8, we obtain lim,_, ||z, — w| =

0. O

Corollary 3.2. Let C be a nonempty, closed and convexr subset of a real Hilbert space H. For each
i1=1,2, let A,B; : C — H be «a, §;-inverse strongly monotone mappings, respectively. Let F,h be a bi-
function from C' x C to R satisfying the hypotheses of Lemma 2.2, and ¢,Y : C' — C are nonezxpansive
mappings such that Q := F(Y)N EP(F,h) NVI(C,A)NT £ O . Let T be a strongly bounded linear
operator on H with coefficient 4 such that 0 < v < 05 and 0 < 0 < ||T||7*. Let {r,} C (0,00) be a real
sequence such that Uminf, o7, > 0 . Suppose Let {x,}, {un}, {yn} and {z,} be sequences generated
by

r1=x € H,
F(un, y) + h(tn, y) + 2=y — tn, un — ) >0, Vy € C
zn = Po(up — AnAuy), (3.1)

Yn = Onzn + (1 — 6p) Pe[Po(2n — peBazyn) — w1 B1Po(zn — paBazy)],
Tyt1 = Bntn + (1 — ﬁn)(%ﬂ Z?:o Vanyd(an) + (I — anbT)ya)),
where p; € (0,28;), for each i = 1,2, A, € (0,2a), and {Bn}, {an}, {0n} are sequences in [0, 1]. Assume
that the following conditions are satisfied:
(i) iy so0 an, = 0, D07y = 00, D00 |Qng1 — ap| < 0o;
(ii) imy, o0 B = 0;220:1 |Bnt1 — Bu| < o005
(i4) limy, o0 6 = 0,30 1 [Gp41 — On| < 00;
(i0) S35 1w — ral < o0
(v) 0 < liminf, oo Ay < Hmsup, .o An < 20, D00 A1 — An| < 0.
Then {x,} converges strongly to w, where w := Po(y¢ + (I — 0T))w.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H and A: C — H
be a-inverse strongly monotone mappings. Let F,h be a bi-function from C x C to R satisfying the
hypotheses of Lemma 2.2 , and S =: {T(u) : 0 < u < 0o} be a one-parameter nonexpansive semigroup on
H such that Q := F(S)NEP(F,h)NVI(C,A) #0 . Let $ : H— H be a nonexpansive mapping and T
be a strongly bounded linear operator on H with coefficient 5 such that 0 < v < 05 and 0 < 6 < ||T||~*.
Let {r,} C (0,00) be a real sequence such that iminf, o7, >0 . Suppose Let {x,}, {un} and {z,} be
sequences generated by

r1=x € H,

F(tn,y) + h(un, y) + 7y = tn, un — ) >0, Yy € C

zn = Po(up — A\pAuy,),

Tnt1 = Bnn + (1 - Bn)(i fotn T(u)[an'y(b(xn) + (I - an9T>Zn]du)7
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where A\, € (0,2a), and {By}, {an} are sequences in [0, 1]. Assume that the following conditions are
satisfied:

(i) limy, oo oy, =0, Y00 1y =00, Yoo | |1 — o] < 00;

(i) limy, .00 Bn = 0;220:1 |Bn+1 — Bl < 005

(i15) Y07 1 |Tnt1 — Tn| < 00;

(i) limy,— 00 |t”_ti”*1‘ a"(ll_ﬁn) =0;

(v) 0 < liminf, oo Ay <Hmsup, .o A < 20, >0 |[Ant1 — An| < 0.

Then {x,} converges strongly to w, where w := Po(v¢ + (I — 6T))w.
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