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Numerical fractional differentiation: stability
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It is well known that the problem of fractional differentiation n is an ill-posed problem. So far there exists
many approximation methods for solving this problem In this paper we prove a stability estimate for a
problem of fractional differentiation. Based on the obtained stability estimate, we present a Tikhonov
regularization method and obtain the error estimate. According to the optimality theory of regularization,
the error estimates are order optimal. Numerical experiment shows that the regularization works well

Keywords: Fractional differentiation, ill-posed problems, Tikhonov regularization, stability
estimate, error estimate

1. INTRODUCTION

The basic theory and applications of fractional differential equations are covered extensively in the literature [1][2] etc.
However, the topics related to ill-posed inverse problems are few,see [3][4][5].

Fractional differentiation problems arises in many contexts and have important applications in science and

engineering [6][7][8]. In this paper, we consider the problem of fractional differentiation in I’ (R) . We want to compute

g(x):=Dﬂf(x):;ir SO, 1.1
C(1-p) dx*=(x—1)
which is called the [ -th order fractional derivative of the function f(x) with £ € (0,1],where I'(:)is

the Euler Gamma function. If there exists noise in f'(x), then the problem g(x) = D” f(x) for solving g(x)is an ill-

posed problem. The problem of fractional differentiation amounts to the problem of solving the integral equation of the fist
kind [9][10] [11]

1 g(1)
A = dt = 1.2

(4p)x) L'(B) xL‘ (x=0)"" /) 02
This problem have been studied by many authors [12][13][14][15],

Assume that

H £0)- f"(-)u <95, (1.3)
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where |||| denotes the L*-norm, and the constant & > 0 represents the noise level.
Let
~ 1 0 —i&x
s(&) = —I s(x)e™""dx (1.4)
AN2m T
be the Fourier transform of the function s(x) € L’ (R) . The corresponding inverse Fourier transform of the function §(¢)
is

0= [ sz 15)

In the frequency domain, we have

(&) f(&) = §(&) (1.6)

From (1.6), we can formulate the problem as an operator equation
Ag(&) = 1) (1.7)
where A = (i&)" . *(R) = L*(R)is a self-adjoint multiplication operator.

Since the factor (i€)” — o in (1.6) as & — oo, itis easy to see that the ill-posedness of Problem (1.1).

However, most of the literature is devoted to the regularization method and error estimate. The conditional stability
estimate is not clear. In this paper, our task is to establish a stability estimate. For error estimate of regularization, the
method in this study is different from the existing literature, e.g., [13].

In [13], the authors got the error estimate regularization by direct calculation the difference between
the regularized solution and exact one.
In this study, we use the obtained stability estimate and we only need to estimate one term.
The advantage of our method for obtaining error estimate over the method in [13] lie in:
we can obtain stability estimate which is an important issue for study on ill-posed problems;
fewer quantities are needed to be estimated, thus, our method is easier to obtain error estimate;
The paper is organized as follows. In Section 2, a conditional stability estimate for problem (1.1) is proved ; in
Section 3, the error estimate for a Tikhonov regularization method is given.

2 A conditional stability estimate

A conditional stability estimate for ill-posed problems tells how much any two solutions differ from each other when
some error exists. Since problem (1.1) is linear, we only need to derive the stability estimate on the solution near zero
between the zero one.

For problem (1.1), we assume that there exists a-priori bound:

l0)], < E. 2.1

Where ||||p denotes the norm of Sobolev space H”(R) and p >0, E is a positive constant.

Thus, we can establish the stability estimate for problem (1.1).

Theorem 2.1. Suppose that g(x) is the solution of problem (1.1), and (2.1) is satisfied,
then the following estimate holds:

B v
lsOl <Ol + gl 721 Ol 22)
Proof. Since g(&) = (zf)ﬂf(f) , by Parseval identity we have
lsOf =20 = [ 6|7 dz+ [la@)f dz =5, +B,.

R R
Obviously,

B <ol
Further by Holder inequality,
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B, = J.g\ >l
N J.g\>1
=g

<|gO] s (]

|£]=1

_pP
p+B

1+

ﬁ(j‘

&zt

1+ fe| dgyr?
2 25 tool A 2 P

<10l -(op = [l aeyr

25 2
<leOl, 7 -1 O

Hence we have (2.2).

Remark 2.1. For given two functions f,(:) and f,(:),let g,(-) and g,(-) be the corresponding

solutions, respectively, then

|EKJ—gA3M4VKJ—fﬂﬂhﬂgdﬂ—gﬂﬂ|WHUK) ﬁ(mwﬁ (23)

3 Tikhonov regularization and error estimate

Now we focus on the regularization problem. Assume that the noisy data f;(-) satisfies

lfFO-7f0]<6 3.1
where & > 0 is the noise level.

Here we use Tikhonov regularization method [16]. The method consists of looking for the solution for problem (1.1),
and minimizes the quadratic functional:

2 2
lFO= £ +alg0), (3.2)
Where o = §° / E* By Parseval's identity and (1.6) applied to f'(-) , the variational problem becomes
A 2
667 0)- 7,0 +afa+e 20| (3.3)
Let &5”(-) be the solution of above problem, it satisfies the Euler equation

-2 Aa . -8 7
(€™ +a(+EH7)8," (&) =) " 1,(&) (3.4)
The Tikhonov regularization solution gd‘” () in frequency domain can be given
(i&)”
I+a(l+&%)7|E

Now we will use the stability estimate (2.3) to derive the error estimate between the regularization solution and the exact
one. Via Parseval’s identity, we have

g5 ()=

7 /5(&) (3.5)
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J5 =& J| d&)'"”

(i&)”
‘1+a(l+§ )? |§|2ﬁ
(i&)” - (i&)”

2 28 f5 2 25
1+ a1+ &%) |4 L+ a(l+&%)7|¢

. ﬂ R R 2
W) -Gy f)a
L+ a(l1+&%)7 ||

| (1+E2)2 (i)
&41+aa+§)|ﬂ“

6, 0-80| = a+&y

< a+ey dg)"”

([ a+ey

~

| aqr eyl
sup ; 27
wr| L+ a1+ &)

Since h(n7) =n(1+n°)",n >0 has amaximum 1/2,
\ 1+692a0" | 1~
1+ a(l+ &%) g|\ 206
eyl |
sup
fdh+aa+§)|ﬂ

gfeR

Thus

jf0-jo) <3E (36)

Hence according to (2.3) we have the error estimate
B r
a 3 pveh soep
EORFIC BRI (3.7)
Now summarize what we have.

Theorem 3.1. Suppose that g(x) is the exact solution for problem (1.1) with exact data f'(x), (3.5) is the Tikhonov
regularization solution with noisy data f;(x), (2.1) and (3.1) hold, then we have

e, - g0] <0+ 2 E7 7570 09

Remark 3.1. Now we seek a solution in frequency domain for problem (1.1) in Lz[—rfmax,fmax] , Where &__is a positive

number which plays a role of regularization parameter. This is the so-called Fourier cut-off method. Similar to Tikhonov
regularization, we can easily obtain the error estimate for Fourier cut-off method.

max

a

8s g

TR /()

J
O=x,<--<x,, =1

fs = f +¢&-randn(size(f))
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Figure 1: 5 =1*107, £ = 0.01.

=) fx, D, = jAx,

Ax:%l,j =0,---m—1,

5=1f, - 11, = \/ﬁ"i(fg(xj) /()

randn(-)
o’ =1 o =1 randn(size(f))
Is
(ié:l)ﬂ 7 m/2+1
{1 N (ﬂ|§[|)2a f5 (51)}1:—m/2’
i=+-1,¢ =27
R(f5")
Is
L*(R)
Y7,
m =300
m =100,200,---400, [,
E(R(faa)) = \/ﬁmz(fa(xj) _R(fga)(xj))z
DV f(x)  f(x)=exp(~x/2)
f(x)
1 =0.01
41 =0.001
02 /v/\ —appr?tir'l'latiliﬂn c:s f"fll S
sil j/ \ exaot salution ozt | h{%{] "%’\ e::ctaulutcn
d L "I .Jql

2.1 |ﬂ ) M‘ WIFIF l
-2 \ / | |
=04 \ / :0:4- ’V
-5 \/ _05F 'rﬁ.w

Figure 2: § =1*107°, 12 =0.001.
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