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A GENERAL INEQUALITY
RELATED TO VARIATIONAL INEQUALITIES
AND ITS CONSEQUENCES

B. B. SAHOO' and G. K. PANDA?

Let X be a Hausdorff topological vector space with dual X*, K a nonempty subset of X, and f: KXK
— R be any map. In this paper we study the following problem: “Find x, € K such that

f(xy,y) 20 forally e K”. Some results on this problem have been studied by Takahasi, Park and

Kim, and Yen. Behera and Panda recognized this problem as an independent problem and proved
several results on the existence of solution of this problem in the setting of a Banach space. This
problem includes as special cases, many problems on variational inequalities and generalized
variational inequalities studied by many authors. In this paper we also introduce and study another

problem, “Find x, € K such that f(x,,y) 20 forall ye S(x,)” where S : K — 2% is any point-

to-set map. This problem includes as a particular case the classical quasi-variational inequality
problem. A generalization of Minty’s Lemma is also studied.

Key words : Partition of unity, upper and lower senicontinuous point-to set map,
monotone operator
2010 Mathematic Subject Classification(A.M.S.) : 90 C 33

1. Introduction

Let X be a Hausdorff topological vector space with dual X* and K a
nonempty subset of X. Let the value of ue X * at xe X be denoted by (u, x). Let

g : K — R be a map (possibly nonlinear). The classical minimization problem for
the pair (g, K) is to find x, € K such that

min

29
8(x) =k 80

If we define a function f: KxK — R as

Sfx, y) =g(y)—gx)

for all x, y € K, then the above problem reduces to the problem of finding x, € K
such that f(x,,y) =0 forally € K.

If T: K — X* then the nonlinear variational inequality problem is to find
x, € K such that (Tx,,y—x,) =0 forall y e K. If we define f: KxK — R as

fx, y)=(Tx, y —x)
then it reduces to the problem of finding x, € K such that f(x,,y)=0 for all

ve K.
The above discussions lead to consider the following problem:
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P, : Given f: KxK — R, find x, € K such that

f('XO’y)ZO
forallye K.

Special cases

1. If fix,y)=(Tx, &y, x)) for some maps 7: K — X*, and €: KxK — X, then
P, reduces to the problem of finding x, € K such that
(Txy,60(y,x,))20

for all y € K, which is the variational-like inequality problem studied by Behera
and Panda [2, 4], Dien[9], Noor[15] and Siddiqi et. al.[21-23]. Yang and Chen [27]
also studied this problem calling it a pre-variational inequality problem because of
the relation of this problem with the pre-invex functions (see [6, 27]).

2.If ze K isfixed and f(x,y)=(T((z+x)/2),y—x), then P; reduces to the
problem of finding x, € K such that

(T((z+x,)/2).y—x,)=0
for all y € K, which is the variational-type inequality problem originally introduced
by Behera and Panda[3] in the setting of Banach spaces and subsequently studied
by Panda and Dash [16] in the setting of topological vector spaces.

3.If fix,y)=(Tx—Ax, y — x) for some maps 7, A : K — X*, then P; reduces
to the problem of finding x, € K such that
(Txy, y —x4) 2 (Axy,y — x;)
for all ye K, which is the strongly nonlinear variational inequality problem
studied by Nanda[12] and Noor[13].
4.1f fix,y)=(Tx —Ax, g(y) — g(x)) for some maps T, A : K > X*, g: K> K,
then P; reduces to the problem of finding x, € K such that
(Tx,,8(y) — 8(xy)) 2 (Ax,, 8(y) — 8(xy))
for all y € K, which is the strongly nonlinear implicit variational inequality

problem introduced and studied by Noor[13] in connection with the solution of the
differential equations of odd order.

5. If fix, y) = (Tx — Ax, 6(y, x)) for some maps 7, A : K — X* and
0 : KxK — X, then P reduces to the problem of finding x, € K such that
(Tx,y,0(y,x,)) = (Ax,,0(y, x,))

for all y € K, which is the strongly nonlinear variational-like inequality problem
studied by Panda and Dash [17].

Some results on Problem P; are available in Takahasi[25], Park and Kim[18]
and Yen[28]. Behera and Panda [5] recognized P, as an independent problem and
proved several results on the existence of solution of this problem in the setting of
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Banach spaces. Many authors used results on Problem P; to prove the existence of
solution of variational and generalized variational inequality problems.

In this paper, we prove some results on the existence of solution of Problem
P, under different assumptions in the setting of Hausdorff topological vector
spaces. We also use a result on the existence of solution of Problem P; for the study
the following problem, which is a generalization of the quasi-variational inequality
problem introduced by Benoussan and Lions [7] in connection with impulse control
and subsequently studied by Baicchi and Capello [1] and Mosco [11].

P, : Find x, € K such that

f(x,y)20
orall ye S(x,), where S : K — 2% is any point-to-set map.
0

We also prove a theorem on the uniqueness of solution of Problem P; which would
serve as a generalization of the well-known Minty’s Lemma (see [8], p.6).

2. Preliminaries
In this section we recall some definitions and known results which will be
needed in the sequel. Throughout this section X is a real Hausdorff topological
vector space with dual X* and K a nonempty convex subset of X.

Derinirion 2.1 A mapping T7T:K—X* is saild to be monotone if
(Tx—-Ty,x—y)=0 for all x,ye K.T is said to be strictly monotone if strict

inequality holds whenever x # y. T is said to be pseudo-monotone if x,ye K and
(Tx,x—y)=0 then (Ty,x—1y)=0.

DerintTiON 2.2. A function 4 : K —R is said to be upper semi-continuous, if for each
real number A, the set {xe K :h(x) < A} is open); function f is said to be lower

semi-continuous if —fis upper semi-continuous.

DeriniTioN 2.3. A function 2 : K =R is said to be quasi-convex if for each real
number A, the set {xe K :h(x) <A} is convex; function f is said to be quasi-

concave if —fis quasi-convex.

DerNiTioN 2.4, Let M and N be two topological spaces, and h: M — 2", a a point-
to set map. Then £ is said to be upper semi-continuous at x, € K if for each open

set U of N with h(x,) c U, there exists a neighborhood n(x;) of x, in K such that
if xe n(x,) then h(x) c U ; h is said to be lower semi-continuous at x, € M if for
each open set U of N with h(x,) "U # ¢, there exists a neighborhood n(x,) of x,
in M such that if xen(x,) then h(x)NU #¢; h is said to be upper semi-

continuous (lower semi-continuous) on M if h is upper semi-continuous (lower
semi-continuous) at each point of M.



124
125
126
127
128
129
130
131
132
133
134
135

136

137

138
139
140

141
142
143
144
145
146
147
148
149
150
151

152

153
154
155
156
157
158
159
160

161
162

TheoreM 2.5. (Isac [10]) Let K be a nonempty compact convex subset of a
Hausdorff topological vector space. Let f and g be two real valued functions on
KxK having the following properties :

(a) forallx,ye K, fix,y)<g(x,y)and g(x,x)<0,

(b) for each fixed y € K, f(x, y) is a lower semicontinuous function of x

on K,

(c) for each fixed xe K, g(x, y) is a quasi-concave function of x on K.
Then there exists a point x€ K such that f(x,y)<0 forallye K.
THeOREM 2.6. (Shih and Tan [24]). Let X be a Hausdorff topological vector space
with dual X* and K a nonempty convex subset of X. Let S : K — 25 be an upper
semicontinuous point-to-set map such that for each xe K, S(x) is nonempty and
bounded. Then for each pe X*, the map f, : K — R defined by

_sup
f,(x)= be S(x)(p, y)

IS upper semicontinuous.

Tueorem 2.7. (Takahasi [25] ) Let K be a nonempty compact convex subset of a

locally convex Hausdorff topological vector space X and let F : KxXK — R be a
function such that

(a) for each y € K, the map x —>F(x ,y) is upper semicontinuous,

(b) for each x € K, the map y+—>F(x ,y) is convex,

(c) F(x, x) > « for all x € K with some real number Q.
Then there exists x,€ K such that F(x,,y)2 o forall ye K.

TueoreMm 2.8. (Rudin [19]) Let K be a compact subset of a topological space and let
{Vi, Vo,...,V,} be a finite open covering of K. Then there exists a family
{51, B, ..., B} of continuous real valued function on K such thatf(x) =0 outside
Vi, 0 B(x) <1 forallie{l,2, ... ntand forall x € K, and

ilﬁi<x)=1
forall x € K.

THeoreM 2.9.(Tarafdar [26]) Let K be a nonempty subset of a Hausdorff topological
vector space X and let F : K— 2% be a point-to-set map such that
(a) for each xe K, F(x) is nonempty,
(b) for each ye K, F _l(y) = {xe K : ye F(x)}contains a relatively open
subset Ay of K (A, may be empty for some y),
¢ JUA=K,

xeK
(d) K contains a nonempty set Ky contained in a compact convex subset

K; of K such that D = () A; is compact (D may be empty).

xeK,
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Then there exists x, € K such that x, € F(x,).

THeEOREM 2.10 ([24], p. 34). Let X be a Hausdorff topological vector space with

dual X* and K a nonempty convex subset of X. Let S : K — 2% be a a point-to-set
upper semi-continuous map such that for each xe K, S(x) is nonempty and

bounded. Then for each pe X* the map f,:K—>R defined by

_sup . . .
f,(x)= ye S (p,y) is upper semi-continuous.

THeOREM 2.11 ([20], p.201). Let X be a locally convex Hausdorff topological vector
space with dual X* and K a nonempty closed and convex subset of X. Let x* be a

point of X not in K. Then there exists pe X * such that (p, x*) > xsélpK(p, X).

3. Existence of solution

The following theorems on the existence of solution of Problem P; are the
main results of this paper.

THeorREM 3.1. Let K be a nonempty compact convex subset of a Hausdorff
topological vector space X and let f : KxK — R be a map such that

(a) fix, x) 20 for each x € K,

(b) the map y — fix, y) of K into R is quasi-convex for each x € K,

(c) foreachy € K, the set {xe K : fix,y)<0} isopeninK.

Then there exists x, € K such that

f(Xan)ZO
forallye K.

Proof. Same as the proof of Theorem 2.7. Indeed Takahasi assumed that for each y
€ K, the map x > f(x, y) of K into R is upper semi-continuous and for each x € K,

the map y - f(x, y) of K into R is convex which are stronger then hypotheses (b)
and (c) of this theorem.

The following theorem generalizes Theorem 3.1 to an arbitrary nonempty
convex subset K of X.

THEOREM 3.2. Let K be a nonempty convex subset of a Hausdorff topological vector
space X and let f : KXK — R be a map such that

(a) fix, x) 20 for each x € K,

(b) the map y +— f(x, y) of K into R is quasi-convex for each x € K,
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(c) for each y € K, the set {xe C : fix, y)< 0} is open in K for every
compact subset C of K,
(d) there exists a nonempty compact subset L of K such that for each
x € K—L, there exists u € L for which f(x, u) <0.
Then there exists x, € L such that

f(x,y)20
forallye K.

Proof. For each y € K, let

Ay)={xe L: f(x,y)=0}.
From hypothesis (c) it follows that A(y) is a nonempty compact subset of K. The
conclusion of the theorem follows if

NA(Y) # ¢.

yeK
For this, it is sufficient to show that the family {A(y) : y € K} has the finite inter-
section property.

Let y,,y,,....y, be arbitrary elements of K and K, the convex hull of
Lu{yl, Vo seees yn}. Then K, is a nonempty compact convex subset of K. By
Theorem 3.1 there exists X, € K, such that

F(&. )20 (D)
for all y € K,. We claim that X, e L; for if X, ¢ L, thatis, X,€e K,—Lc K—L.
Now, by hypothesis (d), there exists u € L such that f(x,,u) <0 which contradicts

(1) when y = u. Thus X, € L, and in particular X, € A(y,;) for i=1,2,...,n; thatis
X, € nA(yl')-
i=1
Hence,
i=1

which proves that the family {A(y) : y € K} has the finite intersection property.
This completes the proof.

If X is a normed linear space and K is locally compact, we have the following
result.

THeEOREM 3.3. Let K be a nonempty locally compact convex subset of a real normed

linear space X with 0 € K, and let f: KxK — R be a map such that

(a) the map y +— f(x, y) of K into R is convex for each x € K,
(b) for all y € K and r > 0, the set {x € K, : fix, y) <0} is open in K,

where K, = {xe K: ||x||£ r},
6
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(c) fix,x)=0 for each x € K, and for each r> 0,
(d) there exists r>0 such that f(x,0) <0 whenever ||x||= r.

Then there exists x, € K such that

f(x,y)20
forall ye K.

Proof. For each r > 0, the set K, is a nonempty compact and convex subset of K.
Hence by Theorem 3.1 there exists x, € K, such that

f(x,,y)=20 ...(2)
for all y € K,. We claim that | x| < r; for if |x|= r, then by hypothesis (d),
f(x,,0) <0, which contradicts (2) when y = 0. Now let x € K be arbitrary and
choose A > 0 sufficiently small so that
y,=Ax+ (1-A)x, € K,.
Now by hypotheses (a) and (b)
0<f(xy)
:f(xr’ )\'x + (1_)\‘)xr)
< }“f(xr’ X) + (1_}“)f(xr, xr)
=Af(x, x).
Since A > 0, it follows that f(x,,x) = 0. This completes the proof.

If X is a reflexive Banach space then local compactness of K can be relaxed
from the above theorem.

THEOREM 3.4. Let K be a nonempty closed and convex subset of a reflexive real
Banach space X with 0 € K and f: KxK — R, a map such that
(a) fix,x)=0 foreach xe€ K,

(b) the map y — f(x, y) of K into R is convex,
(c) the set {xe C: fix,y) <0} is weakly openinK foreach y e K, and
for each weakly compact subset C of K.

Then there exists x, € K such that

f(x,y)20
for all y € K, under each of the following conditions :

(1) K is bounded,
(i1) there exists r > 0 such that f(x, 0) < 0 whenever ||x|| =r.

Proof. Equip K with the weak topology. If K is bounded, then it becomes weakly
compact and in this case, the proof follows from Theorem 3.1.

If K is not bounded let
K, ={xe K: |x|<r}.

7
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Then K, is a nonempty closed, convex and bounded subset of K. By the first part of
the theorem, there exists x, € K, such that

f(x,,»)20

for all y € K,. The remaining part of the proof follows from the proof of Theorem
3.3 and hence it is omitted.

The following theorem generalizes Theorem 3.4 to a Hausdorff topological
vector space.

THEOREM 3.5. Let K be a nonempty convex subset of a Hausdorff topological vector

space X and L, a nonempty compact and convex subset of K. Let f: KXK — R be
a map such that

(a) fix,x)=0 foreach xe L,

(b) the map y > f(x, y) of K into R is convex for each x € K,

(c) for each y € K, the set {xe L: fix,y) <0} isopeninL,

(d) for every x in the boundary of L, there exists u € L such that
flx, u) <O0.
Then there exists x, € L such that

f(x,y)20
forall ye K.

Proof. By theorem 3.1 there exists x, € L such that

f(x,¥)20 ..(3)
for all y € L. We claim that x,, € int L (where int L stands for the interior of L), for
if x, ¢ int L, then by hypothesis (d) there exists u € L such that f(x,,u) <0 which

contradicts (3) when y = u.

Now let x € K be arbitrary and choose A > 0 sufficiently small so that
v, =Ax+(1-A)x, € L.
Now by hypotheses (a) and (b)
0< f(x05¥2)

SAf (xg, %)+ (A=) f (x4, %,)

= Af (x,,x).
Since 4> 0, it follows that f(x,,x) = 0. This completes the proof.

The following theorem is a variant of Theorem 3.1 in which hypotheses (a)
and (b) of Theorem 3.1 have been replaced by a single generalized condition.

THeEOREM 3.6. Let K be a nonempty compact convex subset of a Hausdorff

topological vector space X and let f : KxK — R be a map such that

8
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(a) for each y € K, the set {x e K: f(x,y) <0} is open in K,
(b) for any finite set {y\, ys,....ys} € K, and u € conv({y1, y2, ....yn}),

A% ) 20.
Then there exists x, € K such that

f(x,y)20
forallye K.

Proof. Assume that the assertion is false. Then for each x € K, there exists y € K
such that f(x, y) <0. For each y € K, let

AQ) ={xe K:flx,y) <0}.
Then by hypothesis (a) A(y) is open for every y € K. Further

K = JA().

yeK
Since K is compact, there exists {y,, y,,..., y,}< K such that

K =UJA().

Let {Bi, Bs,....B.} be a partition of unity subordinate to the covering {A(y;): i = 1,
2,...,n} and let S = conv({ y1, y2,...,y»}). Then S is a compact convex subset of K.
Define a continuous map p: K — K as

P =By,

Since p(x) is a convex linear combination of points of the set S, p(x) € S for each
x € K. In particular, p maps § into S. Now by Browuer’s fixed point theorem p has
a fixed point; that is, there exists X€ K such that X = p(X).

Since {B, Ba-....pn} is a partition of unity, B,(x) >0 for at least one i.

If B,(x) >0 then X€ A(y,) so that

f(x,y,)<0. ...(4)
If
J=1i:1<i<nand B (%) >0}
then
x= p(je) = ZBi(f)yi = ZBi(f)yi
i=1 ieJ
so that xe conv{y, :ie J}.Now by hypothesis (b) there exists i, € J such that

f(x, Vi, ) =0 which contradicts (4). This contradiction proves the theorem.

The following theorem generalizes Theorem 3.6 to an arbitrary nonempty
convex subset K of X.
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TueEOREM 3.7. Let X be a locally convex Hausdorff topological vector space, K a
nonempty convex subset of X, K, a nonempty compact convex subset of K, and L a

nonempty compact subset of K. Let f: KxK — R be a map such that

(a) for eachy € K, the set {xe L: f(x,y) >0} is closed in K,
(b) for any finite set {y,, y,,...,yo}< K, and u € conv({yi, ys,..., Yn}),

ax fu,y,)=0.

(c) for each x € K — L, there exists u € conv( K, U {x}) such that
fix, u) <0.

Then there exists x, € L such that

f(xo,y)zo
forallye K.

Proof. For each y € K, let

A(y)={xe L: flx,y)20}.
From (b) it follows that A(y) is closed and consequently compact for each y € K.

The assertion of the theorem follows if

NA() # ¢.

yeK
For this, it is sufficient to prove that the family {A(y) : y € K} has the finite
intersection property.

Let {y1, y2,..., yo} € K and S = conv(K, U{yi, y,..., ¥»}). Clearly S is a non-
empty compact convex subset of K. By Theorem 3.6 there exists x€ S such that

[ y)20 (5)
for all y € S. We claim that xe L; for if x¢ L, thatis, xe S—Lc K- L, then
there exists u € conv(K, U{Xx})such that f(%,y)<0 which contradicts (5) when
y =u. Thus e L, and in particular, X€ A(y,)for each i € {1, 2,...,n}, that is,
Xe (n]A(yi). Hence ﬂA(yi) # 0, showing that the family {A(y) : y € K} has the

i=1

i=1
finite intersection property. This completes the proof.

The following theorem also deals with the existence of solution of Problem
P, under pseudo-monotonicity type assumptions.

TueorReEM 3.8. Let K be a nonempty closed and convex subset of a Hausdorff

topological vector space X and let f : KXK — R be a map such that
(a) fix,x) =0 foreach x€ K,

(b) the map y +— f(x, y) of K into R is convex and lower semicontinuous
for each x € K,

10
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(c) the map x - f(x, y) of K into R is lower semicontinuous from the line

segments of K to the usual topology of R,

(d) xe K,ye Kand fix,y) =0 implies f(y,x)<0,

(e) there exists a nonempty set K, contained in a compact convex subset
K, of K such that

D={veK: f(xy) <0}

yeKy
is either compact or empty.

Then there exists x, € K such that

f(x,3)20 ...(6)
forall ye K.

Note: If we set f(x,y)=(Tx,y— x) for some operator 7 : K — X * then Condition
(d) of the above theorem is equivalent to the fact that 7 is pseudo-monotone.

To prove the above theorem, we need the following lemma.

Lemma 3.9. Let K be a nonempty closed and convex subset of a Hausdorff
topological vector space X and let f: KxK — R be a map such that

(a) fix,x) 20 foreach x € K,

(b) the map y +— f(x, y) of K into Ris convex for each x € K,

(¢c) the map x + fix, y) of K into R is lower semicontinuous from the line

segments of K to the usual topology of R,
(d)xe K, ye Kand fix,y) =20 implies f(y, x)<0.

Then the following are equivalent :
(A) x,€ K and f(x,,y)20 forall ye K.
B) x,€ K and f(y,x,)<0 forall ye K.

Note: If we set f(x,y)=(Tx,y—x) for some operator 7:K — X * then Lemma
3.9 reduces to Minty’s Lemma ([8], p. 6).

Proof. Assume that (A) holds. Then for some x, € K and for all ye K, f(x,,y)20.
By hypothesis (d) f(y,x,) <0 forall y € K from which (B) follows.

Now assume that (B) holds. Then for some x,e€ K, f(y,x,)<0 for all
vye K. Fixye K,te (0,1) and set y, =(1-1)x, +ty. Then y, € K, and by (B),
f(y,,x,)<0 foreach t e (0,1). Now it follows from hypotheses (a) and (b) that

11
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0<f(y,,y,)

S(l—t)f(y,,x0)+tf(y,,y).
Thus

Foan - f(y,.x)20

for each 1 € (0,1). Since the map x > f(x, y) of K into R is lower semicontinuous

from the line segments of K to the usual topology of R, taking limit # — 0" in the
above inequality we get f(x,,y)=0. Since y € K is arbitrary (B) follows. This

completes the proof of the lemma.

Proor or THEOREM 3.8. Assume that inequality (6) has no solution. Then, for each x €
K, there exists u € K such that

Sfix, u) <0 ...(7D
and by Lemma 3.9, there exists v € K such that
flv,x)>0. ...(8)

Thus for each x € K, it follows from (7) that the set
Fx)={ye K:flx,y) <0}
is nonempty, which is also convex by hypothesis (b) of the theorem. Again for each
y € K, since
F7 0 ={xe K:flx,») <0},
it follows that
[F7 0" = {xe K: fix, y) 20}
c{xe K:fly,x)<0} (by(d)
= G(y) (say).
Thus
F7\() 2 [GOI° = A®) (say).

Since for each x € K, the map y — f(x, y) lower semicontinuous, it follows that
G(y) is closed in K. Thus for each y € K, A(y) is open in K.

Now, let x € K be arbitrary. By (8) there exists v € K such that f(v, x) >0, so
that x € A(v). Thus

UAG) =K.

yeK

Finally,
D= NG(y)= N[AW]°

yek yek,
is either empty or compact by hypothesis (e) so that all conditions of Theorem 2.9
are fulfilled by F. Thus there exists x, e Ksuch that x,e F(x,), which is

tantamount to f(x,,x,) <0, which is a contradiction to hypothesis (a) of the
theorem. Hence the conclusion of the theorem follows.

12



464 4. Uniqueness of solution

465

466 The following theorem characterizes the uniqueness of solution of the
467  Problem P; under certain conditions.

468

469  Tueorem 4.1.Let K be a nonempty subset of a topological vector space X and
470  f: KxK — R a map such that

471 (a) forall x,y €K,

472 S, y) + fly, x) <0,

473 (b) equality does not hold in (a) unless x = y.

474 Then, if the problem Py is solvable, it has a unique solution.
475

476  Proof. If possible let x;, x, be two solutions of P;. Then

477 fx, )20

478  and

479 [, y) =20

480  for all y € K. Putting y = x, in the former inequality and y = x, in the latter, we get
481 1, %) 20

482  and

483 flx,, x1) 2 0.

484  Adding the last two inequalities we get,

485 flxn, x) + flxy, x1) 2 0.

486  This inequality combined with hypothesis (a) gives

487 S, x) + flix,, x) =0.

488  Now an application of hypothesis (b) yields x, = x,. This completes the proof.
489
490  Note: If we set f(x,y)=(Tx,y— x) for some operator 7: K — X * then Condition

491  (a) of the above theorem is equivalent to the fact that 7 is monotone.

492

493 The following examples illustrate Theorem 4.1. Example 1 shows that the
494 fulfillment of conditions (a) and (b) does not guarantee the existence of a solution
495  to Problem P;. Examples (2) and (3) show that if conditions (a) and (b) are fulfilled
496  and the Problem P; is solvable, then it has a unique solution.

497

498  Example 1. Let X = R, K = [0, ), and define f: KxK — R as
499 fx,y) =—Ix -yl

500 Then

501 fx, y) + f(y, x) = = 2lx — yl,

502 and

503 S, y) +f(y, x)=0

504 if Ix—yl =0, that is x = y. Thus hypotheses (a) and (b) of Theorem 4.1 are fulfilled
505 by f. But f(x,,y)=0 for all y € K is equivalent to Ix, — yl < 0 for all

506  y=0. Thus in this case no solution exists.
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Example 2. Let X = R, K =[0, ), and define f: KxK — R as

Jx, y) = x(y —x).
Then

S,y + 0, x)=—(x—y)*<0
and

Jox, y) +f(y, x) =0
if and only if (x — y)? = 0 i.e. x = y. Furthermore, f(xy,¥)20 forall y e Kis

equivalent to x,(y —x,) = 0 for all y = 0, so that x, =0 is the only solution in this
case.

Example 3. Let X = K = R, and define f: KxK — R as

fix, y) = —xlx* — 1.
Then

1, Y) +f(y, X) =— (x + y) lx — yI< 0

Jx y) +f(y, x) =0
if and only if Ix — yl = 0 i.e. x = y. Furthermore, f(x,,y)=0 for all y € K is

and

equivalent to xo‘xg — y‘ <0 forall y e R so that x, =0 is the only solution in this

case also.
5. Some consequences

In this section, we discuss some consequences of the theorems proved in
Section 3.

The following theorem deals with the existence of solution of Problem P;.

TueEOREM 5.1.Let X be a locally convex Hausdorff topological vector space with

dual X*, K a nonempty compact convex subset of X, f: KXK — R a point-to-point
map, and S : K — 2%, a point-to-set upper semicontinuous map such that
(a) fix,x) 20 foreach xe K,

(b) the map y fix, y) of K into R is quasi convex for each x € K,
(c) the set

{xeK' P f(x,y)<0}

ye S
is empty or open in K.

Then there exists x, € K such that x, € S(x,)and f(x,,y)=0 forall ye S(x,).
Proof. Assume that the assertion is false. Then for each x € K either

x & S(x), or there exists y € K such that flx, y) < 0. If x¢ S(x), then by Theorem
2.11, there exists p € X* such that
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(p,x)— " (p,y)>0.
y€ S(x)

Let
— . sup
Vs —{xe K.ye S(x)f(x,y)<0},
and for each p € X* let

V(p)= {xe K:(pw= 70 (py)> 0}.

Then by hypothesis (c), V, is open in K. By Theorem 2.6 since the map

SuSp ( )( p,y) is upper semicontinuous for each p € X*, it follows that the
ye X

map

_sup
X (p,x) yes(x)(p,y)

is lower semicontinuous. Hence V(p) is open in K for each p € X*. Further,

K=V, v UV(P)}

| peX*

Since K is compact there exists {p;, ps,...,pn} € X* such that
K=V,u UV(p[):|.
Li=1

Let {Bo, Bi....,p,} be a partition of unity subordinate to the covering {V,, V(p))....,
V(p.)}, and define g : KxK — R as

§(5.) =By (0 (5 7) + 2B, (P, y =),

Then it is clear that for each x € K, g(x, x) =2 0, the map y — g(x, y) is quasi-
convex, for each y € K, the map x > g(x, y) is upper semicontinuous so that the set

{xe K : f(x, y) <0} is open in K. Thus all conditions of Theorem 3.1 are fulfilled.
Hence there exists x € K such that

g(x,y)20 ..(9)
for all y € K, which is equivalent to

B, (2)f (5, y)+i5,.<5c>(p,., y—$)20.

Since {Bo, Bi,----Pn} is a partition of unity B,(X) > 0for at least one i. If B,(X)>0

then X eV, so that

sup N
ye S(;C)f(x,y)<0.

Let ye S(X) suchthat f(x,¥)<0. If B,(X) >0 then X€ V(p,) so that

Ay Sup
(p;»X%) yesm(pi,y)>0,

from which it follows that
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A su A
(p;,x)> b (P> y)>(p:sy)
ye S(X)

which implies that (p,,y —X) <0. Thus
g&9) =By (D) f X+ B, @)(p,I-5<0
i=1

which contradicts (9) when y = y. This contradiction proves the theorem.

The following result on the existence of solution of the quasi-variational
inequality problem is a direct consequence of the above theorem.

CoroLLARY 5.2. Let X be a locally convex Hausdorff topological vector space with
dual X*, K a  nonempty  compact  convex  subset of X,

f: KxK = R a point-to-point map and S : K — 2% a point-to-set upper semi-
continuous map such that the set

{xe K: % (Tx,y—x)<0}
ye S(x)

is empty or open in K. Then there exists x, € K such that x, € S(x,) and
(Tx,,y—x,)20
forall ye S(x,).

Proof. Follows directly from Theorem 5.1 with f(x, y) = (Tx, y — x).
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