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Abstract. McCoy [15] considered the approximation of pseudoanalytic functions
(PAF) on the disk. Pseudoanalytic functions are constructed as complex combina-
tion of real - valued analytic solutions to the Stokes-Beltrami System. These solutions
include the generalized biaxisymmetric potentials. McCoy obtained some coefficient
and Bernstein type growth theorems on the disk. The aim of this paper is to generalize
the results of McCoy [15]. Moreover, we study the generalized order and generalized
type of PAF in terms of Fourier coefficients occurring in its local expansion and opti-
mal approximation errors in Bernstein sense on the disk. Our approach and method
are different from those of McCoy [15].
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1 Introduction

In Bernstein work [5,8,16,18] there is an implicit characterization of the solutions of
a system of partial differential equations since the real and imaginary parts of the
real analytic function solve the Cauchy-Riemann system. Thus, there is a notion of
the harmonic conjugate and its role in the approximation process. However, this con-
cept is not found in the function theory of the generalized biaxisymmetric potentials
(GBASP) equation and is necessary for a complete function theoretic generalization
of Bernstein type. GBASP that are harmonic at the origin may be expanded, in
analogy with the Taylor’s series for analytic functions of a single complex variable, in
a convergent series of homogeneous harmonic polynomials on an open set.

Pseudoanalytic functions are constructed as complete combinations of real - val-
ued function pairs that are analytic solutions of Stokes - Beltrami System (SBS); a
generalization of the Cauchy - Riemann equations that is linked to the GBASP equa-
tion by eliminating one of the dependent variables from the system. Pseudoanalytic
functions provide sufficient basis for the transformation of Bernstein’s ideas through
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transform and special function methods.The real part of pseudoanalytic function i.e.,
eliminating the harmonic conjugate gives the theory of GBASP. The GBASP equation
frequently found in the summability theory of [3] Jacboi series as
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P (9) = (sin 0/2)2+ (cos 0/2)% 0 > 3 > _21 (1.1)

where (r,0) are the plane polar coordinates.The domain of the potential u is a simply
connected region with smooth boundary in the upper half plane Ct = C'NRe(z) > 0.

The existence of a harmonic conjugate v of u is implied in the sense of the generalized
Stokes - Beltrami System (SBS);
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a system that reduces to the Cauchy-Riemann equations of analytic function theory
in the limit o« = = —1/2. Following along the lines of analytic function theory, a

pseudoanalytic function [2, 7,20] (PAF) is defined as the complex combination
F(re'y = u(r,0) +iv(r,0)

of a real-valued analytic function pair formed from the potential v and the principal
branch of its harmonic conjugate v = v(r,#). In particular, a PAF whose domain
QT intersects the x-axis in a single component may be analytically continued across

the axis by reflextion to 2~ as an even function on © : QT U Q™ provided that
Bu(ré};wk) _ 8u(rg)6+7rk) _ 0’ 1[7]

The Bernstein theorem identify a real analytic function on the closed unit disk as
the restriction of an analytic function defined on an open disk of radius R > 1 by
computing R from the sequence of minimal errors generated from optimal polynomi-
als approximates. Here we use this concept for pseudoanalytic functions (PAF). The
disk D of maximum radius on which a PAF F exists, is designated by F' € P(Dg). If
F is an entire PAF, it has no singularities in the finite C*—plane and writes F' € P(C).

The maximum modulus of a pseudoanalytic function F' € P(Dpg) is defined on
the closure of a disk Dp as

M,(F) = max{|F(re”)| : re” € Dp},r < R.

Let p and ¢ be two positive, strictly increasing to infinity differentiable functions
]0 + o0] to |0, 4+00[ such that for every ¢ > 0 satisfies:
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g <q‘1(fp(x))> = (1+o(x))p(x), for x— oo,

where d(u) means differential of w.

The (p,q)—order and (p,q)—type of an entire PAF F' € P(C) ( or generalized
order and generalized type) are defined respectively by:

ey p(log M(r, f))
p(p,q) = h?iigP W

and

p(M(r, f))
[

o(p,q) = limsup B

T—00

where

M(r, f) = sup [f(2)]

ZEﬁR

Now applying the concept introduced by G.R. MacLane [11] to the measures of
order and type for an analytic function on a disk |z| < R by normalizing these
definitions relative to the boundary under the transformation r — R/(R —r). In this
direction, a pseudoanalytic function F' € P(Dpg) with radial limits is said to be of
generalized regular growth (po(p, q), 00(p, q)) if it satisfies

— i s PU08 M(F)
po(p,q) = lim sup AR/ 1))
) (log M,.(F))
0lp) = hr:l—?}?p [q(lg/(é;— r))]Pote:a)’ l<r<Ah,

in which case po(p,q) is referred to as the (p,q)— order of F provided that 0 <
po(p, q) < oo and oy(p, q) the (p,q)—type. Normalized to the closed unit disk D; the
M,.(F) is a special case of the norm, ||,

1/6
IF|| = 1 ls = [f /5, |F|‘57’d7“d¢} L, 1<d< o0

The approximating pseudoanalytic polynomials of (fixed) degree n are taken from
the sets

Ty = {P : P('r’ew) = Z crwpFy(r, €?), ¢, real } n=012....
k=0

The optimal approximates minimize the error ||F' — P|| for P € 7, in Bernstein

SEense as
Eo(F)=if{|[F—P|:Pem},n=012.... (1.2)

P.A.McCoy [12-14] studied the function - theoretic methods based on the integral
operator approach with Bernstein’s ideas in the case of weakening the norms measur-
ing the best approximates, and through less stringent analyticity requirements such



as replacing the restriction of an entire function on an open disk simply with ana-
lyticity to GBASP. Kumar [10] obtained the relationship between the pseudoanalytic
functions and Bergmann Gilbert type integral operators for GBASP and polynomial
approximation. Bergman [4] and Gilbert [7] generalize the operation of taking the real
part. They obtained bounded linear operators which transform analytic functions to
solution u, where integral operators are developed to provide the transformation from
analytic functions to solutions of corresponding elliptic equation. Bers [6] and Vekua
[19] have also extended function theory so that solutions u of elliptic equations can
be obtained as u = Re(F'), where f is a pseudoanalytic function sharing many of the
properties associated with classical analytic functions of single complex variable.

McCoy [15] considered the approximation of pseudoanalytic functions on the disk
and obtained some coefficient and Bernstein type growth theorems. Also Kapoor and
Nautiyal [9] characterized the order and type of GBASP’s (not necessarily entire)
in terms of rates of decay of approximation errors on both sup norm and L”—norm,
1 < p < oc0. It has been noticed that all these authors have not studied the generalized
growth of pseudoanalytic functions on the disk. In this paper we study the generalized
order and generalized type of PAF in terms of Fourier coefficients occurring in its
local expansion and optimal approximation errors in Bernstein sense on the disk.
Our results and methods in the present paper are different from all those of authors
mentioned above.

2 Generalized Order and Generalized Type with
Fourier Coefficients of Pseudoanalytic Functions

Let the pseudoanalytic function F' € P(Dg). In a neighborhood of the origin, a
PAF has the local expansion

o0
F(re?) = Z anwy Fy(re?), re® € Dp,
n=0

Fo(re?®) = u,(r,0) + iv,(r,0),n = 0,1,2,..., and a, real-valued. Also we have the
estimate |w, Fy,(re?)| ~ n2etipntatftl for large n.Put

p(n)

lim sup
n—oo q

| = u(p, q)- (2.1)

__n
log(n2e+tl|a,|R™)

Lemma 2.1. For every » > 1 and g > 0, the maximum of the function

T

r — w(x,r) = zlog(r/R) + @)

is reached for x = z, solution of the equation

R {uq ll - dlog(q‘li)(gzz(;c}?/ngt))/d(log x)] } _

Proof. Let G(z,u) = ¢ *(p(z)/p), then

w(z,r) = zlog(r/R) +

G(x,p1)



The maximum of the function x — w(x,r) is reached for z = z,, solution of the
3 dw(m,r) —
equation of === = 0.

We have
dG(
dwfg ") _ 0 log(r/R) + G(wég)(;u))ﬁxm =0
or
o= S
Since
dG(z,p)  dG(x,p) dlogz)  1dG(z,p)
dx d(logz) ~  dx z d(logx)’
we get
| - sepdiny 1~ “degr
B 7 R T (L
we obtain

r= g =) {uq [1 — dlog(q~ " (p(x)/n))/d(log l‘)] } . (2.2)

log(R/r)
Lemma 2.2. Let F(re?) = X% a,w, F,(re?), F € P(Dg). For every 1 < r < R,
we put

M(r,F) = sup{|ayw,|.r",r >0},
neN

_ g s P08 M(r, F))
Po(p,q) = limsup JRIR=-1)"

then
Po(p,q) < p(p,q) and po(p,q) < Po(p, q)-
Proof. From (2.1) we have for r sufficiently close to R and @ = p + ¢,

n

log(n®*™|a,|R") < ————~
= -1 (p1)

q ( B )

or

log(n?*™|a,|R™) < nlog(r/R) + S L—
q! (p(f))
1
Using the result

i ‘d(ql(cp(x)))

<b,log(l+1t)=(1 t)).t,t
d(logl’) — 7Og< + ) ( +O( )) ? _>07

Tr—00

we get from (2.2)

v = (1+0(1))p~ (ug(R/(R—1))) as r — R.
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It gives
log(n***a,|r") < Cop™" (na(R/(R — 1)),
or
log M(r, F) < Cop™* (nq(R/(R — 1)),
using the property of p, we obtain

p(logﬂ(r, F))
JRIB—r) =P

Proceeding the limit supremum as r — R, we get

Po(p;q) < . (2.3)

Now consider
10 = Y
MES) € 3 b < 3 fanhunr”
n=0 n=0
substituting r = v/r.R. \/m in above we have
M 1) € 3 ol (Vi) (Vo)) /) < 1.

or

M(r, f) < i sup (|an|wn (ﬁ)n) . ( (T/R)>"

n=0

or

M(r,f) < M, F)x, (J(r/R)"
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It gives

log M(r, f) < log B(r', f) — log (1 _ (r/R))

or

p(log M(r, f)) < p(log M(r', F) —log(1 — \/(r/R))) ¢(R/(R —/(r.R)))

q(R/(R—T)) ¢(R/(R — \/(r.R))) - a(R/(R—1))

Passing to limit we get
po(p: @) < Po(p, @)- (2.4)
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From (2.3) and (2.4) we get po(p,q) < u(p,q).
Theorem 2.1. Let F(re?) = 20 a,w, F,(re?®), F € P(Dg),re? € Dp such that

p(n)

lim sup = u(p,q) < 0.

n
e q{logaanmwﬂm}

Then F' is the restriction of pseudoanalytic function in P(Dg)(R > 1) and its
(p, g)—order p(p,q) = p(p, ).

Proof. To study the expansion of a PAF in terms of a complete set of particular
solutions of the SBS. Let us consider the normalized Jacobi polynomials R, (cos) =
Plf) (cos ) /PP (1),n =0,1,2,...,[1,17] which form an orthogonal set

/07r Ry (cos ¢) Rn(cos §)p' ™ (¢)d¢ = 1w, b

v — Cn+a+f+DI'(n+a+F+)I'(n+a+1)
" T+ B8+ )+ ) (a+ DB+ 1)

~ O(n**)

relative to the measure p(®% (4)d¢ on [0, 7]. The Abel - Poisson and conjugate Abel-
Poisson means [3,17] of these polynomials

up(r,0) = 4T(Rn(cos 0)) = r"R,(cos0)
Up(r,0) = A.(Rn(cosh))
= nrtet Ot o0 (9) RO (065 0) (cos 0/2) (sin 6/2) /(a + 1). (2.5)

(R(_alﬂ’ﬁ H)(cos 0) = 1) produce a set of particular solutions [3] that is complete
[17] relative to uniform convergence on compacta of a sufficiently small region. In
view of the local expansion of PAF and the estimate

|w, F (1€)] ~ n?*(1 4 nrotott)pn

with the bound |R,(cosf)| < 1, a standard argument shows that the Fourier co-
efficients support the natural domain since a necessary and sufficient condition for
F € P(Dg) is that

lim sup |a,|"/" = R™",

n—oo

So, for every 1 < r < R the series 3°°, a,w, F,(re??) is convergent in Dg when
> apw, Fy, (re?) is analytic in Dg.

Now we shall prove that u(p, q) is the (p, q)—order of F.

By Lemma 2.2, to complete the proof of the theorem it suffices to show that
p(p,q) > p(p, q)-

By definition of p(p, q), we have for every £ > 0 there exists 1 < r. < R such that
for every r. <r < R

log M,(F) < p~'[(p(p, q) + &).q(R/(R —r))]. (2.6)
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Let D,, be the closure of a disk D,, in the natural domain of Dg of a PAF. Such
a PAF has the representation [3]

F(re?y = {A.() + z';lr(.)}f(roeie),rew € D,, (2.7)

where the Abel means, as in (2.5), are

A (f(ree”) = ianwnun(rﬂ),
n=0

A (f(ree®?)y = ianwnyn(r,e).

n=0

At the boundary (2.7) reduces to
F(roe”) = f(roe™) + irg T pleD () f(roe™)

where the function f and its conjugate f are real-valued. The Fourier coefficients are
reclaimed by orthogonality as

a,r" —/ (re’®) Ry, (cos ¢)p' P (¢)do, r < ro.
Integrating this identity, and applying Holder’s inequality we get
an/(n+2)] = |/ anr rdr|</ [ 15re) e @)rards
< [ [1FCe)o (o)rdrdg

1 1
< [|Flls-A A= p Dy, -+ - =1,
o O
or
lan| < (n+2)A||F||s. (2.8)

Now using (2.5) for 1 < r sufficiently close to R in above inequality we obtain
log(Jan|n**** R") < —nlog(r/R) +log((n + 2)n** " A) + p~*[(p(p; @) + €)a(R/(R —1))].
The minimum value of right hand side satisfying above inequality is attained at

1
r=RI1— 0= p(p:q),
{ 0 (Gio? (Fommr) }

applying the properties of the function p and ¢

% (q—l(cp(x))> ~ (1+o(z))p(x) for ¢ >0,z — oo,

and the properties of logarithm, we get

0g(|a,|n** ' R™) < ¢
log(|ax| R") < g (pn)/(p+e))

where ¢; is a constant. Hence

o oo s ) = 00/ o+ )
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Now proceeding to limit supremum as n — oo we get

1(p,q) < p(p,q).

Hence the proof is complete.

Remark 2.1. For p(z) = ¢(x) = logz, Theorem 2.1 gives part(i) of [15, Thm.
2].

Let F' = Y2 a,w, F,(re?) be pseudoanalytic function of (p,q)—order p = p(p,q),
and write

. p(n
T'(p,q) = limsup ) )
q loguan\n?aHR"))}

Now we prove
Lemma 2.3. Let F' = >, a,w, Fy,(re?). For every 1 <r < R,
_ . p(log M(r, IF))
=1
710 0) = ISP R (R — )

then

o(p,q) <a1(p,q).

Proof. Using the same reasoning as in the proof of Lemma 2.2. we get

pllog M(r, ) _ plog(I(VrR, F) —log(1 — /(r/R))) [g(R/(R - VFR))o
[a(R/(R— ) = (a(R/(R—/rR)po) a(R/R—r)prd

Proceeding to the limit supremum as r — R, we get
a(p,q) < 71(p, q)-

Theorem 2.2. Let F = Y a,w,F,(re?’) be a pseudoanalytic function on the
closed unit disk. If F is of finite generalized (p, q¢)—order p(p, q), and

: (n)
T(p,q) = limsup P
"= o (g

Then F is the restriction of a pseudoanalytic function in P(Dg)(R > 1) and its
(P, q)—type a(p,q) = T(p, q)-

Proof. The function F' is the restriction of a pseudoanalytic function in P(Dg)
by using the arguments in Theorem 2.1. Now first we show that o(p,q) < T(p,q).

If T =T(p,q) < oo, by definition of T, for every € > 0, there exists n > n.

p(n) < (T +¢) [q <log(\an\22a+an)>]
q! <(p(Tn)>1/p>

9

or

log(|an|n** ™1 R™) < T =T +e, (2.9)



for every n > n,..
Since
log(lan|n®*+15™) < nlog(r/R) + log(|an|n®** ™).

By the relation (2.9), we get

A7)

For every 1 < r < R and r sufficiently close to R, we put

log(|a,|n**™r™) < nlog(r/R) + (2.10)

A7)

If we put S =S(z,T,1/p) =q ! <(p(Tx)>1/P) then

o(x,r) =xlog(r/R) +

olw,r) = wlog(r/R) + 3,

and the maximum of the function x — ¢(x,r) is reached for x = z, solution of the
equation

do(x,r) _ dp(z,r) = log(r/R) + ddx <x> =0.

dz ox S
or
dcp;z, r) =0« log(r/R) + ST vy _szlli =0
or
_ zdS
S = Coam)r)
Since
ﬁ _dS dlogx 1 ds
dr  dlogz dx xdlogx’
we put
_ - %dligr _ %
log(R/r) — log(R/r)’
or

¢! (M)Up :1_ dlog
T log(R/7)

10



It gives

1 —dlog (ql (p(Tx))l/p> /d(log x)
log(R/7)

r=uz,=p 4 |Tq

We have

log(r/R):logCA_RR%—QNT;%R( as T_R—>O),

and

where b is a positive constant. Now we have
1, = (1+0(1)pp~" (Tq(R/(R —1))").
Using the relation (2.10), we get

20+1 T,n)

log(|a,|n < sup p(z,r)

or

2oty < (L0 (Tla(R/R = r)y)
- R/(R—r) '

log(|an|n
Since % > 1 and % < 1, then
log(lay [n*** ™) < Cp~ (T (g(R/(R —1)))").
Then
log M(r, F) < Cp~ (T (q(R/(R —1)))").
Thus

p(log M(r, F))
(q(R/(R —7)))r

Proceeding to limit supremum for » — R, we get

<T.

_ i s, 2008 M(r, 1))
ai(p,q) =1 MSUD LRI R — 1)) <T.

Now using Lemma 2.3, we obtain

a(p,q) < T(p,q).

The result is obviously holds for T = co. Now we shall show that o(p, ¢) > T'(p, q).

11



Suppose that o(p, q) < co. By definition of o(p, ¢), we have for every ¢ > 0, there
exist r. €]1, R[, such that for every r > r.(R>r >r. > 1)

log M(r, F') < p~" [o(a(R/(R —1)))*].
Now using (2.8) for 1 < r sufficiently close to R with above inequality we get

log(Jan|n®** R") < —nlog(r/R) +log((n + 2)n** "' A) + p~" [7(a(R/(R — 1)))’]

oo ) _
where
(r,m) = ~log(r/R) + - log((n + 2+ 4) + ™ [5{a(R/(R ~ )))].
Since

lim, - log((n + 20" 4) + ~p! [(a(R/ (R~ )] =

n—0oo 7

we get, for r sufficiently close to R

lim n(r,n) = —log(r/R) = log(R/T).

So we have
n(r,n) = (1+o(1))log(R/r),n — oo,
then .
ﬁlog(\anm?a“R") < (1+o0(1))log(R/r). (2.11)
Choose

o)

1t (mm)

o

Using the relation (2.11) and the properties of the function ¢ — log(t), we get for
r sufficiently close to R

10g<|an|n2a+an)
n

< (L4 o) ((R/r) = 1).

[log(R/T) = log (fz_:H) = log (1 Gt ﬂ) N i T).(T —R)|.

r

Now we have




Then for r sufficiently close to R and large n, we get

log (|a,|n** 1 R™) - 1
n T o1 (PP
q ( v )
or
1
1 (rm) " o n
o ~ log(|an|n?**t1R")
or
p) [, n ’
c = | \log(|ay|n?+1R")
or

p(n)

Proceeding to limit supremum as n — oo, we get

; <0 =0+t¢.

o(p,q) > T(p,q).

The result is obviously holds for o(p, q) = co. Hence the proof is complete.
Remark 2.2. For p(z) = ¢q(z) = x, Theorem 2.2 gives part (iii) of [15, Thm.
2].

3 Generalized (p,q)—Growth and Approximation
of Pseudoanalytic Functions

In this section we obtain the generalized order and generalized type in terms of
approximation errors defined by (1.2).

First we prove

Lemma 3.1. Let the pseudoanalytic function PAF F € P(Dg), has the series
expansion

o0
F(rew) = Z anwnFn(Tew), re € Dpg,
n=0

then

lim sup p(n) = lim sup p(n) .
=t ()} {4 ()

and

13



lim sup p(n) = lim sup p(n) )
n—00 n P(p:q) n—oo n p(p:q)
q W)} q 1og(En(F>n2a+1R">)}

Proof. Using the identity [15, eq. 12]

lim sup |a,|"™ = lim sup[E, (F)]*/",

n—o0 n—oo

with the generalized (p, g)—order and generalized (p, ¢)—type calculation in Theorem
2.1 and Theorem 2.2, the proof is immediate.

Finally, we have the following theorem.

Theorem 3.1. Let F' be pseudoanalytic function on P(Dg)(R > 1). Then

(i) The generalized (p, q)—order p(p,q) of F' is

p(n)

p(p, q) = limsup

n—oo q

(o)
(ii) The generalized (p, q)—type of F is T'(p,q), if and only if,

T(p,q) = limsup p(n)

n—oo

n p(P,9)
q 1og<En(F>n2a+1Rn>>}
when 0 < p(p, q) < 0.

Remark 3.1. For p(x) = ¢(x) = logx is the classical case for order i.e., part (i)
of [15, Thm. 3] and p(z) = ¢(x) = x is the classical case for type i.e., part (ii) of [15,
Thm. 3.
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