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1 Introduction

We consider the system of nonlinear higher-order singular ordinary differential equations

u™(t) + f(t,v(t)) =0, t€ (0,T),
V™ () + g(t,u(t)) =0, t e (0,T),

with the multi-point boundary conditions

(5)

u(0) = Z au(&), w'(0)=---=u""2(0) =0, u(T)= Zbiu(m),
(BC) ifl =1

= _cv(G), V(0) =+ =o"H(0) =0, v(T) =} div(p),

where n,m € Ny n,m > 2, p,q, r, |l € N, p,q,rl>1 Inthecasen—Qorm—Q

the above conditions are of the form u(0) = Za u(&), Zb u(n;), or v(0) =

=1
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r l
Z civ(G), v(T) = Z d;v(p;), respectively, that is without conditions on the derivatives
i=1 i=1
of u and v in the point 0.

We present some weaker assumptions on f and g, which do not possess any sublinear
or superlinear growth conditions and may be singular at t = 0 and/or ¢t = T', such that
positive solutions for problem (S) — (BC) exist. By a positive solution of (S) — (BC),
we understand a pair of functions (u,v) € (C([0,T];R;) N C™((0,7))) x (C([0,T});Ry) N

C™((0,7))) satisfying (S) and (BC) with sup u(t) > 0, sup v(t) > 0. This problem
te[0,7) te[0,7)
is a generalization of the problem studied in [9], where in (BC) we have a; = 0 for

all i = 1,...,pand ¢ = 0 for all ¢ = 1,...,r (denoted by (E\é)) The system (5)
with n = m = 2 and the boundary conditions u(0) = 0, w(T) = 377 bu(&;), v(0) = 0,
v(T) = 277 ¢;v(m;) has been investigated in [8]. In [14], the authors studied the existence
of positive solutions for system (.5) with n = m = 2 and the boundary conditions u(0) = 0,
u(l) = au(n), v(0) =0, v(1) = av(n) with n € (0,1), 0 < an <1 (T =1). In [7], we
investigated the existence and multiplicity of positive solutions for system (S) where
f and ¢ are nonsingular functions and the boundary conditions (/BTJ) The particular
case of (S) with n = m = 2, T = 1 and boundary conditions which contain only one

intermediate point has been studied in [18]. We also mention the paper [16], where the

authors used the fixed point index theory to prove the existence of positive solutions for the

system (S) with f(¢,v(t)) and g(t,u(t)) replaced by ¢(t) f (u(t),v(t)) and d(t)g(u(t), v(t)),
respectively, (with f and § singular functions) and (E(JJ) where 1 < <mp <--- <y <
1, % <pp <pe<--<p<1(T=1). Some multi-point boundary value problems for
systems of ordinary differential equations which involve positive eigenvalues were studied
in recent years by J. Henderson, R. Luca, S.K. Ntouyas, [.K. Purnaras, by using the
Guo-Krasnosel’skii fixed point theorem. In [6], we give sufficient conditions for A, u, f

and g (f, g nonsingular functions) such that the system
s W™ (6) 4+ Aa(t)F(u(t), o(1) = 0, £ € (0,T),

1 o(E) + pb(B)g(u(t), (1)) = 0, t € (0,7)
with the boundary conditions (BC') has positive solutions. The system (S5;) with the
boundary conditions (BC) has been studied in [3]. The system (S7) with n =m = 2 and

the multi-point boundary conditions

aul0) ~ B(0) =0, (T) =Y aul€), 70(0) ~ 5/(0) =0, (1) =3 bwl)

has been investigated in [4]. Some particular cases of the above problems have been
studied in [5], [10], [11], [15].



In the last decades, nonlocal boundary value problems (including multi-point bound-
ary value problems) for ordinary differential or difference equations/systems have become
a rapidly growing area of research. Several phenomena in engineering, physics and life
sciences can be modelled in this way. These problems have been studied by many authors
by using different methods, such as fixed point theorems in cones, the Leray-Schauder
continuation theorem, nonlinear alternatives of Leray-Schauder and coincidence degree
theory.

In Section 2, we shall present some auxiliary results which investigate two boundary
value problems for higher-order equations. In Section 3, we shall prove two existence
results for the positive solutions with respect to a cone for our problem (5) — (BC),
which are based on the Guo-Krasnosel’skii fixed point theorem (see [2]) which we present

now.

Theorem 1.1 Let X be a Banach space and let C' C X be a cone in X. Assume €2y and
Qy are bounded open subsets of X with 0 € Q1 C Q1 C Qy and let A:CN(Q\ Q) — C
be a completely continuous operator such that, either

i) | Au|| < Jul|, vwe CNaQy, and || Aul| > |lu], ve C NIy, or

i) | Au|| > JJul], vwe CNQ, and || Aul|| < ||ull, uwe C N INys.

Then A has a fized point in C' N (Qy\ Q).

2 Auxiliary results

In this section, we shall present some auxiliary results from [6] and [12] related to the

following m-order differential equation with multi-point boundary conditions

u™(t) +y(t) =0, te(0,T), (1)

p q

u(0) = au(§), w'(0)=--=u""2(0)=0, w(T)=Y_ bu(n), (2)

i=1 =1

where n € Ny n > 2, p, g € N, p, ¢ > 1. If n = 2, the condition (2) has the form

0) = Zaz‘u(&)7 u(T) = Z biu(n;).

=

Lemma 2.1 ([6]) If A, :<1—Zb>z i{{‘_l—F( S az)<T” LN o ) # 0,

0<&E < <E<T, 0<m< < <Tandy € 0,T thenthesolutwnof



(1)-(2) is given by

u(t) = _/o %y(s)dsnL % { (1 — Z@) ‘
+ (1 - Zai) ﬁ [ [ra=ratsas =30 [ -t ds]}

HE)e s
_ (T"l—;binl )Zaz/& 4n—1 s)ds}

Lemma 2.2 ([6/) Under the assumptions of Lemma 2.1, the Green’s function for the

boundary value problem (1)-(2) is given by

Gi(t,s) = g1(t, s)
—|—A—1 (7' =) 1 - zq:b,) —I—zq:bi (T =) ] Zazgl &ir s) (4)
+Ai1 ”‘1< Zaz +Z &' 1] szgl (mi,8), (t,5) €[0,T] < [0,T],

i=1

9 (t7 S) =

1 {tan_@nhamla—gnhogsstSﬂ (5)

(n—DIT=1 | YT —s)" 1, 0<t<s<T.

By using G, the solution u of problem (1)-(2) given by (3) can be written as u(t) =

ATGNQQMQd&

Lemma 2.3 ([12]; see also [7]) The function g, given by (5) has the properties

a) g1 :[0,T] x [0,T] — Ry is a continuous function and g,(t,s) > 0 for all (t,s) €
[0,T] x [0,T].

b) g1(t,s) < g1(01(s),s), for all (t,s) € [0,T] x [0,T].

¢) For any c € (0, %),

n—1
i g(ts) 2 7o (61(s), 8), for all s € 10,7,
- T S (O7T]7
where 01(s) = s if n = 2 and 04(s) = 1_(1_%)%2 ifn >3,
T(n—12)’ s = 07



p
Lemma 2.4 ([6]) Ifa; >0 foralli=1,...,p, Zai <1,andb; >0 foralli=1,...,q,

i=1
q
sz‘<1;0<§1<"'<§p<T;O<771<"'<77q<T; then the Green’s function Gy of

i=1
the problem (1)-(2) (given by (4)) is continuous on [0,T] x [0, T] and satisfies G1(t,s) > 0
for all (t,s) € [0,T] x[0,T]. Moreover, ify € C([0,T]) satisfies y(t) > 0 for all t € [0,T],
then the unique solution u of problem (1)-(2) satisfies u(t) > 0 for all t € [0,T].

p
Lemma 2.5 ([6]) Assume that a; > 0 for alli =1,...,p, Zai <1, and b; > 0 for all

i=1
q
=1,...,q,Zbi<1,0<§1<~~-<§p<T,0<7]1<---<7]q<T. Then the Green’s

=1
function Gy of the problem (1)-(2) satisfies the inequalities
W) Gilt,s) < i(s), V(ts) € [0,T) x [0.T], where

Ji(s) 291(91(3%3)—1—% Tt (1 —ij) _|_Zb -1 - 1)]
XZazgl &i, 5) ™t (1—2%) +Za5n ! Z@g1 iy S

b) For every c € (0,7/2), we have

min  Gy(t,s) > 1 Ji(s) > 1Gi(t,s), V', se]0,T],

t€le,T—]

where v, = "1 /T™ L

p
Lemma 2.6 ([6/) Assume that a; > 0 for all i = 1,...,p, Zai <1, by > 0 for all
i=1

i =1 ,...,q,Zb <1,0<& < <E<T,0<m <---<n<T, ce (0,T/2)

and y € C(]0, T]) y(t) >0 for allt € [0,T]. Then the solution u(t), t € [0,T] of problem

(1)-(2) satisfies the inequality min w(t) > v max u(t').
tele,T—c] t'€[0,T)

We can also formulate similar results as Lemmas 2.1-2.6 above for the boundary value

problem
o™ () + h(t) =0, t € (0,T), (6)

0(0) = 3_ew(G), v(0) =-+- = v"H0) =0, o(T) =} div(p). (7)

i=1
where 0 < (1 < -+ < (. <T,¢; >0fori=1,....m,0<pr <---<p<T,d; >0 for
i=1,...,land h € C(]0,T]). We denote by As, 72, ga, 02, G2 and J, the corresponding

5



constants and functions for the problem (6)-(7) defined in a similar manner as Ay, 71, g1,

0., G and Ji, respectively.

3 Main results

In this section, we shall investigate the existence of positive solutions for our problem
(S) — (BC), under various assumptions on singular functions f and g.

We present the assumptions that we shall use in the sequel
p

(Hl)O<§1<---<§p<T,ai20foralli:1,...,p,Za,~<1,O<n1<---<nq<T,

=1

q
bi>0foralli=1,..,¢» bj<1,0<{<--<G<T,cg>0forali=1.._,r

ch<1 0<pr <- <pl<T,di20forallz':1...,Z,Zd < 1.
(H2) The functions f, g € C( (O T) x Ry,R;) and there ex1st pi € C((0,7),Ry), ¢ €

CRy,Ry),i=1,2, with0< [ pi(t)dt <oo,i=1,2,¢(0) =0, ¢2(0) =0 such that
0

ftz) <pr®)ai(x), 9t 2) <pa(t)ge(x), Vi€ (0,T), v cRy.

(H3) There exist 11, r2 € (0,00) with 7175 > 1 such that

i T
i) gio = limsup Q1(1) € [0,00); i) g5, = limsup Q2(TQ)
z—0t X R T

(H4) There exist [y, Iy € (0,00) with [l > 1 and ¢ € (0, 2) such that

=0.

i) fi =liminf inf f(t,2) € (0,00]; i) g', = liminf inf 9lt. 2) = 0.

z—00 tele,T—d xh 0o tele,T—d x2

(H5) There exist aq, as € (0,00) with ajae < 1 such that

i) ¢}, = limsup ¢ (7) € [0,00); i) g5, = limsup M —0.
T—00 T T—00 2
(H6) There exist 81, 5y € (0,00) with 5162 < 1 and ¢ € (0, g) such that
f(t. ) _ g(t,z)
D=t Bl T € Oock ) g =il ol s =

The pair of functions (u,v) € (C([0,7]) N C™((0,7))) x (C([0,T]) N C™((0,T))) is
a solution for our problem (S) — (BC) if and only if (u,v) € C([0,7]) x C([0,T]) is a

solution for the nonlinear integral equations

u(t :/ Gi(t,s)f(s,v(s))ds, t€]0,T],

/ Go(t, s)g(s,u(s))ds, te[0,T].

6



The system (8) can be written as the nonlinear integral system

/ Gh(t, s) (5,/0T02(5,T)g(7,u(7))d7) ds, te[0,T).

/0 Ga(t, s)g(s,u(s))ds, te€[0,T].

We consider the Banach space X = C([0,T]) with supremum norm ||u| = sup |u(t)]
t€[0,T]

and define the cone P C X by P ={u € X, u(t) >0, Vt € [0,T]}. For any r > 0, let
={ue C([0,7)), |lu|| <r}and 0B, ={u e C([0,T]), ||u]| =r}.
We also define the operator A: P — X by

Afu)(t) = /0 e f <s, /0 TGQ(S,T)g(T,u<T))dT) ds.

Lemma 3.1 Assume that (H1)-(H2) hold. Then A: P — P is completely continuous.

Proof. We denote « —/ Ji(s)p1(s)ds and B = / Jo(s)p2(s) ds. Using (H2), we
deduce that 0 < @ < o0 and 0 < # < oo. By Lemma 2.4 and the corresponding lemma
for G5, we get that A maps P into P.

We shall prove that A maps bounded sets into relatively compact sets. Suppose
D C P is an arbitrary bounded set. First we prove that A(D) is a bounded set. Because
D is bounded, then there exists M; > 0 such that ||u| < M; for all w € D. By the
continuity of g, there exists My > 0 such that My = sup ¢o(z). By using Lemma 2.5

LL’E[O,Ml}
for Go, for any v € D and s € [0,7], we obtain
T T
| Gals g dr < [ Gals,mpalr)as(ulr)) dr < B )
0 0
Because ¢ is continuous, there exists Mz > 0 such that M3 = sup ¢i(z). Therefore,

z€[0,8Mz]
from (9), (H2) and Lemma 2.5, we deduce

/G1t5p1 (/ G5, 7)g(r, ulr ))dT)d .
§M3/0 Ju(8)p1(s) ds = alM, Vit € [0,T]. o

So, || Au|| < aMj for all uw € D. Therefore A(D) is bounded.

In what follows, we shall prove that A(D) is equicontinuous. By using Lemma 2.2,



for all ¢ € [0, T], we have

(Au)(t) = / {91@, 9+ 3
XZ@igl(fias)_'_Ail el

X f < /OT 2(S,T)9(T,U<T)>d7') ds = W/OT [t (T — 5)"~

— Tt =) f (s TGQ(S,T)g(T,u(T))dT) ds + (nleTnl/tT R,
><f< / Gs(s,7)g(T, )dSJFALl (T — 1) (1—2@)
+;M o ]Z i (s [ s matratrar) as

e (1—2&) +Zi: i€ ]Zb/o g1(mi, ) <S,/OTGz(SJ)g(T,U(T))dT)dS-

Ay

&

Therefore, we obtain
t tn—? T — n—1 __ Tn—l t— n—2 T
(Au)'(t) = / ( 5(31 - 2)|Tn1< Sy (s, / Ga(s, )g(r, u(r)) dT) ds
0 - 0
N /T tan(T o S)nfl q
. (n=2)ITn1

f
sz:ai/Tgl(fz‘aS)f( ,
(

i=1 0




So, for any ¢t € (0,T), we deduce

|(Au)'(t)] < / t" (T — ?2:_ ;;é:l(t —5)" p(s)g1 < ; GQ(S,T)g(T7u(7-))d7—> ds
+/t tn(n£2 Ti 1 h S)Q1 ( Gz 3 7)9<T>U(T)) dr ) ds

T
sz/ov g1 7717

thT_S)n 1_|_Tn 1(t n = Q(T_S)nl
< M; (/ (n— 271 pi(s) d3+/t (n— 2T pi(s)ds

+(n_1tn2(1—262>2az/0 g1(&, s)p1(s d8+(n—1t"2< Za,)
be/ g1(ms, s)p1(s) ds)

+(”_A11)t" : iaz : / G, 7)g(r, u(r ))dT) ds

L= —All)t” ’ bz> Ep:az /Tgl (&, )p1() @ (/ Gg(s,f)g(f,u(T))dT) ds
) -

(11)

We denote

Pn=2(T — )"t 4 Tt — 5)n2 T t" (T — s)" 1
"= /0 (n—2)1T" pils) dst /t (n— gyt ()

w(t) = h(t) + (n_ltn2<1—2bl>2az/ g1(&, s)p1(s
+(n—1t”2<1_2a1)2b/0 g1(ni, $)p1(s)ds, t € (0,7T).

For the integral of the function h, by exchanging the order of integration, we obtain

after some computations

/OT h(t) dt = /OT ( 7(17’__2 ;);nil (T"; - fm) or(s)ds 1 /OT pl(sg 7(%T_—1 )s!)”l .

+/o (?n_—sir)l!Ti: pi(s)ds = ﬁ/g (T = 5)""'pa(s) ds < oo.

For the integral of the function u, we have

<> [ o) omo)ds + T (1 - Z) S2b [ a9 sm(s)ds

X /0 (T — 5)" 'pi(s)ds < <.



We deduce that g € L'(0,T). Thus for any given ty, t, € [0,1] with ¢; < ¢, and
u € D, by (11), we obtain

|(Au)(t1) = (Au)(tz)] =

/ ® (w0 dt‘ < M, / ® (13)

t t

From (12), (13) and absolute continuity of the integral function, we obtain that A(D)
is equicontinuous. This conclusion together with (10) and Ascoli-Arzela theorem yields
that A(D) is relatively compact. Therefore A is a compact operator.

By using similar arguments as those used in the proof of Lemma 2.4 from [14], we
can show that A is continuous on P. Therefore A : P — P is completely continuous. O

For c € (0, %), we define the cone

={ueX, u(t)>0, Vt€[0,7], min u(t) > v|ull},

tele,T—c]

where v = min{vy1,7}, 71 and 7 are given in Section 2. Under the assumptions (H1),
(H2), we have A(P) C Fy. Indeed, for u € P, let v = A(u). By Lemma 2.6, we have
mingeer—q v(t) > yi|lv|| = vljv||, that is v € F,.

Theorem 3.1 Assume that (H1)— (H4) hold. Then the problem (S)— (BC) has at least
one positive solution (u(t),v(t)), t € [0,T].

Proof. We consider the cone Py with ¢ given in (H4). From (H3) i) and (H2), we
deduce that there exists C; > 0 such that

q(x) < Cia™, Yz el0,1]. (14)

From (H3) ii) and (H2), for Cy = min {(1 /(Crafn)Y™ 1 /5} > 0 with a, 3 defined
in the proof of Lemma 3.1, we deduce that there exists d; € (0, 1) such that

@a(x) < Cox™, Y €|0,d]. (15)
From (15), (H2) and Lemma 2.5, for any u € @Bs, N Py and s € [0, T], we obtain
/OT Gols, 7)g(r,u(r)) dr < C /OT To(P)pa(r) dr - [ul]? = CoB87 < 672 < 1. (16)
By using (14)-(16) and (H2), for any u € dBs, N Py and t € [0,T], we obtain
(Au)(t) <cl/ Gr(t, s)pr (s (/ (s, 7)g(r ulr ))dr)rl ds
<01/ it $)pa (s (cz/ G5, P)pa(r) (u(7))" dr) s
<o [ nemeds (¢ [ non W)m Jall < .
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Therefore
| Au|| < ||ul|, Yu € dBs, N F. (17)

From (H4) i), we deduce that there exist C5 > 0 and z; > 0 such that

ft,x) > Csa, Yo >y, Y€ e, T~ d. (18)
T—c
We consider now Cy = max { (7127262) 7%, (Csy175 7111260,05 ) ~V/1} > 0, where 6, :/ Ji(s)ds

> 0 and 0y = /T_C J2(s)ds > 0. From (H4) ii), we deduce that there exists xo > 1 such
that ‘
g(t,x) > Cya?, Vo >ay, Vte[ce,T —d. (19)
Now we choose Ry = max{z,z2} and R > max {Ro/'y, Ré/lz}. Then for any u €
0Br N Py, we have tel[?jiTric} u(t) > v|lul]l = vR > Ry.
By using (18) and (19), for any uw € 9Br N Py and s € [¢, T — ¢|, we obtain

T T—c

/ Go(5,7)9(r, u(r)) dr > 1:C / Jo(r) ()2 dr
0 T—e c

> 72047l2/ Jo(7)dr - ||ul|®® > ||ul|* = R"= > R.

Then for any uw € 0Bgr N Py and t € [¢, T — ¢, we have
T—c T
(Au)(t) 2/ Gi(t,s)f (s,/ GQ(S,T)Q(T,U(T))dT) ds
T—c ‘ T—c 0 5
> Cg/ G1(t, s) (72/ Jo(7)Cy(u(r))" dT) ds

51

T—c T—c
> escib [ Gt sy ) ( / J2<r>df) s

¢ T—c T—c 51
> CyClinbigy i (/ J1<s>ds) (/ mw) o > .

Therefore we obtain
[Aull > [[ul], YuedBrN K. (20)
By (17), (20) and Theorem 1.1 i), we obtain that A has a fixed point u; € (Bg\ Bs,)N
Py, that is §; < ||lug|| < R. Let vy (t) = /T Go(t,s)g(s,ui(s))ds. Then (uy,v1) € Py x Py
is a solution of (S) — (BC). In additionOHle > 0. Indeed, if we suppose that v,(t) = 0
for all ¢t € [0, 7], then by using (H2) we have f(s,vi(s)) = f(s,0) =0 for all s € [0,T].
This implies uy(t) = 0 for all £ € [0, 7], which contradicts ||u,|| > 0. By using Theorem

1.1 from [13] (see [1]), we obtain u;(t) > 0 and v;(¢t) > 0 for all ¢ € (0,7 — ¢|. The proof
of Theorem 3.1 is completed. O
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Theorem 3.2 Assume that (H1), (H2), (H5) and (H6) hold. Then the problem (S) —
(BC) has at least one positive solution (u(t),v(t)), t € [0,T].

Proof. We consider the cone Py with ¢ given in (H6). By (H5) i) we deduce that
there exist C's > 0 and Cg > 0 such that

@ (x) < Cs2 + Cg, Vo €0,00). (21)

From (H5) ii), for g9 > 0, g < (221C5a3*1) /', we deduce that there exists C7 > 0
such that
@2(7) < goz® 4+ Cq, Yz € [0,00). (22)

By using (21), (22) and (H2), for any u € P, we obtain

it < [ Gt ([ s ot utmyar) s
< Cs /OT G1(t, s)p1(s) (/OT Ga(s,7)g(T,u(T)) dT) h ds + Cg /OT J1(s)p1(s)ds

aq

T T

< 05/ J1(8)p1(s)ds (/ Jo(T)pa(T) dT) (eo|ul]® + C7)*" + aCy
0 0

< C52%eq afot ||ul| 192 + C52*1 af C2 + aCy, Vit € [0,T].

By definition of ¢j, we can choose sufficiently large R; > 0 such that
|Au|| < ||ull, Yu € 0Bg, N P. (23)

From (H6) i), we deduce that there exist positive constants Cs > 0 and x5 > 0
such that f(t,z) > CgaPt, for all x € [0,23] and t € [¢,T — c]. From (H6) ii), for ; =
(08717517515201951) e > 0, we deduce that there exists x4 > 0 such that g(¢, z) > g2
for all z € [0, 4] and ¢ € [¢, T — .

We consider x5 = min{xs,z4}. So we obtain
ft,x) > Cea™, g(t,z) > 2™, V(t,z) € le,T —c] x [0, x5). (24)

From assumption ¢2(0) = 0 and the continuity of g2, we deduce that there exists
sufficiently small g5 € (0, min{xs, 1}) such that gu(z) < 7 a5 for all z € [0, &3).
Therefore for any u € 9B., N Py and s € [0, 7], we have

/o Go(s,7)g(T,u(r))dr < B_1x5/ Jo(T)po(T) dT = 5. (25)

0
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By (24), (25), Lemma 2.5 and Lemma 2.6, for any t € [¢,T — ¢], we have

T—c

(AU)(t) Z Cg Gl(t, S) <

T—c

c c Gz(s,f)g(r,u(f))df)ﬁl ds
> Csn / ) [(6172)’81 ( / T ) () dT)ﬁll ds

> Csyiy ey 70,05 [ull % = [Jul|.

Therefore
| Au|| > ||lu|l, Yu € 0B, N P. (26)

By (23), (26) and Theorem 1.1 ii), we deduce that A has at least one fixed point

uy € (Bg, \ B.,) N Py. Then our problem (S) — (BC) has at least one positive solution

T

(ug,v9) € Py x Py where vq(t) = / Gso(t, s)g(s,u(s)) ds. The proof of Theorem 3.2 is
0

completed. O
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