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Transform of various Random Noises in sequences of proved
random numbers

Abstract : In a previous paper, we have shown how to obtain sequences of numbers proved
random. By using Fibonacci congruences, we transformed sequences of noises ¥, such that the
conditional probabilities have Lipschitz coefficients not too large. Then, we obtained sequences x,
which admitted the ITD model for correct model, i.e. Fibonacci congruences behave as extractors.
This method allowed to value the CD-ROM of Marsaglia. But we did not use Rap Music (as
Marsaglia), but texts files. In this paper, we show that this technique can be applied for a vast
majority of possible noises. In order to prove this, we shall provide all finite sequences of random
variables with a well chosen measure. Then, with a probability very close to 1, the functions of
Fibonacci are very good extractors. It is therefore a very efficient method to obtain sequences
proved IID from almost any sequence of noises.

Key Words : Fibonacci sequence, Random numbers, Dependence, Correct models, Higher
order correlation coefficients, Extractors.

1 Introduction

1.1 Random generators

To have IID random number ! one can use pseudo-random generators. But it is admitted that
they will never provide really random sequence : ” Any one who considers arithmetical methods of
producing random digits is, of course, in a state of sin” (John Von Neumann, 1951). Then, in order
to eliminate this defect one has created machines and chips that produce random noises. These
Hardware-based random bit generators exploit the randomness which occurs in some physical
phenomena. But they have various problems.

Thus, a true random bit generator requires a physical sources of randomness. But, in [3],
it is written ”Designing a hardware device or software program to exploit this randomness and
produce a bit sequence that is free of biases and correlation is a difficult task. Moreover, random
bit generators based on natural sources of randomness are subject to influence by external factors,
and also to malfunctions. It is imperative that such devices be tested periodically”.

Indeed, the major defect of all these systems is that there can be correlations and bias in the
generated sequences. The underlying physical process can be random. But there are many mea-
suring devices between the digital part of the computer and the physical device. These intruments
can thus introduce bias and correlations (cf [4] ch 17.14 Bias and Correlation).

1By abuse of language, we will call ”TID sequence” (Independent Identically Distributed) the sequences of random
numbers.
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One removes these bias and these linear correlations by various mathematical transformations
using theory of extractors ([18], [19], [21], [26], [23], [24], [25], [26], [27], [28], [29], [30], [31],[32],
[33], [34], [35], [36]).

However, the linear correlation is only one of the possible correlation. There exists correlations
of higher order (quadratic cubic, etc : cf [5]). If there are bits, the correlations of higher order
are the multilinear correlations between 3,4,5,..... bits. If one does not remove the correlations of
higher order, one will not have independence.

All these reasons explain that it is difficult to do IID the sequences provided by the machines.

In order to remedy these defects Marsaglia has created a CD Rom by mixing modulo 1, Rap
Music, a sequence furnished by a machine and a good pseudo random generator. This method
gives good results because of the properties of this type of mixture (cf [15]) and perhaps even the
sequence of this CD-ROM is really random. But if so, it is important to be sure of it. However,
it seems difficult to know it (cf [7]).

However, in [12] and [13], we found a way to bring out the method of Marsaglia : to transform
the sequence of Marsaglia by using a congruence of Fibonacci. Indeed, we have proved that the
sequence so obtained admits the IID model as correct model. In order to build this sequence,
we did not use Rap Music as Marsaglia, but texts because their properties are easier to study
logically. Furthermore we have not chosen the definitions of random real numbers which are still
subject to many questions including philosophical questions (cf [1]), but the existence of a correct
model which is the basic postulate of many scientific studies.

This method meets the technical of extractors. Indeed, the extractors can solve the following
problem posed by Von Neumann: being given a physical source producing random bits whose
distribution is unknown, how, by applying a deterministic algorithm, can we produce bits equally
distributed, with a prescribed accuracy? The deterministic algorithm is a function E: {0,1} —
{0,1}"". The source is a random variable X with values in {0,1} for which only the law plays a
role. The generator of random bits obtained is the random variable F o X. What interests us is its
distribution. Traditionally, to define the precision we use the distance to the uniform distribution
U: dist(p,v) = >, |p(x) — v(z)| where p and v are two probability measures on a finite set. In
other words, the problem is to find E such that dist dist(Ep,U) is small for all measures p of a
family as large as possible. We then see easily that Fibonacci functions are extractors applied to
some distributions which have good properties.

Now, one would like to apply this technique using Fibonacci functions to other noises, for
example numbers provided by machines and chips. Unfortunately, our method requires that the
conditional probabilities have Lipschitz coefficients not too large and it is not certain that this
is checked by the numbers provided by the machines or chips. Then, one can think to use the
Central Limit Theorem in order that this condition is checked. We treat this problem elsewhere.

Now we can also show that the technique used is valid in many other cases than distributions
with Lipschitz cofficients not too large: it is the aim of this paper.

1.2 Fibonacci Congruence and Random Numbers

Linear congruences T"(z) = o’z mod (m’) are often used as pseudo-random generators. In this
case, we choose a and m so that successive pseudorandom numbers, 7" (z) and T""*!(x), behave
as independent (cf [1] [16]). Now, in [12] we understood that the Fibonacci congruences ensure
the best independence of two successive numbers 7""(x) and 7" (x).

Definition 1.1 The congruence T'(x) = ax modulo m is a Fibonacci congruence if there exists
n1 € N, ny > 3, such that m = fi,, and a = fi,,—1 when fi, is the sequence of Fibonacci :
fi1 = fiao =1 and finy1 = fin+ fin—1. In this paper, we denote by T the Fibonacci congruences.

Then, by using them one can build IID sequences by transforming some random noise 2 ob-
tained from texts y, € {0/m,1/m,....,(m —1)/m}, n=1,2,....N.

2There are several terminology to mean the properties which must have the sequences y,,. In [23], Shaltiel speaks
about ”sources of randomness”. Santha and Vazirani speaks about semi random sources or slightly random source :



Definition 1.2 Let ¢ € N*. Let T be_a congruence of Fibonacci. We define the congruential
Junction of Fibonacci Ty by Ty = PryoT € [0,1] where

1) T(z) = T(xm)/m, when Z = z modulo m and 0 <% < m if z € Z,

2) Prqy(z) = 0,b1b2....by when z = 0,b1bs... is the binary writing of z.

1.3 Application to random variables which have continuous densities

Let Y, n=1,2,....,N, be a sequence of random variables taking values in {0/m, 1/m,.....,(m—1)/m}
and defined defined on a probability space (2,4, P). And let be y, = Y,(w), n=1,2,...,N, be a
realization of Y,,. Because Y,, has discrete values, we can always assume that Y,, has a continuous
density.

Notations 1.3 Let u,, be the measure defined by pm(k/m) = 1/m for all k € {0,1,...,m — 1}.
For all permutation ¢ of {1,2,...,N}, for alln € {1,2,...,N}, for all yi,v5,....,YN_1, we denote
by fro (Y1, Yas s, Y1) the conditional density with respect to pim of Yyn) given Yg,—1) =
/ — — )
Y15 Y(n—2) = Ya5 s Yo(n—N+1) = Yn_1-
Because Y, is discrete, we can also assume that f,, 4(.|y], Y5, ....) has a Lipschitz coeflicient

smaller than m? because |y — ya2| > 1/m for all y1,y2, € {0/m,1/m,......(m — 1)/m} if y1 # y2
a0d 0 < fog(Jyhyhy ) < 0.

Notations 1.4 We denote by Ko < m? a constant such that, for all permutation ¢ of {1,2, ..., N},

foralln € {1,2,..., N}, for all yi, 4, ... Yn—1> | fr, oWV Yhs oo Un—1) = Froo (U 1015 Y25 o Un—1)] <
KO|ZJ - y,| fOT all Y, y7; yllayé; """

Then, our hypothesis is that Ky is not too large. Indeed, we shall choose random noises ¥,
such that the following assumption holds.

Hypothesis 1 We suppose that Ko > 1 and that v(m)N Ky29/m is small 3 where v(m) is of the
order of log(log(m)) .

Then, conditional probabilities of Y,, check P{Ty(Yy(n)) = o | Y1) = U1, Yon2) = Yhs -} =
(1/29)[1 + O(1)e] where |e| < y(m)NKy2?/m. Indeed we proved in [13] the following theorem.

Theorem 1 We keep the previous notations and assumptions. We assume m/Ko >> 1. Let
X, =Ty(Yy) and z,, = Ty(yn). Then, for all subsets Bo C {0/2%,1/29,...., (29 — 1) /29}V,

OV (1)N K,
m/24 ’

P{(X1,...,Xn) € Bo} = L(Bo) {1 4 2m)

where L is the measure corresponding to the Borel measure in the case of discrete space and where
70b(.)” and ”0Ob’(.)” means the classical ”O(.)” with the additional condition : |Ob(1)] < 1 and
OV (1)] <1+ |f| when f~0.

If we choose m and q such that |e| is small, then T} is an e-extractor in the class of functions
which have Lipchitz coefficients not too large. We recall that a e-extractor E for a distribution B
over {0,1}" is a function {0,1}" — {0,1}™, n > M, such that |P{E(B) € Bo} — P{U € Bo}| < e
for all Borel set Bo when U has the uniform distribution on {0,1}*. Clearly this definition can
be extended by a natural way to the case {0,1,....,m —1}* — {0,1,....,2¢ — 1}¥. Then, functions
T, can be regarded as extractors.

Now, if € is small enough, then z,, cannot be differentiated with an IID sequence. Indeed, it is
wellknown that, for a sample x,,, n=1,2,.....N; there is an infinity of correct models : in particular,
if z,, is a sample of an IID sequence, models such that P{(X7, ...., Xn) € Bo} = L(Bo)[1+Ob(1)e]

[19]. We can also say that y, is not completely deterministic. Lastly, we say that y,, is the realization of a random
phenomenon generally non 11D
3For example (m)NKo29/m = 1/1000



are correct also. Reciprocally, if z, is a realization of X,, when X,, checks P{(Xy,....,Xn) €
Bo} = L(Bo)[1 + Ob(1)¢], the model IID is also a correct model for the sequence .

Thus, in [13], we proved that the IID model is a correct model for the sequences x,. As a
matter of fact, there exists even another correct model Y,% of y,, such that T,(Y,0) is exactly the
IID sequence (cf also Section 3.3).

By this way, we obtained a sequence z,, which we have tested and such that the model IID
is a correct model. This means that, a priori, this sequence x, behave as an IID sequence. It
is always possible that it does not satisfy certain tests. But that occurs only with a very weak
probability as we know that it is the case for samples of sequences of IID random variables.

1.4 General case

We shall now see that for almost all distributions over {0/m,1/m,....,(m — 1)/m}*", functions
T, transforms associated random variables in approximately IID sequences. For this purpose, we
need a measure over all distributions.

1.4.1 Definition of a measure on the set of distributions

Notations 1.5 Let m € N*. Let Q4 = {0/m,1/m,....,(m — 1)/m} . One considers the prob-
abilities spaces (Q{V,A, Py) where 8 € © and where O is a set which allows to define all possible
probabilities over Q4.

Moreover, we set pgh__WN = Po{(y1,---»yn)}-

For example, if N=1, one can choose © by the following way : © = {9y1 € [0, 1” my; € {0,1,...,m—
1}} Then, for all my, € {0,1,...,m — 1} for s=1,...,.N, we define Py{ys} by

0
(7 Ys

Py, = (1)

v Zmyl €{0,...., m—1} 9?/1

Now, one can also use random variables.

Notations 1.6 We denote Y,? the random variables defined on (4, A, Py), 0 € © : (Y, ..., Y] =
(Y1, ..., Yn). In this case, we set pff = Pp{(Y1,.... YN) = (Y1, -, yN)}.

As a matter of fact, we use the notation YT? instead of Y,, in order to know which probability Py
is used.

It is clear that to use Y,? or Pj is equivalent in terms of definition. For example, in the case m
= 2, this is the easiest way to define the game of heads or tails : {0, 1}" +— {0,1}.

More generally, we prefer to use the random variables because they have more simple notations
in order to translate the transformations. Thus one can easily note operations on Yf , what we do
in this article with functions T, (Y,?).

Remember also that you can take other definitions of Y;Y and Py by taking space €2 more
complicated.

XY is an IID sequence with a margin of
n=1,....N. We will first define it

In order to show that for almost all sequences Y,

€., we need a measure on the space of all possible sequences Y/,
when N = 1.

Notations 1.7 Suppose N=1. Suppose that, for all y € {0/m,1/m,.....,(m — 1)/m}, pz =

0

m,pluz —, where puz is a realization of an IID sequence of random variables P, defined on a
i=0 PUi/m

probability space (2my, Algey, Probay) : for ally € {0/m,1/m,....,(m—1)/m}, puz(“’l) = Py(w1),
w1 € Omy.



This definition is equivalent to that of a measure about the Y,!’s : for all y € {0/m,1/m, ...., (m —

1)/m}, Proba;{wy |puy(w1)

chosen randomly.

€ [a,b]} = b— a. So, with this measure, we consider that the pug’s are

By using notations of equation 1 puz(/“:é) = Ok+1(w1). Therefore, the probability Proba; defines

a measure mes; over the set of 6 € © : mes, (0 € A1) = Proba;(wy € &) when 6(&;) = A;. Thus,

mesl{ﬁ € @’(91/,” € [ay,b1], coeeene yOm—1)/m € [am,bm])}
= Probal{wl S Ql|(pu1/f;) € [ay, 1], oeeen. ,pu?frfl)l)/m [am,bm])} = li[l(bs —as)

One can easily extend these notations to the general case where N > 1 (cf section 4.4) by
taking into account the marginal probabilities. Then, one has a measure Probay over the set of
probabilities py 6 € O, defined on a probability space (Qmy, Algen, Probay)

1.4.2 Justification of the choice of the measure

By its definition, Probay is a measure expressing the fact that probabilities can be chosen at
random. This measure adapts well to the study of X! = T,(Y,%). For example, let us choose
simple texts y, °. We will see in section 4.1 that there is no relationship neither logical nor
empirical between sequences y,, and sets {v,} = T, ' (k/29).

That means that, for example, P{T;'(k/29)} = >, P{7s} where the P{y}’s behave like
probabilities randomly selected in the sets {P{Y,, = y.}|s = 1,2,...} where ¢ € {0,1,....,(m —
1)}/m. Now, this is exactly like that that measure Probay is defined. Then, the choice of this
measure is relevant for the functions 7. More generally, we shall see that this reasoning is also
valid for all extractors.

1.4.3 Main theorem

Now, with the measure Probay for the vast majority of distributions Y,!, T,(Y,?) is close to the
IID distribution : we shall prove in section 4 the following theorem

Theorem 2 We suppose m >> 29 >> 1. We set Px, (Bo) = P{(X1,...., Xn) € Bo}. Then,

_I(Bo 2y/[Log(N) + q]N324L(Bo) _2\/§.N6_L°9(N)N/26_Nq/2
PmbaN{ Q {nyn (Bo)—L(Bo)| < N }} >1 NPT G

Remark 1.1 We set e = ) [Log(\]/V%Jrq]NQq

. Then, of course,

N {‘PXg(wa) (Bo) — L(Bo)| < e.L(Bo)}

Bo
_ {wa e QmN‘ ‘P{(Xf(“’“), oy X0y Bo} - L(Bo)‘ < e.L(Bo) VBO} .

For example |Px, ({k}) — ({k})u 0.000008418/233N with a probability larger than 1 —
e~1012610 in Omy when m = O(4 % 10%%), ¢ = 33, N = 10°, k = (k1 /233, ..., kn /2%3).

We deduce from this theorem that for the vast majority of models Yne of y,, there exists a
model Y,% of y,, close to Y,? such that T, (Y,%) has the IID distribution.

4Let us notice well that Qmy is completely different of  : Q is the probability space over which the sequences
Y,? are defined while Qmpy is useful in order to estimate the probability that a sequence XfL is close to an IID
sequence.

5And not modified as we did in [13].



Theorem 2 means that there is no need that Y,! has a Lipchitz coefficient not too large in
order that Tj(y,) can be regarded as a sample of an IID sequence. This result can be confirmed
by tests. Thus, for simple texts, tests clearly confirm randomness.

Then, one understands easily that Fibonacci functions are extractors applied to some distri-
butions which have good properties.

1.5 Detailed results.

We have carried out many numerical and mathematical studies in order to obtain the results of
this paper. We cannot detail them here. Most these results are in [7], [8], [10] and [11].

2 Fibonacci congruences

We are interested in the dependence of two successive random numbers of a linear congruence
T'(x) = ax mod (m). In [11], we understood that this dependence depends on sequences r,
defined as follows.

Notations 2.1 Letrg =m, r1 = a. If n € N*, one denotes by r, € N and h,, € N* the sequences
defined by recurence by the Euclidean division of ry, by ry41 when rpy1 7# 00 7y = hpg1Tnt1+Tnt2,
Tnta < Tny1. Moreover, one denotes by d the smallest integer such as rqg11 = 0.

Remark 2.1 By induction we know ry, and rn41. Then, hpy1 and rpyo are fully defined by the
Euclidean division of ry, by rpy1.

Then, dependence is weaker if the h; ’s are small (cf [12]). So the congruence which provides
the best independence is such that h; = 1 (except for the two last terms). It is the Fibonacci
congruence : r, is the Fibonacci sequence fi, : m =1rg = finy4+1, ¢ =71 = fing, "2 = fing—1,----
(cf[12] or [11]).

Therefore it’s with Fibonacci congruences that dependence is the weakest. In particular, let
I=c,d|N{0,1,....m—1} where ¢,¢’ € {0,1,.....,m—1}. Let k™, n=1,2,..,¢’-c, be the permutation
of {¢,c+1,...,¢/ — 1} such that Tﬁl(kl) < T 'k < Tﬁl(kg) < e < Tﬁl(kc/_c). Then,
|T_1(k7’)/m —r/N(I)| < ¢(m)/N(I), where p(m) is the order of Log(Log(m)) and where N(I) =
¢ — ¢ (cf [12]). Then, we set v(m) = [2+ ¢(m)] : cf Hypothesis 1.

3 Models e-equivalent

3.1 Correct models

One can always suppose that y, is the realization of a sequence of random variables Y,, defined
on a probability space (2,4, P) : y, = Y,(w), w € Q, where Y,, is a correct model of y,,. As a
matter of fact, there exist an infinity of correct models Y, of y,, ©.

It thus raises the question to define what is a correct model. Indeed, if a model Y, is not
correct, it is however possible that y, = Y,?(w). Now, in the case where the model V! is IID,
to say that Y, is correct amounts to say that the sequence of real numbers vy, is IID. But this
problem is a very complex problem which needs mathematical logic and philosophical concepts
and which has never been completely resolved: various definitions were given by different authors
and none is truly satisfactory (cf [1]). It is therefore clear that we cannot in a few lines give a
satisfactory solution for everybody.

6There are m? sequences yn, : (y1 = k1/m, ....,yn = kn/m)} while there is a not countable infinity of models
P{(Y1 =ki/m,....YN =kN/M)} = Diy,... kin-



However, it is admitted generally that correct models exists. In fact, it is a traditional as-
sumption in science. Then, the most simple way is to admit it like a postulate without defining
exactly what is a correct model (as it is admitted that IID numbers exist) : cf [10]. However, in
this article we will require that the proposition 3.2 is valid. Then, the simplest way is to admit
the following conjecture.

Conjecture 3.1 There are models called correct models such that the proposition 3.2 is checked

It is certain that correct models defined by this way exist 7. But, as a matter of fact, there is no
indication that a such correct model has the sense which we usually think to give to it. Let us
suppose therefore that it is the case (cf [10]).

Therefore, we do not detail more here what we can define as correct model. Note however
that the ITID correct models differ from the usual definitions of random sequences of numbers :
the latest one concern sequences of real numbers while the correct models use random variables.
However as regards the randomness of T, (yy,), in [7], we demonstrated in 2010 that these sequences
checked the definitions of random numbers give by Knuth in [1], but translated in terms of models.

Now we can give empirical definitions. They have the default to represent not exactly what is
meant by correct models. We can realize it in [10] where we made a first study of this concept.
For example one can use functions of chi square.

Example 3.1 Let 7y be a test in order to know if a sequence y, admits a random sequence Yy,
n=1,2,....,n5 as model. One could say that Y, is a correct model if the test is accepted.

Note that the test can be more complicated than an usual chi-square test based on a statistic
of type 3=, (L&, (yn) — P{E})Q. One can for example also tests at the same time distribution of ¥,
and dependence of order 2 with - (1, (yn) — P{Es})2 +> . (Mg, (yn)Es(yn) — P{Es © Et})2.
Etc. We can therefore get extremely sophisticated tests, but theoretical, because the distributions
of statistics can be very difficult to obtain. But, thus, we can test almost all theoretically possible
dependences.

Of course, to check all the required conditions is extremely difficult in order to define only the
IID model (cf [1], [7]). One can easily imagine the complications which will occur for some models
which in addition, have their distribution unknown.

This is why it is easier to say that there are correct models without defining more them. Now,
it is necessary that proposition 3.2 is checked. But we can assume that it is the case because it is
very natural. We will see why now.

Note that a more detailed study is in [10].

3.2 Equivalent Models

3.2.1 The problem

Let Y2 and Y,* be two sequences of random variables such that, for all Borel set Bo,
P{(Y{*,...,Y?) € Bo} = P{(Y{", ..., Y") € Bo}[1+ Ob(1)e] .

One supposes that Yne1 is a correct model of the sequence y,,, n=1,2,....,N. One wants to show
that Y,%2 is also a correct model of y, if € is small enough.

"It suffices to take as correct models, all models Y,?



3.2.2 The problem of the definition

Of course in order to prove that Y, is a correct model, it would require a definition of a correct
model. Now we said that the easiest way is to admit the existence of correct model without giving
a definition. Yet, even without precise definition, it is also an extremely plausible conjecture: thus,
the theory of extractors uses models e-close : ’P{(be, ...... 7Y]\"}z) € Bo} — P{(Yf)l, ...... ,ij,l) €
Bo}| < ¢ (but with less emphasis about the statistical aspect, although this one is implicit in this
definition). In fact, it suffices to study examples to be convinced of the validity of this conjecture
(cf also [10]).

3.2.3 Example

Let us suppose that we have a really IID sequence of random variables X, with uniform distribution
on [0,1/2] and [1/2,1] and with a probability such as P{X € [1/2,1]} = 0,500[1 + €] where
e = 0,001. Then, this sequence has not the uniform distribution on [0,1]. However, if we have a
sample with size 10, we will absolutely not understand that X has not the uniform distribution
on [0,1]. Tt is wellknown that one needs samples with size larger than N=1000 minimum in order
to test this difference.

For example, one cannot test significantly Hy : ”X? has the uniform distribution” against
Hi(e) : "P{X? € Bo} = L(Bo)[1 4+ Ob(1)e] ” if VN ¢ < 1/10. Indeed, if vV’ N € = 1/10 and
b=2, the probability of obtaining Zg:l[l“%xs)_l/m > 2 is about 0.0466 under H;(e) and about
0.0455 under Hy : i.e. the probability of rejecting the assumption IID, Hy, under H;(e) is not
much bigger than that of rejecting Hy if X? is really IID (cf also section 4.3 of [10]).

Then it is no possible to differentiate the IID model and models such that P{(X{,..... X%) €
Bo} = L(Bo)[1 + Ob(1)e].

3.2.4 Border of correct models

Now there is a problem : for example, let use a realization x,, of the IID model, and let X% be
a model checking P{(X", .y XY € Bo} = L(Bo)[1 + Ob(1)€'] where ¢ is small enough but
not very small. Let X% be a model such that P{(XfZ,....7X]9\}") € Bo} = P{(X], ... X)) €
Bo}[1+4 Ob(1)e]. Then, X’ can be not a correct model of z,, : it is enough that ¢! is in extreme
case of the possible values of the €’s such that P{(X?,...,X%) € Bo} = L(Bo)[l + Ob(1)e],
suppo(Ob(1)) = 1, imply that X? is a correct model.

Then, there are models of y,, more correct than others. These are models Y,% of y,, such that,
it P{(Y?,...,Y{) € Bo} = P{(K907...,YJ$0) € Bo}[1 + Ob(1)e], Y;? is also a correct model of ¥,
when € is small enough, but not too small. For example, e = 1/10, 1/100 or at worst e = 1/N if
need be (cf section 5-7 of [11]).

It seems clear that such models exist. For example it is assumed that this is the case when
xp, is sample of the independent sequence Xy, which is a good realization of X;. On the other
hand, we know that there exist estimates of models (these estimates are easier to calculate in some
cases as texts). Then, we can choose as model Y1, the model provided by these estimates : close
models will also correct models.

All these points are detailed in [10].

3.3 Exact IID model

Then, generally, if Y, is a correct model such that T, (Y,?) cannot be differentiated with the IID
model, one will be able to choose another correct model Y,% close to Y,? and such that T, (Y,%°) is
exactly the IID model. Indeed, in [10], one proved easily the following proposition.

Proposition 3.2 One assumes that m is large enough. Let Y.< be a correct model of the sequence
Yn. One assumes that there exists ey > 0 such that if Y9 is a model satisfying, for all Borel set



Bo, P{(Y{,.....Y{) € Bo} = P{(Y{", ... Y}*) € Bo}[1+ Ob(1)ey], then Y is a correct model
of Yn.-

One assumes also that, for all (ky,.....,kn), P{{Tq(YfC) = k1 /293N T, (Yie) = kn/21}} =
2L%N[l + ek, kn (Q)], where supk, ... knl€ky.....kn (@) = €x(q). One assumes that ex(q) is increas-
ing, that ex(1) << ey and that there exists ¢ € N* such that ex(q1) is small enough.

Then, there exists qo € N* and a correct model on of the sequence {yn}n=1,.. n such that, for
all (ky,.....,kn),

1

P{{T, (YY) = k1/29} N ...... N {T (YR0) = kn/27}} = -

3.4 Discussion about the definitions of random sequence

The results and the above considerations are sufficient to ensure that the sequence of IID random
variables is a correct model of z,,.

This avoids any complications due to the extremely sophisticated definitions of a random
sequence of real numbers (cf [1]). It’s better this way. Indeed, these definitions are sometimes
contradictory, and some philosophical definitions are incompatible with the statistical reality (a
detailed study is in [7]). Thus one of these definitions implies that there is no finite random
sequence (cf [1]). We avoid discussions related to this problem by saying that the IID model
U, €{0,1,...,29 — 1}/24, n=1,2,....N, is a correct model of the sequence x,, . However, one can
also note that the results obtained are compatible with other definitions of random sequences of
real number quoted in [1] (cf also [7]).

In conclusion the technique used here avoids these problems of definition because it admits
as a conjecture the existence of correct models and e-equivalent models, assumptions which are
extremely likely. A more detailed study of all these problems is in [7] and [10]. But of course it
can not fully answer such complex problems which are discussed for many years.

4 Introduction of a measure over the set of probabilities

4.1 Sums of probabilities randomly chosen
In [13], we saw that if we assume that Ky is not too large P{T,(Y,}) = k/21|Y} . = ¢/, s =

1,..,p} = Z'Ysegk P{Y! =~,|YP =9yl s =1,.,p} =~ 1/27 where Gy = {71,72,....} =T 1(mlkﬂ
{0,1,...,m —1})/m. We proved this result by an approximation of the Riemann integration. But
it is enough to read the proof in order to see that this sum behaves like a sum randomly chosen
and that there is no need of the hypothesis ” Ky not too large” (cf section 5).

This method can be applied as soon as » 7. ¢ P{Y? =~,|Y? . =vy.,s=1,.,p} behaves as
sums randomly chosen (cf section 5). It will be shown below that it is generally the case for the
vast majority of models. To prove this, we need a measure on all models Y,? which takes account
of this fact.

4.2 One dimensional case

Therefore, we will define a measure on all models Y,?, which is equivalent to defining a measure
on the set of associated probabilities.

8This may indeed at first sight contradictory to the definition quoted just before: some logicians have worried
about this contradiction. But the answer is simple: our result is valid for some definition (statistical) and not others
(philosophical). Note also that to use sequences of random variables is more reasonable than using the philosophical
definition about real numbers : one can not deny the existence of a sequence of random variables U,, (because of
philosophical definition ) without declaring that many of the statistics would be unfounded because based precisely
on the study of sequences U, : the theory of statistics began with the study of sequences of numbers such as
sequences of dice. Another remark: the philosophical definition concerned implies that an infinite sequence might
be random, whereas none of its finite subsequences would be it, what is a shocking concept of randomness.



Notations 4.1 For all 6 € ©, for all (y1,y2,¥3,-,yn) € {0/m,1/m,....... J(m—1)/m}N, we set
P = PUHYY =0} 0{YY =g} 0o {YR = yn} )

....... N

Then, we shall use a measure of the set of the pzh + 8 where the probabilities are chosen

...... Y
randomly.
For example, if N=1, we have supposed that, for all y € {0/m,1/m,....,(m — 1)/m}, pf/ =
o
puy

=145, where pug is a realization of an IID sequence of random variables P, defined on a
i=0 i/m

probability space (Qmg,.Alger, Probay).

By this way, one provides the set of the pz with a measure : i.e. the set of possible probabil-
ities pz is itself the realization of a sequence of random variables defined on a probability space.
Therefore, in this paper, one thus uses two type of probability spaces : €2 and Qmpy. On 2, one
defines the random variables associated with the sample y,, : y, = Y,/ (w), w € Q. On Qm;, one

defines a measure intended for knowing the quantity of probability pz such that 7,(Y;?) will be

close to the IID model : pz(wl) = %, wy € Qmy.

4.3 Two dimensional case

If N > 2, it is necessary to take in account the marginal distributions. For example, if N=2 we
have to consider that Zm pzl,y(z = pz , where the pz ,’s mean the probabilities of the first marginal
distribution. With this aim, we have introduced following notations.

Notations 4.2 For all (y1,y2) € {0/m,1/m,....,(m — 1)/m}?, we set

6
0 Plyy,yn
pu m—1 )
v Zig:() puyl.iz/rn

P{(Yloa}/;) = (yl,yZ)} = p?0117y2 = m—1 P
Zh:O puil/m

where {puz}mye{oyl ’’’’’’ m—1} 8 a sample of an IID sequence of random variables P, defined on a

probability space (ma, Algea, Probas) : puz(wz) = Py(w2) for ally € {0/m,1/m,....,(m—1)/m}.

We assume also that, for each vy, {puz,y/}my’e{o,l,....,m—l} 1s a sample of an IID sequence of ran-

dom variables Py, y' € {0/m,1/m,....,(m —1)/m}, defined on Qmy : pu,flf;j,z) =Py (w2) .

Therefore P, 4, and P, have the uniform distribution U. Let Ey and of be the associated
expectation and variance : Ey = 1/2 and 02U = 1/12. Then, we can study intervals I; defined by
the following way.

Notations 4.3 Let I; = [kt/2q,k£/2q [, ke ki € {0,1,...,29—1%}, ky < kj. Let N(I;) be the number
of points h/m € [k¢/2%,k;/2%], h € N.
We set T'1(b) = Maxy>p, (Proba{|S,| > b}) where hg = |m/2%], the integer part of m/29,

0 Piyym .
and where S,, = %\/ﬁl/ where b € R4 is not too large

Proposition 4.1 We suppose m >> 29 and 29 >> 1. Let e’(Q) R EQUI'M\T/[;TQ Then, the subspace
F C Qmy such that

PV e nyn (x8e9 e ) = YT L oy )

for all we € F has a probability larger than 1 — 4T'1(b) where I'1(b) ~ I'(b) = P{|X¢g| > b} when
Xg ~ N(0,1).

10



Proof At first, the following lemma is obvious.

Lemma 4.1 We have T'1(b) = Max,>p, (Proba{|S;f| > b}) where S& = % for all
£ c{0,1,....,m— 1} such that card(E) = n.

Then, for all y1, T'1(b) = Max,>p, (Proba{|5;§’yl| > b}) where SV
£ c{0,1,...;,m— 1} such that card(E) = n.

=

Py
_ ionc€ Ty1,ig/m
== for all

Then, we use the CLT. Then, with a probability larger than 1 — 2I';(b) in Qmsy , the two
following relations hold

b(1).b
Zpue(wz EU+O() O—U’

Y1,Y2
y2€12 N(I2)
1 e 0(w2) Ob(l).bUU

Then, with a probability larger than 1 — 2T’y (b) in Qms ,

0b(1).boy

0(wz) O(w 1 + 0(w
() SersPie_ N(a)puy™ /NG N(Ipy™ o
Py, m—1__ 0(w2) m 14 Ob(boy m €],
Zizzo uy17i2/m +W
~ boy bou
where ey ~ AN + g
By the same way

By 1 90)-boy

291611 puyng) N(Il) vt \/m N(Il)

m—1 ‘9(“"2) - m R 0Ob(1).boy - m [1 +Ob(1)61} )
Zzl 0 PU; U+ T

bCrU bOU

Ey+/N(I1) T Eyvm ’

where €; ~

Then, with a probability larger than 1 — 4'1(b) in Qmea,

wf(w2)
B(wz) Dypery Ply) o

uf(2)
oon) _ N vy ML 1+ Ob(1)-eo
Z Z pyl y2 Z m—1__ O(w2) = Z m—1 0(w2)
2 2
y1€l1 y2€l2 y1€l1 i1=0 %41 /m y1€l1 i1=0 "1 /m
N(I,)N(Iy) N(I1)N(I2) »

) ~ bou boy bou boy ~ 2boy
where € () ~ Bu~/N(I1) T Byym T Buy/N(I2) T Buvm Ob(1) 5 Bovio W

We wonder if it is better to choose the sums Zy2€A2 pzl,yz or ZyleAl pzlm in order to define
the measure. But we understand that, by proposition 4.1, it does not have importance : whatever
the chosen sum, the result remains the same one : 6/(2) ~ % However, one can choose a

representation not giving priority to a sum rather than the other.

Notations 4.4 One generalizes the notations 4.2 by changing the roles of y1 andys : in particular,
we set
10 pu y91 v
Dy, Sy pul?

_ i1/m,y2

p/@
Y1,y2 m—1
Zzg 0 puzz/m

11



Then, we set

6 (7 6
7r3117y2 = (1/2)[py17y2 +p§117y2] .

4.4 General case

It is easy to generalize the previous results.

Notations 4.5 We generalize by natural way notations 4.4. to probabilities pzl’yz . Then

we generalize the puy, —and puy .. in various Pl oy p=1,2,3,...,N, which are samples of

sequences of IID random variables defined on the probability space (¥my, Alge,, Proba,).

Proposition 4.2 Let GEN) ~ é\;bj}% Then, with a probability larger than 1 — 2NT'1(b) in the

space Qmpy,

8(wn) 8(wn) O(wn) 12, N(I,) /
P{{X1 e LN {XY“N) e Ly n{x5en) e IN}} = =L 1+ Ob(1)-)] -

We deduce the following proposition.

Proposition 4.3 There exists €y ~ e’(N) such that, with a probability larger than 1 — 2NT'1(b),

0(w kl O(w kN 1
P{XY) = 20 X3 = S = [+ Ob(1). ] -

Now, we study the Borel sets of {0,1,....,29 = 1} : Bo= U, pvyeo{{ki} ®....@ {kn}} =

Uty kn)e0{dry @ ooo. @ Iy } . Then, L(Bo) = Cagﬁge). Now we need the following lemma.

Lemma 4.2 . Let € > 0. Assume that, for all (ki,...,kn), P{X1 =k /29, ... Xy = kN/2q} =
471+ Ob(1)e]. Then, P{(Xy,...,Xn) € Bo} = L(Bo)[l + Ob(1)e], for all Borel set Bo C
{0/m,1/m, ..., (m —1)/m}"V.

Then, we can prove the following proposition.

Proposition 4.4 The probability in Qmy that, for all Borel set Bo C {0,1,.....,m — 1}V,
IP{(X7N) L X2“N)Y € Bo} — L(Bo)| < L(Bo)ew)

is larger than 1 — 2N29VT (b).

Proof For each {k1} ® .... ® {kn}, the probability in Qmy that

w w 1
‘P{Xf( v — ki/29,..... ,Xf\,( N) kn/20} — W’ > ;(Ji,v;

is smaller than 2NT' (b).
There is (29)Y possible {k1} ® .... ® {kx}. Therefore, the probability in Qmy that, for all
{k1} @ ... @ {kn},

w w 1 €
|PAXT) = oy 20, XN = by 21} W’ >

is smaller than 2N29VT; (b).

12



Then, the probability in Qmy that, for all Borel set Bo C {0,1,....,m — 1},
IP{(X{“Y), L, X0“N)) € Bo} — L(Bo)| < L(Bo)e()

is larger than 1 — 2N29NT;(b). A

Then, we can prove theorem 2 : we choose b = \/3N[Log(N)N + q|. Now, I';(b) ~ I'(b) ~

% e="*/2 when b is big (cf (28)’ page 56 [14]). We deduce the result. B

Remark 4.3 Remark that if we impose << 1 one can choose b = \/2Nq : in this case,
with a probability in QYmy larger than 1 — 21/ N/[rqle[1-Los(halN

N3¢24
m

N3q21
“ u
m

| P{(x7“N) L X)) € Bo} — L(Bo)| < L(Bo)

5 Case where K| is not too large

Now we shall need use the proof of theorem 1. Then, we summarize at first this proof.

In theorem 1, it is written that P{(X1,....,Xn) € Bo} = L(Bo) [1 + W} for
all Borel set Bo. Then, if K is not too large, there is no difficulty in order to choose m and q
in such a way that e < v(m)2?NKy/m is small enough. Therefore, P{(Xi,...,Xy) € Bo} =
L(Bo)[1 4 Ob(1)e].

Let hy be a density with a Lipschitz coefficient not too large. Because, the points of T_l(mf)
are well distributed in {0, 1, ...., m—1}, the sum of points of hn (T (771 (mI)) will be close to card(m]ﬂ
{0,1,....m — 1})/m (e.g. cf figure 1). Then, P{X¢(n € Iy ’ Yotn—1) = Y1, Yo(n—2) = ¥, --- } =
L(I},) [1 + M] (cf [13).

m/24

Figure 1: Points of hy [T_l(mlk)] when 'y (t) = sin(4nt) + 1
Now, one proves easily that, for all Iy, @ ...... ® iy, P{(X1,.... XN) € I}, @ ... ® iy} =
1Y, ( L)1 + Ob(1)€] ), where |¢| < 2OV e deduce P{(X1, X, ..., Xn) €

m/24
I, @ Ii, @ ... ® Iy } = 547 [1+"’(’”)Omb/#}

, and therefore, theorem 1.

Then, by theorem 1, si Ky is not too large, T;(Y5,) is always approximately IID. Yet even with a
such model, the sample T, (y,) may behave not as an IID sample. For example if y,, € T~ (ko /27)
for all n : x, is constant. This contradiction is due to what such a model is good a priori in
the same way that a sample extracted from a phenomenon really IID may also be constant. As
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a matter of fact, it is exactly that could be desired: the use of functions T, amounts to extract a
sample of a phenomenon really IID.

Now, we are interested in the behavior of the sets T~1(k/29) with respect to densities of
Y,,. This means to be interested in points of densities of type h'y [Til(mlk)} . cf figure 1. Now
P{TY(k/29)} = > siyer1(k/20) P{ys} and we have the same type of equalities for conditional
probabilities. Now, these P{y,} are well distributed in the set 7 = {P{t/m}|t € {0,1,.....,m—1}}.
In fact we can consider that the { P{ys}|ys € T~'(k/2%)}’s are a set randomly selected 7 , especially
if we are interested in sums } . cr-1 (4 /00 P{ys}. Indeed, tests show that one can admit that we
use sums randomly chosen (cf also section 6.3). This shows that we can make assumptions weaker
than K not too large.

6 Argument for the choice of this measure

We have seen that if Ko is not too large P{T,(Y,}) = k/29|Y,0_, = y;} = > .Gy P{Y! =
vs|Y,_, = y,} ~ 1/27 and that, in order to prove this result, it suffices that this sum behaves like
a random randomly chosen. This justifies the use of the measure Probay. We shall show why now.

6.1 Sets or Noises randomly chosen

That the sums behave as random is normal since it is what happens if the noise or the set E of
size |E| = d is chosen randomly : E = U;{h;/m}, h; € {0,1,....m -1}, EC{0,1,.....m —1}/m.
To say that E is chosen at random is translated in saying that the h;’s are randomly chosen :
Prob{h; =k} =1/m.

Suppose then we have a sample of y,, all distinct and consider the associated empirical proba-
bilities P.{y, € E} .

Let ¥ = {y1,..,yn}. Then, with a high probability, P.{y, € E} = (1/N) XN 15(y,) =
(U/N) oy S () = (1/N) 20,00 iy Ly, (hi) = (1/N) Ly y(ha) = (d/N) 5L = (0.
Therefore we have indeed P.(Y,, € E) =~ % We can show the same result for the empirical

conditional probabilities : P.(yn € E|yn—1 € A1, ...;Yn—p € Ap) = % with a high probability.

This will be the same thing if for a given set E, it is the noise y,, which is taken at random
among the set of all noises. Indeed, to take a sequence y, at random means that Prob{(y; =
ki/m,...,yn = kn/m)} = 1/m”~. Then, with a high probability, P.(y, € E|yn—1 € A1, ..c; Yn—p €
A, = %

This is especially true for texts: a text is a noise randomly chosen °. Then, with a high
probability, P.(y, € Elyn € A1,...,yn € Ap) = %

6.2 Empirical Probability

Now, in order to study the behavior of empirical probabilities one can also use the following
property (cf section 6.1.2 of [8]).

Property 6.1 Let z, € {0,1,....,m — 1} , n =1,2,...,n9, be a sequence of integers such that all
the zp,’s are different. For all the sets not too small F C {0,1,.....,m—1} (except a tiny minority),

D ~ T — 1 \ N0
card(F) ZnEF zn L= no Zn:l “n-

9it is not surprising : there is no logical connection between the text and the distribution of the points of Gy, :
the sequence Gy, is built by a specific and relatively simple mathematical application whereas the data y, are the
realization of a specific sequence of random variables Y,f 0 unpredictable in an exact way.
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Moreover, for almost all sets Fs C {0,1,.....,m — 1}, s=1,2,....,P, not too small such that
behaves approzimately as a Gaussian

Es ﬂFt = lfS 7£ t7 {\/Ca:dﬁzner(Zn - L)}s:172,4..7P

sample.

Then 3. g, P{Y? = ~,} converges to the same limit L for all k € {0,1,....,29 — 1}. At last,
Sk e, PLYY =5} = 1. Therefore, 3o o P{Y,) =~} ~ 1/29,

We have seen that when K| is not too large, the sums of probabilities behave as randomly
selected, and in this case, T,(Y},) is always approximately IID.

Now the same thing happens to models not checking Ky not too large. Indeed if we try to
imagine other models, we obtain the same type of results except if conditional probabilities are
concentrated near some points only. In fact, in order that conditional probabilities do not be-
have as randomly selected, it is necessary that they are specially built for this : for example that
the conditional probabilities are concentrated near m; points which are precisely the points of
T, L(k/29).

Like most models seem to verify that the sums of conditional probabilities behave like sums
randomly selected, it is clear that the only thing which can distinguish that empirical probabilities
P{T,(Y,%) = k/21|Y,!_, = y,} does not behave as randomly chosen is the behavior of the samples
Yn. The only way to know if the y,, behave as predicted by the model is to do tests.

6.3 Tests

Therefore we tested the empirical probabilities P.(y, € E|y,—s € As,s = 1,...,p), p=0,1,2, for
different sets £ = T, *(k/2?) when the noises are texts.

In this regard, we must first make a preliminary observation: take the empirical probability implies that there
have some convergence properties. This eliminates a number of models. But if we take the models without these
properties, it is much more difficult to obtain conclusions.

For example, let ¢; € {0,1,....,31}, j = 1,2, ...., N3, be a sequence of letters ' . One gathers the
letters by group of ro : d, = Y12, cm(n_l)MSQT’l. Let m such that m = fi,, > 32" > fi,,_;.
We set y, = Lmdn /32’"0J, the integer part of md,/32™. We made tests about sequences y,,
n=1,...,N, when N =107 .

For example, for m ~ 1020 for different Ej = T~!(k/2%) and different A,, we are interested by
PAyn € Elyn—1 € A1N...Nypgp € Ap)}

When p=0 (i.e. for P.{y, € E}), we made a chi-squared test of normality with 20 degrees of
freedom for the sample provided by 500 P.{y, € Ex}, k=1,....,500 with q=18 : 29 = 262144 and
107 /218 = 38.146972656250000. We have obtained 17.321.

When p=1, we made a chi-squared test of normality with 5 degrees of freedom about the
P.(Y, € E|Y,—1 € Ay)’s with q=15 : 29 = 32768 for the sample provided by 100 different k for
different Ay = [h/10, (h + 1)/10[ for different h (one test for each h) . We have obtained 4.111,
7.211, 3.1181,5.24,5.78,

When p=2, we made a chi-squared test of normality with 5 degrees of freedom about the
P.(Y, € E|Y,—1 € A1,Y,_2 € As)’s for the sample provided by 100 different k for different A;, Ao
with q=12 : 27 = 32768 and A, = [h/10, (h + 1)/10[ for different h . We have obtained 3.789,
4.548, 5.468, 7.01,6001.

1032 corresponds to 26 letters, punctuations, signs and space : cf [7].
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We also calculated the number of points belonging to T, ' (k/2%) when 2¢ >> N. So we find
N sets T, ! (k/27) containing one point and the rest 2¢ — N containing 0 points.

As we can see the test of normality is accepted, which allows to admit that the probability
that y,, € E behaves as being independent of E when |E| is constant.

Then, the measure on the Y,!’s corresponds indeed to the properties which must be checked
by the models.

6.4 Study of the measure Probay

Indeed, the measure which we use is a well chosen measure. For example, under notations 4.2,

6
ZyzeTq_l(k/W)puyl,yz
Dy Ul
in=1PUy, iy /m

P{T,(Y)) = k/27)Y) =y} =

. . 0 .
Of course, with this measure, ZyzeTq—l(k/zq) DUy, 4, 18 a sum randomly chosen.

Now, we have seen that for most models, the sums of P{T,(Y,!) = ~|Y,’_, = y;} behave
as being randomly selected. The measure chosen behaves exactly as one would wish. We can
conclude that this is a good measure in order to quantify the proportion of model Y,/ such that
T,(Y,?) behaves approximately as IID.

Note also that, because of these properties one can admit P{Tq(Yg(n)) = k/2q|Yg(n_1) =

Yis Yf(n_Q) =y, ...} = (1/27)[1 4+ Ob(1)e] where |¢| < €y & EZU\;IH We deduce by the same way

as in [13] (cf also section 5), that, for all I}, ® ...... @ Iy, P{(XY, . X)) €Ly, @ ... ®Iry} =
N

I (L(I;%)[l + es]), where |e,| < ¢y, Then, P{(X{, ..., X%) € Bo} = L(Bo)[1 + Ob(1)Ne(y),

s=1

with €y = Ne(q). This also is in conformity with our assumptions.
In conclusion, the measure defined in notations 4.5 adapts well to the results obtained and it
is quite selected.

Let us notice that these theorems remain the same one for other functions than the functions
T,. For example, let T’ be a congruence and T} (x) = Pry(T"(xm)/m). Now assume that y, is a
text and that T’ is the identity. Then the measure defined by the notation 4.5 is not well chosen.
In this case, there is connection between the text and the sets T,~'(I) where I is an interval:
Té([ ) represents generally the first letters of the text. The reasoning thus does not apply and the
measure defined on Qmy is thus not interesting : cf also pages 200-202 of [7].

7 Fibonacci functions and extractors

7.1 Functions 7, and extractors

We recall that a e-extractor E for a distribution B over {0,1}"™ is an application E : {0,1}" —
{0,1}M n > M, such that E(B) is e-close to U when U has the uniform distribution on {0, 1},
i.e. |P{E(B) € Bo}—P{U € Bo}| < ¢ for all Borel set Bo. Clearly this definition can be extended
by a natural way to the case {0,1,.....m — 1}" — {0, 1,....,27 — 1}¥. Of course, functions 7T}, can
be considered as extractors.

Note first that the condition ” Ky not too large” has a form similar to the condition about
sources of Santha and Varizani : py < P{B; = 1|By = by, ...... ,Bi—1 = bi—1} < 1—pg (cf [19]).
But it is clearly different: in this case, Ky can be large.

At last, in theory of extractors, e-close distributions are used and in our method, we use dis-
tributions e-equivalent what is a stronger condition.
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Now we are interested in the behavior of the measure Probay relative to extractors. Remember
at first that it is commonly accepted that it is an application random chosen among all possible
applications {0,1}¢ — {0,1}" which gives the best result as multisource extractor : [37].

Now let E~1(k/29) = {b, € {0,1}™}. So if we choose randomly extractors {0,1}" — {0,1}",
m’ > n, for a distribution B, the b;’s can therefore be regarded as random. So the P{b;}’s can
therefore be regarded as randomly chosen in the complete set {P{b,}|s € {0,1}™'}.

Now, P{E~!(k/29)} = Y, P{bs}. We can apply the same reasonings as those we have used
above and get the same type of results. They show indeed that extractors randomly chosen are
the best extractors possible.

Now we have seen that T, !(k/27) = Us{v.} and P{T;'(k/29)} = >, P{vs} where the s
can therefore be regarded as randomly chosen. The functions 7, behave therefore in the same
way as extractors randomly chosen, what explains their performances. We have already studied
in a way more detailed , but still incomplete, the connection between the sets 7~ L(k/2%) and
distributions in [7]. We will complete this question in a more detailed way later.

So here we see some connections between Fibonacci functions and basic properties of extrac-
tors. In fact, the extractors are rather used in cryptography. So far we have mainly studied the
statistical aspect of the distributions e-equivalent proving that, practically the T, (Y}, )’s can not be
differentiated from IID sequences. But the question arises whether the functions 7j can be used
in cryptography. It is currently being studied.

8 Building of IID sequences

8.1 Description of the method

We are interested in the choice of parameters in the building of IID sequences. Then, we consider
the case of sequences of noises y/, € {0,1,...,m—1}, n =1,2,..., Ng. Weset y,, = y/, + randy(n)]/m
where randy(n) is pseudo random generator ! . Then, by applying Remark 4.3, we shall impose

that
N3q24
1/L <1/Ny .
m

Remark that this condition is less good than the condition used when one impose that the Lipschitz
coefficients Ky are small : W <1073 (cf [13]).

8.2 Example

By using this technique, we have created real sequences e, = x,, n=1,2,....,100000 : cf also page
93 of [8]. One can obtain it in a Matlab file in [9]. In this case sequences y,,, n=1,2,....,100000, is
obtained from texts : dictionary, encyclopedia, and Bible.
Let fi, be the sequence of Fibonacci. We choose m = fi,, when fi,, 1 < 4% 1036 < fi,,,
ew
q¢ = 33 and Ny = 10°. For all the models Y;, "° with a probability larger than, 1 — e~1012610 jp

0. 0.
Qmp,, [P{(X, 0,0, X00) = (k1 /2%, ki, /2%%) } — 1723300 | <0.000008418 /2330,

8.3 Tests

We have tested the sequence xe(n). We have used the classical Diehard tests (cf [1], [2]), and the
higher order correlation coefficients (cf [5]). Results are in accordance with what we waited: the
hypothesis "randomness” is accepted by all these tests.

H'We use randp(n) because this method decreases also Ko (cf [12] or [13]) in the case where we can use theorem 1.
By the study made here, there would be no need to add rando(n). But it can improve the approximation in many
cases. There is no reason to go without since our goal is to get sequences proved IID with the greatest possible
safety.
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For example, we have used the gap test. With the notations of [1] page 62, we choose [«, S]=
[0,1/2[. Then, one uses the chi squared statistics with t degrees of freedom (with the notations de
[1]) : we denote them by X?\h' One chooses t = 5,6,7,8,9,10. We test 100 samples with various
sizes Ny : Nog = 10°, 10%, 103. We are interested in the maximum of these 100 x?vl.

The following table is that of the maxima of X?\fl obtained for each t. Moreover aq is the
selected percentage points with probability 0,95 of chi squared statistics.

t 5 6 7 8 9 10
Max(x?vl) 11.21 | 13.1 13.22 | 17.08 | 16.87 | 17.22
%) 11.07 | 12.59 | 14.07 | 15.51 | 16.92 | 18.31

Because, we used the maximum of the statistics associated in these 100 tests, it is not thus
surprising that they are sometimes larger than a.

Remark that we have carried out tests with samples built by adding randy(n), but also by
removing it : y, = (v'(n) + rando(n))/m or y, = y'(n)/m. We have carried out 100 tests in each
category with significance level 5/100. We denote by nj, and nyp, tup and nyy, the number of
tests passed or failed, with or without the pseudo random generator randy(j). Then, we have the
following results.

Tap | Mg | Ny | Niy
Equidistribution Test 97 | 3 95 | 5
Serial Test 95 |5 93 | 7
Poker Test 9% | 4 96 | 4
Coupon collectors Test 94 | 6 95 |5
Run Test 91 |9 93 | 7
Maximum-of-t Test 97 | 3 92 | 8
Collision Test 94 | 6 97 | 3
Birthday spacings Test 93 |7 95 |5
Serial Correlation Test 98 | 2 92 |8
Higher order correlation coefficient Test || 94 | 6 97 | 3

As a matter of fact, we have carried out many of other tests during this study. We have given
some results in page 345-349 of [7] 2.

9 Conclusion

Theorem 2 means that there is no need that Y,Y has a Lipchitz coefficient not too large in order
that T, (y,) can be regarded as a sample of an IID sequence. Therefore, most of the sequences of
noises y, can be used to create IID sequences z,, = T, (yy).
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