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Research Paper1

THE CORE ERROR PROBLEM IN VARIABLES FOR STATISTICAL LEAST SQUARES WITH2
INTERVAL DATA3

4

Abstract: The paper discusses the core problem error in variables for statistical Least Squares data5
with intervals. Via Mobius transformation for complex disk in the sense of Petkovic, the exact6
inversion of a disk was described, wherein, Modified Certifylss relaxed refinement Cholesky7
decomposition in the sense of Rump comes in handy, as a useful tool .8

As a measure of comparison on the performance of this approach, Oettli-Prager theorem was9
adopted to provide the solution to the resulting linear interval system of equations. We draw10
conclusion based on the outcome of our findings.11

12

Keywords: least squares, interval relaxed iterative refinement, mobius transformation, modified13
Certifylss relaxed refinement Cholesky decomposition, Oetlli-Prager theorem14

15

.1 Introduction16

Consider statistical measurements without noise which is described by the equation17

)(fy  (1.1)18

Where, mRy is a measurement vector, and nR is a parameter vector respectively. It is19

assumed that function f has at least babaC  ],,[1 . Often in practice, the measured20
parameters are corrupted by noise, thus applying traditional Statistical methods to solve this will21
undoubtedly fail. There is thus, a need to overcome this setback, by applying the interval arithmetic.22

The aim is to solve23
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25

Where  Af )( and A is a real nm matrix with m>n.26

Wherefrom, we minimized  in the form27

  ^1 yAAA TT 
 (1.3)28
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The statistical meaning [1] of the matrix 1)( AAT , is as follows: Consider the components29

miyi ,...,2,1:  which are independently normally distributed random variables having i as a30

mean and, variance 2 :31

iiyE )( ;   


 


otherwise
ki

yyE kkii 0
,2

 (1.4)32

Letting  Tm ,...,, 21 it can be proved [1] that33

  ,yE    IyyE T 2  .34

It follows that35

          11])()([ 
 AAAyyAAAEEEE TTTTT 36

=           





n

j j

TTTTT AAAAAyyEAAA
1

21211 1


 ,37

pjj ,...,2,1:  are eigenvalues  of AAT .38

The optimum   yAAA TT 1
 is also a random vector with39

      TTTTTT AAAyEAAAyAAAE 111 )(][ 
 .40

Basic properties of interval arithmetic are well documented in the standard text books by [2], [3] and41
[4].42

The following expositions hold for the function F.43

(i) Let nn IRIRIDF : be F-differentiable on the convex set ,0 IDID and44

 KF )(/  , for all 0ID , then F is Lipschitz continuous on 0ID .45

(ii) If nn IRIRIDF : is F-differentiable on the convex set IDID 0 , then for any46

010, ID ,47

 ))(()()( 01
/

01  FFF48

     10,sup 010
/

00
/  tFtF  .49

The Lipschitz continuity of )(/ F holds from the following convexity that, for arbitrary50

vectors, ]1,0[,),(, 


tandSzv  , we have that51
52
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  )1()(1()()( ttztvtvzvtz .53

and the estimate54

zvzvFztzFzFzFvF
t




 )())((sup))(()()( //

10

/ (1.4)55

remain valid.56

Hemi-continuity of F is implied by the fact that Jacobian matrix of F and  Riemann  integrability57
of F will be given in the form:58
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Therefore, it follows from the reasoning given in [5] that F has a local homeomorphism at 0 and60

)( 0
/ F is non singular too.61

.2 The Ball arithmetic62

The ball arithmetic was incorporated into interval arithmetic computation for the first time by63
[6]) and had gained prominence in interval researchers amongst them are [4]) and [3].  Fundamental64
to this underlining work is [7].65

The interval operations are defined as follows: Let  represent an operation from the set  /,,, 66

.Then assuming ],[][



 aaa and ],[][




 bbb are two real intervals as in [2], we have:67

 ][],[*]].[[ bbaababa  : Such that the following four operations for intervals are defined.68

)1.2(.],,,max),,,,[min(][*][
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The extended multiplication for intervals [a] and [b] was further studied in [8] , see also, [9] in the70
form71
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(2.2)72

The operation for division is ][0,1,1
][
1 b

bbb


















and

1]].[[
][
][  ba
b
a

.73

More fundamentally, is the case when [b] contains the origin, i.e., ][0 b .74

Therefore, Kahan arithmetic in the sense of [10] could be defined in the form:75

76

77

78

79
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Besides the interval operation due to [2] mentioned above, we also have the circular complex81

interval arithmetic with centre 





 




aaac 2

1
and radius ][

2
1





 aaa and is by the parametric82

notation defined in the form83

 aaaaa c  :][ (2.4)84

We need to stress salient concepts in circular interval computation- the negation and relative extent85

of a disk. The negation of a disk  aaaa c  ,][][ , and the relative extent is defined:86

  0, 

 c

c

a afor
a

aRx .87

Via Mobius transformation in the sense of[11],  the exact inversion of a disk could be derived. First88
observe that:89
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2222
11 .  (2.5)90

Introducing thus, the mapping
a

a 1
 , equation 2.5 can be written in polynomial form:91
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The circumference of exact inversion of a disk cD would be defined as93
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Where from,95

    1,int,  aaDDaa ccc
I

c
c .      (2.7)96

By writing an inversion of a disk  







 ,1,

c

I
c a
aa c , it can be derived [11] that97
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The centred inversion of a disk in our work would be adopted to be in the form:99

       aaaa
aaa

a
a

aa cc
ccc

I
c

c 















  ,0,,,1, 1
.    (2.9)100

In what follows we introduce multiplication of two disks    bbbaaa cc  ,,, where101

bbandaa cc  , in the form:102

 baabbababa cccc  ,.. , (2.10)103

Further applications of equation 2.10 were used in [12, 13] in the form:104

 babbababababa cccc  .)(.,...  (2.11)105

Where,106

   aaasigna cc  ,min .       (2.12)107

In what follows, we denote R as approximate inverse of midpoint interval matrix A, as a result, [14]108
proved that the bound109
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  RIARIR   11A . Available information we shall need for certifying the regularity110

of interval matrices are well documented in [15] and [16] in the form:111

(i) If cA is regular and   1max 
jjj

RA then A is regular.112

(ii) If     cT
c

T AAAA maxmax   holds, then A is regular whenever  is the eigenvalue of113

the matrix.114

(iii) If there exists a matrix R such that    
jjc RARAII  for some  nj ,...,2,1 then115

A is singular.116

(iv) If cA is regular and   1AR then A is regular.117

Let us take note that verification for positive definiteness of an interval matrix A can be obtained if118

0 AAAA T
c

T
c .119

The above named properties of interval arithmetic will be used in the solution to system (1.1)120

121

.3 Iterative Methods for the problem122

Following [7], we give Cholesky decomposition in the form:123

Cholesky algorithm124

Input a symmetric matrix  ijaA  :125

For j=1:n126

For i=1:j-1127

ii

i

k
jkkijiji rrrar /

1

1








 




128

end129

2
1

1

1

2








 





j

k
kjjjjj rar130

end131

132

Computation of Cholesky decomposition when executed in finite precision runs to completion133

with approximate


R such that, AARR
T




where the residual satisfies the error estimates,134
[7]:135
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1
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










j

k
kjj

j

k
kjjj rra

1

2
1

1

2 137

Where  
1074532;

1



  andu

ku
ku

k138

The operator under consideration is the modified Certifylss relaxed Cholesky decomposition which,139
takes into consideration the reach ability theory in a manner likened to [17] in the form:140

141

Algorithm (Modified Certifylss relaxed via Cholesky decomposition)142

Input: matrix nnn IRbIRA   , .143

Compute cc bA \


 (through Cholesky decomposition)144

While (not converged)145

146

rAe \][  (Through method 2.9)147

][e


148

149

In [18] , Oetttli-Prager formula for the Linear Least Squares was used in the form150

         



































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

























n

j ij
ij

j
iji

n

j j
ijjij

i
yQyQyQyQ

11
,max,)(min  (3.4)151

In equation 3.4, [19] gave hints of how to compute the solution in the following way.152

It is assumed that there exists an orthant153

154

 0;   z
n
z TIR , zT is a diagonal matrix with sign vector z on the diagonal,  1,1iz where155

from,156

    0,,,   zczcczc
n TbzTAbzTAIR (3.5)157

The matrices /,QQ appearing in the inequality 3.4 solves the system of linear equation158

)(


 Abr c
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)7.3(

)6.3(
// EQTAQ

EQTQA

zc

zc




159

with unique solution .160

The solution bounds provided by the numerical methods to the given problem should fulfil in the161
sense of [20] the estimate162

  




















 







 

RAI

bAR
bARRAIbA

1
1

^

^
11

^


163

164

165

.4 NUMERICAL EXAMPLE166

Consider fitting of polynomial of degree 3: 3
3

^
2

2

^

1

^

0

^^^
)( ttty   for the sample data167

taken from [18] given in Table 1168

Table 1: the set of Statistical data for experiments169

T y
2
-1
0
1
2
3
4
5
6
7
8

[1.5,2.5]
[-1.5,-0.5]
[-0.5,0.5]
[3.5,4.5]
[3.5,4.5]
[5.5,6.5]
[8.5,9.5]
[6.5,7.5]
[10.5,11.5]
[10.5,11.5]
[9.5,10.5]

170

In floating point arithmetic we have the result using MATLAB 2007171

 T0246.0,1595.0,5357.1,4465.0  . If we use the Oettli-Prager formula given in equation172
3.4 , as well as Modified Certylss Cholesky method inclusion intervals were obtained as showed in173
Tables 2-3.174

Table 2: Results for original set of data from Table 1175

Modified certylss relaxed Cholesky method Oetlli-Prager formula r

Values of interval  [
^
 ] Values of interval ][

^

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[0.4465, 0.4465]
[1.5357,1.5357]
[0.1595, 0.1595]
[-0.0246, -0.0246]

[-0.0535,0.9465]
[1.5357,1.5357]
[0.1595,0.1595]
[-0.0246,-0.0246]

176

Table 3: Results for the variable t with 0.5 tolerance from Table 1177

Modified Certylss relaxed Cholesky method in
midpoint radius vector

Oetlli-Prager formula

]103977.0,4465.0[ 14
]100859.0,5357.1[ 14
]100161.0,1595.0[ 14

]100028.0,0246.0[ 14

[0.1416,0.7033]
[1.4623 , 1.6311]
[   0.1053,0.2271
[-0.0285, -0.0196]

178

179

.4 Conclusion180

We have discussed the core problem error in variables for the Statistical Least squares using Oetlli-181
Prager formula and the modified Certylss Cholesky decomposition via Mobius transformation of ball182
arithmetic. The procedure was tested using polynomial of degree 3 for the interval data set where183
the parameters appearing as coefficients were obtained with high degree accuracy, as can be seen in184
Tables 2 and 3. The two methods performed optimally fast to the solution but with modified Certylss185
Cholesky decomposition preferred to Oetlli-Prager formula. This will provide further insight in the186
study of Least squares using circular interval arithmetic.187

188
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