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APPLICATIONS OF LOOP TREES1
2
3
4

Abstract5
6

In a previous paper we have obtained a result which provides a new way7
to consider structured programs. Any directed graph whatsoever, according to8
this result, is a dag overlaid by a structured graph, with loops within loops in9
which no loops overlap. In such a structured graph, the only backward edges go10
from somewhere in a loop to the head of that loop. Crucial to this result is the11
construction of what we call a loop tree. As suggested by R. E. Tarjan, we here12
apply this result to three well-known situations. We give a method of solving the13
single-source path expression problem for a reducible graph by examining its14
loop tree, which must be unique. We give a necessary and sufficient loop tree15
condition for a graph to have two edge-disjoint spanning trees, and a necessary16
and sufficient loop tree condition for a graph to have a feedback vertex. We also17
compare our decomposition method to two earlier such methods, one by Tarjan18
and one, much older, by Luce.19
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1. Introduction26
27

This paper is concerned with several applications of the concept of a loop28
tree, introduced by the author in [1]. In order to make this presentation self-29
contained, we review basic loop tree notation here. In this paper, by a graph we30
shall always mean a directed graph. When an algebraic language program P is31
compiled, producing object code with a flowgraph G, loops in P do not neces-32
sarily correspond to strongly connected subsets of G. Nevertheless, we argue33
that, from a semantic standpoint, an outer loop L of G is a strong component of it34
which is non-trivial. (A strong component of a graph is called trivial if it has just35
one vertex and no edges.)36

An outer loop L of a graph G is a non-trivial strong component of it. An37
entry point of L is a vertex y  L such that there is an edge in G to y from some x38
 L. A head of L, in a rooted graph G, is either an entry point or the root of G.39
Here L always contains a head, of one of these two kinds, which are mutually40
exclusive; it might contain more than one entry point. Given an outer loop L with41
a choice of head h, a loopback of L is an edge leading to h from somewhere in L,42
and the body B of L is the result of removing all loopbacks from L. The non-43
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trivial strong components of B are then outer loops of B, and, by definition, first-44
level inner loops of G. These may contain further loops, and so on, all of these45
being higher-level inner loops of G.46

A loop tree of G is a tree T whose root is G; in which every outer loop of G47
is a child of G; and in which every outer loop of the body B of any vertex L ≠ G in48
T is a child of L. If G itself is strongly connected, it has one child in T, namely G49
itself. In all other cases, the children of a node U in T are the non-trivial strong50
components of the body of U, with respect to some head of U. The fundamental51
theorem of loop trees [1] states that every graph G whatsoever has at least one52
loop tree, having several further properties which we use below. There is a linear53
ordering of the nodes of G as P1, ..., Pn, in such a way that, for every edge E = (Pi54
 Pj) in G, either i < j or else E is a loopback, as defined above. With respect to55
this ordering, every loop in G is induced by a contiguous subset {Pu, Pu+1, ..., Pv}56
of the nodes, with head Pu, where u ≤ v. Two loops cannot have the same head,57
and loops are properly nested, so that, for any two loops, either they are disjoint58
or one is contained in the other. Since a loop might contain more than one entry59
point, G might have more than one loop tree. However, it is stated in [1], and60
proved in [2], that G has a unique loop tree if and only if it is reducible, in the61
sense of Allen and Cocke. The fundamental theorem of loop trees is here applied62
in the following five ways.63

64
1.1 Path Expressions65

66
All paths from the start node s of a graph G to an arbitrary node v in G67

form the language (P(s, v)) generated by a specific regular expression P(s, v).68
Such a regular expression is useful in carrying out global flow analysis and in69
solving shortest path problems and sparse systems of linear equations. We here70
present a relation between loop trees and such path expressions. Specifically,71
given a loop tree of a reducible graph, we show how to generate all P(s, v) for72
fixed s and all v. We also briefly discuss an extension of this technique to non-73
reducible graphs.74

75
1.2 Edge-Disjoint Spanning Trees76

77
A spanning tree of a graph G is a subgraph of G which is a directed tree,78

and which contains all vertices of G. Two spanning trees of G are edge-disjoint if79
they have no edges in common. It is known that two edge-disjoint spanning trees80
of a rooted graph G, both having the same root r, exist if and only if G has no81
bridges, where a bridge is an edge v-w which is included in every path from r to82
w. We here derive a necessary and sufficient condition for a graph G with a loop83
tree T to have two such trees, namely that every vertex in G other than r, and84
every loop in T not containing r, has at least two entry edges. We also show that85
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a graph with a unique loop tree, and having at least two vertices, must have a86
bridge, and thus cannot have two edge-disjoint spanning trees rooted at r.87

88
1.3 Feedback Vertices89

90
A feedback vertex of a strongly connected graph is a vertex contained in91

every cycle in the graph. Of course, not every graph has such a vertex. A feedback92
set is a set of vertices in a strongly connected graph, such that every cycle in the93
graph must contain at least one vertex in the set. Feedback vertices and feedback94
sets have been studied extensively by Smith and Walford [3] and by Garey and95
Tarjan [4]. We here obtain a necessary and sufficient loop-tree condition for G to96
have a feedback vertex. The condition is that G have a loop tree T with respect to97
which G has no parallel loops and no conditional loops, in a sense which we98
define; and that the innermost loop L of G, which must be unique to T, contains a99
vertex which covers every other vertex in L. This will then also be true of every100
other loop tree of G. We also obtain bounds on the size of a minimal feedback set101
in a graph.102

103
1.4 Clustering Trees104

105
For any strongly connected graph G, we here compare our construction of106

loop trees with a decomposition tree construction due to Tarjan, to which we107
refer as a clustering tree. Both of these are tree decompositions in which the root108
represents G; in which every vertex in the tree represents a strongly connected109
subgraph of G; and in which, if N1 is the parent of N2 in the tree, then G1110
contains G2, where N1 represents G1 and N2 represents G2. We derive a111
necessary and sufficient condition for a generalization of loop trees to be112
identical to clustering trees in all cases, and another such condition for these to be113
identical in at least one case. We then show that every graph has a cost-free ex-114
tension for which the two types of tree are identical in at least one case.115

116
1.5 Wheels Within Wheels117

118
Any strongly connected graph may be decomposed, in at least two ways,119

into smaller such graphs, which may in turn be decomposed into others, and so120
on. We have developed one such decomposition; another earlier one was dis-121
covered by Luce [5] and later rediscovered by Knuth [6]. In this paper we com-122
pare our result with that of Luce, and explicate its advantages over Luce´s123
decomposition. We use Luce’s work to provide a further sharpening of Knuth’s124
decomposition theorem, involving a special kind of graph which we call a chan-125
delier. To make the presentation clearer, we recast Luce’s work, using current126
graph terminology; we also relate this work to further commentary by Chaty and127
Chein.128
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129
2. Loop Trees and Path Expressions130

131
In this section, by a path, we do not necessarily mean a simple path, ex-132

cept as specified explicitly. Indeed, most of the paths which we consider here133
may be thought of as resembling execution paths through a flowgraph, each of134
which may clearly go around a loop more than once, and similarly for several135
loops. Such execution paths, however, are typically thought of as sequences of136
statements, which are vertices in the flowgraph; by contrast, paths here, as137
always in a graph, are sequences of edges, rather than vertices. We are interested138
mainly in paths of execution which start at one specific node of a graph, called its139
root or start node. We do not specify a single exit node; rather, we are concerned140
with all paths from the start node s to any other node v.141

Regular expressions here are those built up from variables representing142
the edges of a graph, using parentheses and the operations , ·, and *, with 143
denoting the null string. They are unrelated to the more general regular expres-144
sions found in a programming language such as Perl. It has been known for145
some time (see, e. g., [7]) that the set of all paths from s to v is representable as146
(P(s, v)), where P(s, v) is some regular expression and (e), in general, is the147
language generated by the regular expression e. We are concerned here with148
generating the various P(s, v) for an arbitrary graph, and not merely one which is149
reducible in the sense of Allen and Cocke. Such regular expressions are useful in150
carrying out global flow analysis and in solving shortest path problems and151
sparse systems of linear equations.152

153
2.2 Introduction to Loop Trees154

155
Basic loop tree notation was introduced in chapter 1 above. We will also156

make use of a specific representation for a loop tree, as described in section 9.1 of157
[1]. For the purposes of implementing this representation in programming158
languages of the C family, we now refer to the nodes as P0, ..., Pn–1, rather than as159
P1, ..., Pn. If G has n nodes, then the representation involves two arrays, called160
order and loops. The order array gives the new ordering of the graph, with order[k]161
= z where Pk, as above, is the node whose given index is z. The loops array162
specifies where the loops are. If Pk is the head of a loop containing m nodes, then163
loops[k] = k+m; if Pk is not the head of any loop, then loops[k] = k.164

165
2.3 Generating Path Expressions From A Loop Tree166

167
The problem of finding all of the P(s, v) for fixed s and arbitrary v is168

known as the single-source path expression problem. This is by analogy with the169
single-source shortest path problem, where again s is fixed and v is arbitrary. We170
here present a way to solve this problem for a reducible graph G, given its171
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(unique) loop tree as represented above, where s is the start node of G. This will172
be done by a single pass through the nodes of G, given by P0, ..., Pn–1 as above,173
where s = P0. In order to distinguish path expressions in different graphs, and174
also to avoid two conflicting uses of P, we replace the notation P(s, v) of [7] by175
πG(s, v), indicating that this expression defines all paths in G, whereas πK(s, v),176
for a subgraph K of G, defines all those paths which stay within K.177

We make use of five rules, denoted by (R1) through (R5) below. We use a178
stage counter k, initialized to zero, and a recursive program C(Y, h), where Y is179
either the entire graph G or the body B of some loop L in G, having head node180
with index h. Because of our loop tree representation, L will be of the form {Pu,181
Pu+1, ..., Pv}, for some u < v, where Pu is the head of L; and B, since it is the body182
of L, contains the same nodes that L does. Here C(B, u) assumes that k is initial-183
ized to u; it calculates πB(Pu, Pw) for all w, u ≤ w ≤ v, and leaves k set to v+1.184
Similarly, C(G, 0) assumes that k is initialized to 0; it calculates πG(P0, Pw) for all185
w, 0 ≤ w ≤ n–1, and leaves k set to n. We describe the general logic of C(Y, h).186

At stage k, when we first come to the kth node, we need to calculate πY(Ph,187
Pk). We first calculate a temporary value for this; if h = k, the temporary value is188
 (the empty string), and we set189

190
πY(Ph, Ph) =  (R1)191

192
If h ≠ k, then we look at all edges, other than loopbacks, which lead to Pk. Let us193
refer to these as X1 Pk, ..., Xj Pk. For every Xi Pk, since it is not a loopback,194
we must have Xi = Pa for some a < k. A path from P0 to Pk, not ending in a195
loopback, must therefore be a path from Ph to some Xi = Pa, followed by Xi Pk.196
However, we already have an expression for all paths from Ph to Pa, since we197
have already calculated πY(Ph, Pm) for all m, h ≤ m < k. Our temporary expression198
for πY(Ph, Pk) is therefore the union, for 1 ≤ i ≤ j, of all expressions of the form199
πY(Ph, Xi)·(Xi Pk); that is, it is200

201
πY(Ph, Pk) = πY(Ph, X1)·(X1 Pk)  ...  πY(Ph, Xj)·(Xj Pk) (R2)202

203
If there are no loopbacks which lead to Pk, this temporary expression is in204

fact the permanent expression for πY(Ph, Pk). If there are loopbacks, it is not, since205
a path from Ph to Pk might end in a loopback. This will always happen if Pk is the206
start of a loop L (note that L, being strongly connected, must have at least one207
loopback); and we can detect this, since we will have loops[k] = k+z ≠ k. If B is the208
body of L, then C(Y, h) now proceeds by calling C(B, k). When C(B, k) returns, k209
has been increased by z; and, for the old value of k, we have calculated:210

• permanent values of πY(Ph, Pm) for h ≤ m < k;211
• a temporary value of πY(Ph, Pk); and212
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• permanent values of πB(Pk, Pm) for k ≤ m < k+z. From this we must calcu-213
late πY(Ph, Pm) for h ≤ m ≤ k+z; and the only new calculations here are those for k214
≤ m ≤ k+z. These calculations proceed as follows.215

First we calculate πL(Pk, Pk); that is, a expression for all (simple and non-216
simple) cycles within the loop L which start and end at Pk. To do this, we look at217
all loopbacks which lead to Pk, again referring to these as X1 Pk, ..., Xj Pk. For218
every Xi  Pk, since it is a loopback, it leads to Pk from some Xi = Pa in L, and219
therefore in the body B of L. A simple cycle which starts and ends at Pk must220
therefore be a path in B from Pk to some Xi = Pa, followed by Xi  Pk. However,221
we already have an expression for all paths from Pk to Pa in B, since we have222
already calculated πB(Pk, Pm) for all m, k ≤ m < k+z–1. An expression for all simple223
cycles of this form is therefore the union, for 1 ≤ i ≤ j, of all expressions of the224
form πB(Pk, Xi)·(Xi Pk); that is, it is225

226
πB(Pk, X1)·(X1 Pk)  ...  πB(Pk, Xj)·(Xj Pk)227

228
An expression for all cycles, simple and non-simple, of this form, and including229
the empty cycle , is therefore the * operator of regular expressions applied to230
this; that is, it is231

232
πL(Pk, Pk) = (πB(Pk, X1)·(X1 Pk)  ...  πB(Pk, Xj)·(Xj Pk))* (R3)233

234
From this it is easy to calculate πL(Pk, Pm) for k ≤ m < k+z. A general path p within235
L from Pk to Pm will be entirely within B if it contains no loopbacks of L. If it does236
contain loopbacks of L, then that part of p which follows its last such loopback is237
within B, and the rest of p is a cycle (simple or non-simple) from Pk to itself.238
Therefore p must consist of such a cycle, followed by a path within B from Pk to239
Pm. We therefore have240

241
πL(Pk, Pm) = πL(Pk, Pk)·πB(Pk, Pm) (R4)242

243
Finally we consider πY(Ph, Pm) for k ≤ m ≤ k+z. Since Pm is in the loop L, while Ph244
is not, any path from Ph to Pm must enter L through an entry point. Since G is re-245
ducible, L has only one entry point, namely Pk. Therefore any path from Ph to Pm246
in Y is a path from Ph to Pk in Y followed by a path from Pk to Pm in L, and we247
have248

249
πY(Ph, Pm) = πY(Ph, Pk)·πL(Pk, Pm)) (R5)250

251
2.4. An Example252

253
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The method of the preceding section will now be illustrated, using the254
graph of Figure 1. This is a reducible graph, with a unique loop tree, since the255
outer loop (induced by {2, 3, 4, 5, 6, 7, 8}) has exactly one entry point (node 2),256
while the inner loop (induced by {4, 5, 6}) also has exactly one entry point (node257
4). We adopt the following notation:258

• G is the entire graph;259
• L1 is the outer loop;260
• B1 is the body of the loop L1;261
• L2 is the inner loop;262
• B2 is the body of the loop L2.263

The steps in the algorithm are now as follows, keyed to the rules (R1) through264
(R5):265

266
Y h k Rule πY(Ph, Pk)267

268
G 1 1 R1 269
G 1 2 R2 a (temporary)270
B1 2 2 R1  (temporary)271
B1 2 3 R2 b272
B1 2 4 R2 b·c (temporary)273
B2 4 4 R1  (temporary)274
B2 4 5 R2 d275
B2 4 6 R2 d·e276
L2 4 4 R3 (d·e·f)*277
L2 4 5 R4 (d·e·f)*·d278
L2 4 6 R4 (d·e·f)*·d·e279
B1 2 4 R5 b·c·(d·e·f)*280
B1 2 5 R5 b·c·(d·e·f)*·d281
B1 2 6 R5 b·c·(d·e·f)*·d·e282
B1 2 7 R5 b·c·(d·e·f)*·g283
B1 2 8 R5 b·c·(d·e·f)*·d·i  b·c·(d·e·f)*·g·h284

= b·c·(d·e·f)*·(d·i ·g·h)285
L1 2 2 R3 (b·c·(d·e·f)*·(d·i ·g·h)·i)*286
L1 2 3 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b287
L1 2 4 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*288
L1 2 5 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·d289
L1 2 6 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·d·e290
L1 2 7 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·g291
L1 2 8 R4 (b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·(d·i ·g·h)292
G 1 2 R5 (b·c·(d·e·f)*·(d·i ·g·h)·i)*293
G 1 3 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b294
G 1 4 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*295
G 1 5 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·d296
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G 1 6 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·d·e297
G 1 7 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·g298
G 1 8 R5 a·(b·c·(d·e·f)*·(d·i ·g·h)·i)*·b·c·(d·e·f)*·(d·i ·g·h)299

300
2.5. Non-Reducible Graphs301

302
In order to extend this method to a graph G which is not reducible, it is303

necessary to consider all possible loop trees of G. In the worst case, there may be304
an exponential number of such loop trees. This is therefore not a reasonable me-305
thod in this case, since Tarjan has given, in [7], a method which runs in polyno-306
mial time.307

308
3. Edge-Disjoint Spanning Trees309

310
3.1 Introduction311

312
In what follows, all graphs are taken to be directed. A rooted graph G313

contains a vertex r, called its root, such that for every vertex v in G there is a path314
from r to v. A spanning tree of G is a subgraph of G which is a directed tree, and315
which contains all vertices of G. Two spanning trees of G are edge-disjoint if316
they have no edges in common. Such trees have many uses, as noted in [8].317

The discovery that every graph whatsoever has an inherent structure of318
loops within loops, representable by a loop tree [1], raises the question as to what319
such a loop tree must look like, in a graph having two edge-disjoint spanning320
trees, each with the root r. We here provide a necessary and sufficient condition321
for this, namely that every vertex in G other than r, and every loop in T not322
containing r, has at least two entry edges, as these are specified in Definition 1323
below. We emphasize that our condition does not provide any improvement in324
the efficiency of finding two edge-disjoint spanning trees with the same root;325
indeed, it is already possible to do this in linear time [8]. Rather, our condition326
becomes a way of visualizing graphs which do, and which do not, have two such327
spanning trees, in order to improve our informal understanding of them.328

We also show that a graph with a unique loop tree, and having at least329
two vertices, cannot have two edge-disjoint spanning trees rooted at r.330

331
3.2 Some Lemmas About Loop Trees332

333
Basic loop tree theory was reviewed in Chapter 1. Here we will need four334

more lemmas about loop trees.335
LEMMA 3.1. Given a loop tree T for a graph G, and a cycle C in G, there336

exists a unique loop L in T such that C both contains the head of L and is itself337
contained entirely in L.338
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PROOF. Clearly C is contained in some non-trivial strong component L of339
G, which is an outer loop of G. Suppose first that C does not contain the head h of340
L. Then we argue by induction on the number of vertices in L; C is completely341
contained within the body B of L, and therefore within some non-trivial strong342
component L´ of B, where L´ has fewer vertices than L (note that loops within L´343
are also loops within L). Now suppose that C contains h, and, as before, is con-344
tained entirely in L. Here L is unique in this sense because C is contained neither345
in any other strong component of G (which must be disjoint from L) nor in any346
loop contained in L (because such a loop cannot contain h). This completes the347
proof.348

LEMMA 3.2. Given a loop tree T of a graph G with root r, and any vertex349
z in G, there is a path from r to z which includes no loopbacks in T.350

PROOF. We order the vertices of G as v1, v2, ..., vn, according to the funda-351
mental theorem of loop trees. We refer to vi-vj as a normal edge if i < j; that is, if it352
is not a loopback. We start by showing that, given any vertex y in G other than r,353
there is a normal edge to y from some x in G. Otherwise, the only edges to y354
would be loopbacks, implying that y is the head of some loop L in T. Therefore,355
since y is not r, y is an entry point of L; so there must be an edge to y from some x356
in G which is not in L. This edge cannot be a loopback, since a loopback to the357
head of L is always from somewhere in L; therefore it is a normal edge. It follows358
that there is a normal edge to z from some vertex z1 in G, and then to z1 from359
some z2, and so on back to r. This produces a path from r to z containing normal360
edges only, that is, containing no loopbacks, and completes the proof.361

LEMMA 3.3. Given a loop L in a loop tree T of a graph G with root r, and362
an edge e-h, where h is the head of L but e is not in L, there is a path from r to e363
which contains no vertices in L.364

PROOF. As before, we order the vertices of G as v1, v2, ..., vn. If the indices365
of L are vi, vi+1, ..., vj, then h = vi, as we have seen. Here e-h cannot be a loopback,366
since then both e and h would have to be in L. Therefore, e-h is a normal edge,367
and e = vk for k < i. By Lemma 3.2, there is a path π from r to e involving no loop-368
backs; and all the vertices of π must then also have indices less than i, and thus369
cannot be in L. This completes the proof.370

LEMMA 3.4. Given a loop L in a loop tree T of a graph G with root r, there371
is a path from r to the head h of L which contains no vertices in L other than h.372

PROOF. If h = r, we are done. Otherwise, h is an entry point, and there is373
an edge e-h, where h is not in L. The lemma follows by concatenating e-h to the374
end of the path from r to e which exists by Lemma 3.3.375

376
3.3 Bridges in Graphs377

378
A bridge in a graph G with root r is an edge v-w in G which is included in379

every path from r to w. Our work is based on the following result, cited by Tarjan380
[8], which notes that it follows from more general work of Edmonds [9].381
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THEOREM 3.1. A graph with root r has two edge-disjoint spanning trees,382
each with root r, if and only if it has no bridges.383

This is an immediate corollary of Lemma 1 of [8], which is a bit more gen-384
eral; it says that every bridge in G must be in every spanning tree with root r, and385
that there always exist two spanning trees, having root r, whose only common386
edges are the bridges in G.387

Note that the definition of graphs in [8] does not allow them to have self-388
loops; however, Theorem 3.1 remains true, even in the presence of self-loops. Let389
G be a graph with root r, and let G´ be the result of eliminating all self-loops from390
G. A self-loop cannot be in a spanning tree, since a tree contains no cycles; hence391
G has two edge-disjoint spanning trees if and only if G´ does. This holds, by the392
theorem, if and only if G´ has no bridges. However, a self-loop can never be a393
bridge, by definition; so G´ has no bridges if and only if G does not.394

The definition of graphs in [8] also allows them to have multiple edges.395
Loop trees were originally developed for graphs without multiple edges, but the396
theory is easy to generalize; a strong component containing an edge v-w must397
contain any further edges from v to w. Consider now a graph G with root r, and398
with a loop tree T. Let us replace each bridge v-w in G by two edges, each going399
from v to w, producing a graph G´. Clearly a multiple edge cannot be a bridge,400
since any path from r to w could always use a different edge from v to w; thus G´401
has no bridges, and yet G´ has the same loop tree T that G does. Thus any loop402
tree whatsoever can be a loop tree of a graph with no bridges, and hence with403
two edge-disjoint spanning trees rooted at r. It follows that the existence of such404
spanning trees is not derivable from the form of T, if multiple edges are allowed.405
In what follows, therefore, we assume that our graphs have no multiple edges.406

We now consider certain conditions under which a graph with the root r407
has a bridge v-w. The most obvious case is that in which w has indegree 1; so in408
fact all paths whatsoever, going to w, must use the edge v-w. There is, however,409
another general case, involving loop trees. Let w be the unique head of a loop L,410
somewhere in a loop tree of a graph. Suppose that there is only one edge, v-w,411
which goes to w from outside L (although there will be at least one other edge to412
w from inside L). Then v-w is a bridge. Any path from r to w must enter L at some413
point, which must be an entry point of L; and, by assumption, this must be w,414
and the only way to get to w from outside L is through the edge v-w.415

416
417

418
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419
Figure 3.1. Bridges in a graph.420

421
422

Both kinds of bridge are illustrated in Figure 3.1, where the root is taken423
to be the vertex A. The edges B-C and C-D are bridges, here, since C and D both424
have indegree 1. The vertex B has indegree 2, but the edge A-B is still a bridge425
because it is the only way to get to B from the root (A). Note that D-B is not a426
bridge, since we can get from A to B without going through D-B.427

428
3.4 A Loop Tree Condition For Bridges429

430
We now give a necessary and sufficient condition for an edge in a rooted431

graph to be a bridge.432
THEOREM 3.2. An edge v-w in a graph G with root r is a bridge in G if433

and only if either:434
(a) w has indegree 1 in G, or435
(b) w is the unique entry point of a loop L, somewhere in a loop tree in G,436

and v is not contained in L, and v-w is the only edge to w from outside L.437
PROOF. We have seen in section 3.3 above that any edge satisfying either438

of our conditions (a) and (b) is a bridge. We now show that these are the only439
two kinds of bridge that G can have. Suppose that v-w is a bridge. If there is no440
edge u-w for u ≠ v, then we have case (a) above. Now suppose that such an edge441
u-w exists. Since G is a rooted graph, there is a simple path π from r to u. Suppose442
that π did not include v; then, by concatenating the edge u-w to the end of π, we443
would obtain a path from r to w which does not include v, contradicting our444
assumption that v-w is a bridge. Therefore π must include v.445

In particular, there are simple paths π1, from r to v, and π2, from v to u.446
Here π1 does not include the edge v-w; otherwise it would have to go back to v,447
and it would not be a simple path. Suppose now that π2 does not include the448
edge v-w. It would then be possible to go from r to v (along π1), from there to u449
(along π2), and then along the edge u-w. This gives a path from r to w that does450
not include the edge v-w, which also contradicts our assumption that v-w is a451
bridge. Therefore π2 includes the edge v-w; and, in particular, there is a path452
from w to u. This path, followed by the edge from u to w, constitutes a cycle C.453

We now show that C cannot include v. Suppose the contrary; then, in par-454
ticular, there are paths π3, from w to v, and π4, from v to u. Here π4 does not in-455
clude w, and thus does not include the edge v-w. Thus π1, from r to v, followed456
by π4, from v to u, followed by the edge u-w, provides a path from r to w without457
including the edge v-w, which is contained in neither π1 nor π4. Once more this458
contradicts our assumption that v-w is a bridge; therefore C does not include v.459

Now consider a loop tree T for G. Let L be the loop which exists by Lem-460
ma 3.1, so that C contains the head h of L and is itself entirely contained within L.461
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We show that L cannot include v. Suppose the contrary; then, since C does not462
include v, there is a path π5 from h to w, along C, that does not include v. By463
Lemma 3.4, there is always a path π6 from r to h which includes no vertices in L464
other than h, and which, therefore, also does not include v (note that v ≠ h, since465
C contains h but not v). Concatenating π6 and π5, we obtain a path from r to w466
that does not include v, again contradicting our assumption that v-w is a bridge.467

Since w is in L, while v is not, it follows, by definition, that w is an entry468
point of L. We now show that w is the only entry point of L. Suppose that L has469
another entry point q ≠ w. Consider a second loop tree T´, for which q is the head470
of L. By Lemma 3.4, there is then a path π7 from r to q which contains no vertices471
in L other than q. Therefore, π7 does not contain w and thus does not contain the472
edge v-w. Since L is strongly connected, there is a path π8 in L from q to w. Here473
π8 also does not contain the edge v-w, since π8 is entirely within L, while v is474
outside L. Concatenating π7 and π8, we obtain a path from r to w which does not475
contain the edge v-w; and once more this contradicts our assumption that v-w is a476
bridge.477

Finally we show that v-w is the only edge to w from outside L. Suppose478
that there is an edge e-w from outside L, where e ≠ v. By Lemma 3.3, there is a479
path π9 to e from r which contains no vertices in L, and therefore does not480
include the edge v-w. Concatenating the edge e-w to π9, we obtain a path from r481
to w that does not include the edge v-w. Again this contradicts our assumption482
that v-w is a bridge, and completes the proof.483

484
3.5 The Main Result on Edge-Disjoint Spanning Trees485

486
We now provide a necessary and sufficient condition for there to be two487

edge-disjoint spanning trees in the graph G, with the same root r; or, what is the488
same thing (by Theorem 3.1), for there to be no bridges in G. This is based on the489
following definition.490

DEFINITION 3.1. Given a graph G with a loop tree T, an entry edge of a491
vertex w in G is an edge to w from some vertex v ≠ w. An entry edge of a loop L492
in T is an edge to some vertex w in L from some vertex v outside L.493

THEOREM 3.3. A graph G with root r and loop tree T has no bridges (and494
therefore has two edge-disjoint spanning trees with root r) if and only if every495
vertex of G other than r, and every loop of T not containing r, has at least two496
entry edges.497

PROOF. It suffices to show that the condition above holds if and only if G498
has no bridge of either type (a) or (b), as specified in Theorem 3.2. Let T be a loop499
tree of G, and let w be a vertex in G, with w ≠ r. Since G has the root r, there is a500
simple path from r to w in G. Let v-w be the last edge on this path; here we must501
have v ≠ w. If w has indegree 1, then w has only one entry edge. If w is the unique502
entry point of a loop L in T, and v is not contained in L, and v-w is the only edge503
to w from outside L, then L has v-w as its only entry edge, and L does not contain504
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r (since otherwise it could not contain the entry point w). Conversely, suppose505
that w does not have at least two entry edges. Since G has the root r, and w ≠ r, w506
has one entry edge v-w (with v ≠ w); hence v-w is a bridge of type (a). Likewise, if507
L does not contain r, and does not have at least two entry edges, it must have one508
entry edge, say v-w. In that case w is the only entry point of L, and v is not con-509
tained in L, and v-w is the only edge to w from outside L (otherwise w would510
have two entry edges from vertices unequal to w). Therefore, v-w is a bridge of511
type (b), completing the proof.512

513
3.6 Innermost Loops and Multiple Entry Points514

515
Theorem 3.3 allows two entry edges to the same entry point of a loop. We516

now show that this is not allowed for innermost loops, where we disregard self-517
loops in taking a given loop to be innermost. This result will be needed in our518
treatment, in section 3.7 below, of a graph having a unique loop tree.519

LEMMA 3.5. A graph G with root r, and with no bridges, and with at least520
one vertex other than r, must have at least one loop not containing r, and not a521
self-loop.522

PROOF. Let v1 be any vertex of G, other than r. Here v1 must have at least523
two entry edges, by Theorem 3.3, and at least one of these is from a vertex (call it524
v2) other than r, since G has no multiple edges. Similarly, v2 must have at least525
two entry edges; and at least one of these is from a vertex (call it v3) other than r,526
and so on. This produces a sequence vk of vertices, with an edge from vk+1 to vk527
for all k ≥ 1. Since G is finite, this sequence must eventually repeat, say vi = vj, for528
i < j, so that vj-vj–1-...-vi (= vj) is a cycle C, not containing r.529

Let B be the graph obtained from G by removing any edges of G which530
lead to r. Here C is contained in B, and therefore in some strong component L of531
B; and L does not contain r, since it contains no edges which lead to r. There are532
now two cases; L may be a strong component of G, or, if it is not, it is contained533
in some strong component of G. This must have r as its only additional vertex;534
and thus r is its head and L is its body. In either case, L is a loop in G, not con-535
taining r. Here v2 ≠ v1 in the above, by Definition 1, since the edge from v2 to v1 is536
an entry edge of v1; so L is not a self-loop. This completes the proof.537

The condition that G have at least one vertex other than r is clearly neces-538
sary here; indeed, if G has just the vertex r, and no edges, then it has no bridges,539
and no loops.540

THEOREM 3.4. Let G be a graph with root r, and with a loop tree T. If G541
has no bridges, then any loop L in T, other than a self-loop, and containing no542
inner loops of its own, other than self-loops, either contains r or has at least two543
entry points.544

PROOF. Let L be as in the statement of the theorem, except that it has545
only one entry point w and does not contain r. Since L is not a self-loop, it546
contains some vertex z ≠ w. By Theorem 3.3, L has two entry edges; these are547
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then edges u-w and v-w. Since G has no bridges, it has two edge-disjoint548
spanning trees T1 and T2, with root r, by Theorem 3.1. Since T1 is a spanning tree,549
it includes z, so that there is a simple path πz from r to z in T1. Since z is in L, and550
w is the only entry point of L, πz must enter L at w. Let πz´ be that part of πz551
which leads from w to z. Then πz´ is also a simple path, and thus does not include552
w except at the start; therefore πz´ does not include any loopbacks of L. Also, πz´553
never leaves L, because otherwise it would have to re-enter L at w, since w is the554
only entry point of L. Therefore πz´ is completely contained in the body B of L.555
Since this is true of any z in L, the union of all πz´ over all z in L defines a556
spanning tree T1´ of B, with root w. Applying all these arguments to T2, we557
obtain a spanning tree T2´ of B, also with root w. The trees T1´ and T2´ are edge-558
disjoint, since T1 and T2 are edge-disjoint. It follows from Theorem 3.1, applied to559
B (which has the root w), that B has no bridges. Since B contains z ≠ w, it now560
follows from Lemma 3.5 that B contains a loop L´, not a self-loop, with w not in561
L´. Here L´ is a loop inner to L, contradicting our hypothesis, and completing the562
proof.563

A fundamental property of loop trees is that a loop containing the root r564
cannot contain any entry points at all; this is why that case is excluded from565
Theorem 3.4. Indeed, a graph with no bridges (such as, for example, a complete566
graph on more than two vertices) can easily have a loop containing r.567

568
3.7 Unique Loop Trees and Edge-Disjoint Spanning Trees569

570
We now show that a graph with root r, and with a unique loop tree — that571

is, either one with no loop at all, or one in which every loop has a unique head —572
must have at least one bridge, and thus, by Theorem 3.1, cannot have two edge-573
disjoint spanning trees rooted at r. The only exception to this is a graph with just574
one vertex.575

LEMMA 3.6. Let G be a graph with root r and loop tree T; let L be a loop576
in G, which contains r; and let B be the body of L. If L has no bridges, then577
neither does B.578

PROOF. If L has no bridges, then it has two edge-disjoint spanning trees579
T1 and T2, rooted at r, by Theorem 3.1. But T1 and T2 cannot contain loopbacks to580
r; otherwise they would contain cycles, and a tree cannot contain cycles. Thus T1581
and T2 are also edge-disjoint spanning trees of B, which shows that B has no582
bridges, again by Theorem 3.1.583

THEOREM 3.5. A graph G, rooted at r, with a unique loop tree T, and584
containing at least two vertices, must have a bridge.585

PROOF. Suppose the contrary, so that G has no bridges. Since G has at586
least two vertices, it has at least one loop in T, which is not a self-loop, by Lemma587
3.5. Clearly, any self-loop which is a loop in T must be a leaf in T; let us remove588
from T any such leaves, producing T´. Let L be a leaf in T´. There are now two589
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cases. Suppose first that L does not contain r; it then satisfies the conditions of590
Theorem 3.4, and thus has at least two entry points, say x and y. Therefore G has591
at least two loop trees, since there is at least one of these with x and with y as the592
head of L. This contradicts our hypothesis.593

Now suppose that L contains r, so that r is the head of L. Let B be the body594
of L, and consider a bridge v-w in L, so that any path from r to w in L contains v-595
w. However, any path from r to w in G must stay entirely in L; otherwise, it596
would have to re-enter L through an entry point, and, since L contains r, it has no597
entry points. Hence v-w would in fact be a bridge in G. This contradiction shows598
that L, in fact, has no bridges; and, by Lemma 3.6, neither does B. Since L is not a599
self-loop, it contains at least two vertices, as does B. Therefore, by Lemma 3.5 ap-600
plied to B, it contains a loop L´, not containing r, and not a self-loop. Here L´ is a601
loop inner to L, contradicting our assumption that L is a leaf in T´, and complet-602
ing the proof.603

The condition that G have at least two vertices is necessary, since a graph604
with just one vertex has a unique loop tree but has no bridges. A self-loop, even605
in this case, is not a bridge, since it is not on the null path from r to itself. Also, a606
graph with just one vertex r does have two edge-disjoint spanning trees, namely607
T1, which contains just r and no edges, and T2 = T1. Even though T1 and T2 are608
equal, they are still edge-disjoint; they have no edges in common, since they have609
no edges at all.610

611

612
613

Figure 3.2. Edge-disjoint spanning tree examples.      Figure 3.3. More614
examples.615

616
It is possible for a graph, rooted at r, and having an outer loop which is a617

self-loop, to have two edge-disjoint spanning trees, both rooted at r, as shown in618
Figure 3.2. It is also possible, in a graph having two edge-disjoint spanning trees,619
for a loop which is not an innermost loop to have a single entry point, as, for620
example, the loop L2 in Figure 3.3. In both cases, one spanning tree is shown621
with bold gray arrows, and the other one with bold black arrows; edges with622
light black arrows are not in either spanning tree. Note that every vertex in each623
of these graphs, other than r, has at least two entry edges, although r has no624
entry edges at all.625
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In the case of a graph G with multiple edges, the most we can say here is626
that, if G has a unique loop tree and contains at least two vertices, it must have627
an edge v-w which is either a bridge, or would be a bridge if all other (multiple)628
edges from v to w were removed from G.629

630
4. Feedback Vertices631

632
In this section, vertices are what are often called nodes in a graph. A feed-633

back set is a set of vertices in a strongly connected graph, such that every cycle in634
the graph must contain at least one vertex in the set. If a feedback set contains635
just one vertex V, then V is known as a feedback vertex. The discovery that every636
graph whatsoever has an inherent structure of loops within loops, representable637
by a loop tree [1], raises the question as to what such a loop tree must look like,638
in a graph having a feedback vertex.639

We here provide a necessary and sufficient condition for a graph G to640
have a feedback vertex. The condition is that G have a loop tree T with respect to641
which G has no parallel loops and no conditional loops, in a sense which we de-642
fine; and that its innermost loop L, which must be unique to T, contains a vertex643
which covers every other vertex in L, as this is defined in [3]. We emphasize that644
our condition does not provide any improvement in the efficiency of finding all645
feedback vertices in a graph; indeed, it is already possible to do this in linear time646
[4]. Rather, our condition becomes a way of visualizing graphs which do, and647
which do not, have feedback vertices, in order to improve our informal under-648
standing of them.649

Feedback vertices, and feedback sets in general, have important applica-650
tions in logic design [3]. They are also useful in the construction of cutpoints, as651
part of the proof of correctness of a program [10]. We have done previous work652
[11] which attempts to develop what would be called, using the terminology653
above, a “good” feedback set for this purpose.654

655
4.1 Graphs With Feedback Vertices656

657
In order to motivate our theorem, let us first look at a few graphs which658

have feedback vertices. Clearly, if a graph G contains one and only one cycle,659
then every vertex in that cycle is a feedback vertex. More generally, if G has only660
one strong component L, whose body is a dag, then the head of L is a feedback661
vertex. There are, however, more general such graphs; as, for example, that of662
the matrix product program of Figure 4.1. Here there are three nested loops, as663
indicated by the structured program at the top. This is converted into an unstruc-664
tured program, whose flowgraph is then given. It should be clear, however, that665
the vertex containing the statement S = S+A[I,K]*B[K,J] is a feedback vertex. This666
example may be generalized to allow any number of nested loops, rather than667
just three.668
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669
4.2 Graphs Without Feedback Vertices670

671
We now look at some conditions under which a graph cannot have a feed-672

back vertex. The most obvious of these involves what we may call parallel loops;673
that is, two or more loops in a loop tree that are siblings (that is, they have the674
same parent). Since such loops are strong components of the body of their com-675
mon parent, they are disjoint and thus contain disjoint cycles; so a graph having676
parallel loops cannot have a feedback vertex.677

If T contains no parallel loops, then there can be at most one non-trivial678
strong component L1 of G. The body B1 of L1 can then contain at most one non-679
trivial strong component L2, and so on. Every loop tree of such a graph, there-680
fore, is linear in the following sense.681

DEFINITION 4.1. A loop tree T of a graph is linear if there is some n ≥ 0682
such that T comprises n loops L1, ..., Ln with each Li being an inner loop within683
Li–1 for 2 ≤ i ≤ n.684

Another such condition involves a loop that is not always done when its685
parent loop is done. We refer to this as a conditional loop, since the most com-686
mon form of it is an inner loop L´ within an if-statement in its parent loop L.687
There is thus a cycle C in L which is disjoint from L´. Since L´ also contains at688
least one cycle, there are two disjoint cycles in the graph, and therefore there can-689
not be a feedback vertex. It will be necessary, however, to use a slightly more ge-690
neral definition of a conditional loop; instead of requiring that C be in L, we691
merely require that C be not disjoint from L.692

We may justify this choice informally as follows. Suppose that H is the693
head of L, and that H is immediately followed by a vertex N which is a condi-694
tional exit from L. Thus it is possible to enter L at H, go to N, and take the condi-695
tional exit without doing L´. Here, then, L´ is a conditional loop in an informal696
sense, since L can be entered without doing L´. On the other hand, if L is an outer697
loop of the program, and there is no cycle in L which is disjoint from L´, there698
can still be a feedback vertex in L´. However, now suppose that L itself is699
contained in another loop K. There will then be a path which starts at the head X700
of K, goes through H and N and back into K, and eventually back to X. This will701
be a cycle, disjoint from L´, and so G cannot have a feedback vertex.702

703
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704
705

Figure 4.1. A matrix-product program with a feedback vertex.706
707
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708
709

Figure 4.2. A conditional loop.710
711

Accordingly, we make the following definition.712
DEFINITION 4.2. A conditional loop in a loop tree T of a graph G is a713

loop L in T, such that there is a cycle C in G, disjoint from L, but not disjoint from714
the parent of L in T.715

The two kinds of conditional loop are illustrated in Figures 4.2 and 4.3. In716
Figure 4.2, the inner loop is conditional in the ordinary sense; it is not done at all,717
within the outer loop, when the cycle involving cond1 and cond2 is done. The718
structured form of this loop is shown at the top left; a while loop inside an if719
statement, which is inside another while loop, as here, always leads to this kind720
of conditional loop. In Figure 4.3, the loop L3 is not conditional in this sense, but721
it is still conditional because there is a cycle, A-D-E-A, which is disjoint from L3,722
but not disjoint from L2, the parent of L3.723

724
4.3 Loop Covers725

726
We now extend some terminology used in [3]. A vertex x is said to cover727

another vertex y, in a graph G, if all cycles in G which contain y also contain x. A728
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feedback vertex for a graph, then, is one which covers every other vertex in the729
graph. We here define a local version of this.730

731

732
733

Figure 4.3. Another kind of conditional loop.734
735

DEFINITION 4.3. A vertex x is said to cover a loop L if it covers every736
vertex in L.737

We will be concerned exclusively with vertices which cover innermost738
loops. In particular, if such a loop L has exactly one entry point H, then we can739
easily see that H covers L. In fact, let y be a vertex in L, and let C be a cycle con-740
taining y. If C is not entirely contained in L, it must contain H because H is the741
only entry point of L, so that C can enter L only through H. If C is entirely con-742
tained in L, then again C must contain H, because L is an innermost loop and so743
the body of L is a dag, which cannot contain the cycle C.744

There are, however, other ways that a loop can be covered by one of its745
vertices, as shown in Figure 4.4; here that vertex is marked as V, in each case.746
Note that, even if a loop has only one exit point, that point might not be a loop747
cover; thus the vertex X in Figure 4.5, for example, does not cover A, since the748
cycle A-B-C-A contains A but does not contain X. Another example is shown in749
Figure 4.6; this is the same graph that was given in Figure 4.3, except that B, rat-750
her than D, is now the head of L2. This time, there is no L3, because the body of751
L2, with B as its head, is a dag. Here there are two disjoint cycles, namely A-D-E-752
A and B-C-F-B, having non-empty intersections with L2; so no vertex can cover753
L2.754

755
4.4 The Main Result on Feedback Vertices756

757
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THEOREM 4.1. A graph G has a feedback vertex if and only if it has a758
loop tree T for which all of the following are true:759

(a) G has no parallel loops (and therefore T is linear);760
(b) G has no conditional loops;761
(c) the innermost loop of T contains a vertex V which covers it (as in Defi-762

nition 4.3).763
764

765
766

Figure 4.4. Examples of a loop being covered by one of its vertices.767
768
769

770
771

Figure 4.5. Loops without loop covers.  Figure 4.6. More loops without loop772
covers.773

774
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PROOF. We saw in section 4.2 above that, if G has parallel loops, or a775
conditional loop, it cannot have a feedback vertex. Also, if G has such a vertex V,776
then V must be in the innermost loop L, in any loop tree. This is because it must,777
in particular, be contained in every cycle in L; and we know that L contains at778
least one cycle, because, as a loop, it is non-trivial strongly connected. Here V,779
being a feedback vertex, must, in particular, cover L. Thus the conditions (a)-(c)780
above are necessary; we now show that they are sufficient.781

782

783
784

Figure 4.7. Multiple loop trees. Figure 4.8. Further multiple loop trees.785
786
787

As in Definition 4.1, we denote the loops by L1 through Ln. Let Hi be the788
head of Li, for 1 ≤ i ≤ n, and let C be any cycle in G. By Lemma 3.1, there is some789
Lk such that C contains Hk and is contained entirely in Lk. We now show, by in-790
duction on i, that C has a non-null intersection with Li for k ≤ i ≤ n, and thus, in791
particular, with Ln. By hypothesis, this holds for i = k. In general, if C has a non-792
null intersection with Li, but not with Li+1, then Li+1 is, by Definition 4.2, a condi-793
tional loop, contrary to hypothesis. Thus C has a non-null intersection with Ln,794
and therefore contains V, since V covers Ln. This completes the proof.795

796
4.5 Feedback Vertices and Multiple Loop Trees797

798
The above theorem places strong restrictions on the loop tree T; this does799

not, however, preclude a graph with a feedback vertex from having more than800
one loop tree. Indeed, it might have two loop trees with different heights, as801
shown in Figures 4.7 and 4.8. Here, if H1 is the head of L1, as in Figure 4.7, there802
is no inner loop; if H2 is the head of L1, as in Figure 4.8, then L1 has the inner803
loop L2. However, in both cases, the loop tree is linear; and the feedback vertex F804
(or H1, for that matter) is contained in the innermost loop, in each case, and805
covers that loop.806

807
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4.6 Further Investigations808
809

The determination as to whether a feedback set of size n exists, within a810
given graph, is NP-complete [12]. By contrast, a loop tree, as defined in section 1811
above, may be found in polynomial time. (The determination of all loop trees re-812
mains exponential, although for a low-level reason: the total number of loop813
trees for a graph may have exponential size; indeed, every permutation of the814
vertices of a complete graph corresponds to a loop tree for that graph.) In view of815
these facts, we will start by considering applications of feedback sets.816

Two such applications are mentioned in [4]. The first is concerned with the817
graphs of logic circuits, and is treated in [3]. The second, treated in [10], is818
directly concerned with flowgraphs, and is also related to some of our own819
earlier work. We take this up here at some length, and, in particular, we question820
whether the “best” feedback set, in that context, is the one with minimum size.821

Also, in this paper, we relate inner loops, in the sense of section 1 above,822
to Smith and Walford’s sets F, GF, and GR, introduced in [3]. We show that any823
graph with a feedback vertex has just one loop in an extended sense, although824
there might be more than one loop in its loop tree. We obtain a connection, in a825
special case, between loop trees and the concept of depth first numbering. Final-826
ly, we use loop trees to estimate the size of a minimal feedback set.827

We note the following terminological differences among these papers:828
829

Garey and Tarjan [4] VertexArc Cycle830
Smith and Walford [3] VertexArc Loop831
Alternative notation Node Edge Cycle832

833
4.7 Program Correctness and Feedback Sets834

835
Suppose we wish to prove the correctness of a program having a given836

flowgraph. We assume that our program is not structured, and may contain arbi-837
trary go-to statements; in loop tree notation, there might be more than one loop838
tree for the graph. This may be accomplished in eight steps (see [11]):839

(1) Identify the terminal vertices of the graph and assign an exit assertion840
to each one; this is an assertion concerning the variables of the program which841
will hold at the time that that exit is taken.842

(2) Identify the initial vertex of the graph and assign an entry assertion to843
it; this is an assertion concerning the variables of the program which must hold844
when the program starts. (If the graph has more than one initial vertex, the entire845
proof of correctness is redone for each initial vertex.)846

(3) Make a statement of correctness of this program: if it starts at the initial847
vertex with the entry assertion holding, then (a) it will not loop endlessly; (b) it848
will not try to execute any statement S at a time when S is not well defined; and849
(c) when it gets to a terminal vertex, the corresponding exit assertion will hold.850
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(4) Identify intermediate assertion points, or what Manna [10] calls cut-851
points; there must be one such point in every cycle of the flowgraph. Associate852
an intermediate assertion with every such point. Define an assertion point of the853
program as either an initial vertex, a terminal vertex, or a cutpoint.854

(5) Identify the verification paths in the program; these are paths from one855
assertion point to another, with no assertion points in between. The assertion as-856
sociated with the first (last) statement in a path is called the initial (final) asser-857
tion of that path.858

(6) State the verification conditions of the program, one associated with859
each verification path. Such a condition says that if the path is started with its ini-860
tial assertion valid, then it will not try to execute any statement S at a time when861
S is not well defined, and that, when it reaches the end of that path, its final as-862
sertion will be valid.863

(7) Prove all the verification conditions.864
(8) Prove that the program terminates. (The techniques for this are rela-865

tively simple extensions of those above; we omit the details.)866
Feedback sets arise in step (4) above, since the condition on a set of cut-867

points is that every cycle in the flowgraph must contain at least one cutpoint. A868
simple way to choose cutpoints is to choose them as the destination points of re-869
verse edges in the flowchart, relative to some ordering of the vertices (normally870
the order in which the corresponding program is written).871

872
4.8 Feedback Set Measures873

874
Let us now consider what makes a “good” set of cutpoints, or feedback875

set. The treatment given in [3] concerns finding such a set with as few vertices as876
possible; that of [12] shows that this problem is NP-complete. There are two pos-877
sible general approaches to this situation. We may try to find a solution to the878
problem which, although exponential in the general case, “appears to be quite879
efficient for large graphs arising in practical applications” (see the abstract of [3]).880
Or we may question whether, for the purposes of program correctness proof, we881
actually want to minimize the number of vertices in a feedback set.882

In [11] we address the problem of finding a “best” set of intermediate883
assertion points, by which we mean one which minimizes the total length of all884
verification conditions as described in step (6) above. Since these are what have885
to be proved, we would like their total size to be as small as possible. Provided886
that we use internal size only (that is, not counting the lengths of the initial and887
final assertions in each verification condition, but only the lengths of what arises888
from the statements in the path), we show that this is minimized by choosing, as889
cutpoints, exactly the join points; that is, those of indegree greater than 1, in the890
program. In the present context, this has the further advantage that such points891
may be determined immediately from the flowgraph.892

893
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4.9 Graph Partitions and Loop Trees894
895

In [3], as part of their algorithm for finding minimal feedback sets, Smith896
and Walford introduce sets F, GF, and GR. Here F is a set of vertices of the graph897
G, and G is then partitioned into GF and GR (that is, GF  GR = Ø and GF  GR. =898
G). A vertex is in GF if and only if it is contained in at least one cycle of G which899
also contains a vertex in F, and is not contained in any cycle of G which does not900
contain a vertex of F.901

We may note first that F is a feedback set of a strongly connected graph G902
if and only if the corresponding GF = G (that is, GR = Ø). If F is not a feedback set,903
then there exists at least one cycle C in G which does not contain any elements of904
F, and any vertex V in C cannot be in GF and so must be in GR. If F is a feedback905
set and V is a vertex in G, then V is contained in some cycle (since G is strongly906
connected); any cycle containing V must contain some element of F, by definition907
of a feedback set, and so V is in GF, thus implying that GF = G.908

Now let the entire graph G be strongly connected, so that it is an outer909
loop, in our sense. Let F be a one-element set, containing only the head H of G.910
Then GR consists precisely of all vertices in inner loops of G. Note that if V is in911
an inner loop, that loop is in the body B of G and cannot contain H, so V is not in912
GF. Conversely, if V is not in GF, then V is in some cycle of G that does not con-913
tain H. That cycle is completely contained in B, and thus in some strong compo-914
nent of B, that is, an inner loop of G.915

We may extend this example by including, within F, a single chosen head916
for each inner loop, in addition to H. The corresponding GR now consists precise-917
ly of all vertices in all second-level inner loops of G. Continuing this process re-918
cursively, we arrive at a set F containing the head of every loop in some specific919
loop tree of G; and this time GR = Ø. This is, therefore, one way of getting a feed-920
back set F (see also section 8 below), although this F is not necessarily of mini-921
mum size.922

923
4.10 Feedback Vertices and Single Extended Loops924

925
Given any n > 0, we may construct a graph having n nested loops, and926

therefore with a loop tree of height n, but still having a single feedback vertex, as927
noted in section 4.9 above. Despite this, however, every graph having a feedback928
vertex must have one and only one “loop” L in an extended sense, namely that929
the head of L is not necessarily an entry point of L. As an example, consider the930
matrix product program of Figure 4.1, namely:931

932
I = 1 | FOR I = 1 TO N {933

1 J = 1 | FOR J = 1 TO N {934
2 S = 0 | S = 0935

K = 1 | FOR K = 1 TO N936
3 S = S+A[I,K]*B[K,J] | {S = S+A[I,K]*B[K,J]}937

K = K+1 | C[I,J] = S938
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IF (K <= N) GOTO 3 | }939
C[I,J] = S | }940
J = J+1 | OUTPUT "END"941
IF (J <= N) GOTO 2 |942
I = I+1 |943
IF (I <= N) GOTO 1 |944
OUTPUT "END" |945

946
This program may be rewritten as follows:947

948
I = 1 | I = 1949
GOTO 1 | GOTO 1950

3 S = S+A[I,K]*B[K,J] | WHILE (TRUE) {951
K = K+1 | S = S+A[I,K]*B[K,J]952
IF (K <= N) GOTO 3 | K = K+1953
C[I,J] = S | IF (K <= N) CONTINUE954
J = J+1 | C[I,J] = S955
IF (J <= N) GOTO 2 | J = J+1956
I = I+1 | IF (J > N) {957
IF (I > N) GOTO 4 | I = I+1958

1 J = 1 | IF (I > N) BREAK959
2 S = 0 | 1:    J = 1960

K = 1 | }961
GOTO 3 | S = 0962

4 OUTPUT "END" | K = 1963
| }964
| OUTPUT "END"965

966
It is not difficult, although a bit tedious, to check the logic of the two programs967
above and verify that they are the same. The head of the “loop” L, in the rewrit-968
ten program, is the statement with label 3, and this is not an entry point of L. It969
should be clear, from this example, that rewriting a program in this way does not970
necessarily make it easier to understand, even though here we are replacing971
three loops by one. Also, although the statement with label 3 is also a feedback972
vertex for the graph, that fact does not help in the process of proving the973
program correct. Even though there is now only one intermediate assertion974
point, the total length of all the verification conditions of the program actually975
increases when this choice is made, as noted in [11].976

In general, however, any graph with a feedback vertex V may be rewritten977
in this way. Here V becomes the head of L; with respect to V, the body of L is a978
dag, because otherwise it would have a cycle not containing V, contradicting the979
definition of a feedback vertex. However, in many cases (as above), V is not an980
entry point of L, so the graph does not necessarily have a loop tree of height 1.981

982
4.11 Depth First Numbers and Loop Trees983

984
The (preorder) depth first numbers (DFNs) of the vertices of a graph are in985

the sequential order in which they are encountered in a depth first search (DFS).986
Thus the DFN of the kth vertex to be encountered is k. Depth first numbers are987
treated in [4], and it is natural to ask whether there are connections between988
them and loop trees. At least in one special case, there is, indeed, a strong989
connection.990
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Suppose that the loop L has no exits, that is, edges from a vertex in L to a991
vertex outside L. (This is uncommon in flowgraphs, although it frequently occurs992
in other kinds of graphs, such as call graphs.) Then there exist integers i and j, for993
any DFS, such that the DFNs of the vertices of L are precisely i, i+1, ..., j. Here i is994
the DFN of the first entry point of L (call it H) to be encountered in this DFS. No995
vertices of L, therefore, are encountered before H, and thus the DFN of such a996
vertex cannot be less than i. Since there are no exits from L, the only way the DFS997
can leave L is by popping H from its stack. Before this is done, every vertex in L998
must be encountered, since L is strongly connected. If j is the largest DFN of a999
vertex in L, therefore, all vertices of L, and only these vertices, have DFNs in the1000
range from i through j.1001

1002
4.12 Estimating the Size of a Minimal Feedback Set1003

1004
We finally introduce lower and upper bounds on the size of a minimal1005

feedback set, as an extension of the process of finding loop trees.1006
THEOREM 4.2. Let G be a graph having a loop tree T with n vertices, m of1007

which are leaves of T. Let k be the size of a minimal feedback set for G. Then m ≤1008
k ≤ n–1.1009

PROOF. We first note that any two leaves of T represent disjoint sub-1010
graphs of G. In fact, let U and V be leaves, and, among all common ancestors of1011
U and V, let X be the one farthest from the root. Let X represent a subgraph with1012
body B, and let Y be that child of X which is also an ancestor of U. By the choice1013
of X, we see that Y is not an ancestor of V, and therefore X has another child, Z,1014
which is an ancestor of V. Since Y and Z are children of X, they represent distinct,1015
and therefore disjoint, strong components of B. Since U and V are descendants of1016
X and Y respectively, they also represent disjoint subgraphs.1017

It follows that the m leaves of T represent mutually disjoint strongly con-1018
nected sets, each of which contains at least one cycle. Any feedback set of G must1019
contain one vertex in every such cycle, and its size must therefore be at least m.1020
On the other hand, every vertex in T, other than the root, represents a loop with1021
a head, and any cycle in the graph must pass through one of these heads. The set1022
of all n–1 of these heads, therefore, is a feedback set for G, completing the proof.1023

If G has more than one loop tree, then, by repeatedly applying the logic1024
above, we see that m and n may be taken here, respectively, as the maximum1025
value of m and the minimum value of n, over all loop trees of G. Such further1026
tightening of these bounds, however, cannot be expected to go too far, in light of1027
the fact that the problem of determining a minimum feedback set, in general, is1028
NP-complete ([12], as noted in [4] and [3]).1029

1030
5. Clustering Trees1031

1032
5.1. Loop Trees and their Generalizations1033

1034
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We shall need two generalizations of the concept of a loop tree, as intro-1035
duced in Section 1 above. Suppose first that we were to include trivial, as well as1036
non-trivial, strong components in the tree, at every level. This would make the1037
construction simpler and more general, in one sense; but the name “loop tree”1038
would no longer be appropriate, since trivial strong components are not loops.1039
Hence we use the term generalized loop tree for this case. Also, any graph has at1040
least one loop tree, but we will here be concerned only with strongly connected1041
graphs. For such a graph G, every loop tree has G as the root, whose only child is1042
again G. This redundancy is unnecessary in our context, and we therefore speak1043
of the basic loop tree of a strongly connected graph, namely the subtree whose1044
root is the single child of the actual root. Combining these two constructions, we1045
obtain the basic generalized loop tree (or BGL tree) of a strongly connected1046
graph.1047

1048
5.2 Clustering Trees1049

1050
Our object is to compare these BGL trees with what Tarjan [13] calls de-1051

composition trees; these have applications in cluster analysis. Since loop trees1052
also involve decompositions, we will use a separate term, clustering trees, to1053
refer to the trees studied in [13]. It is assumed that we have a strongly connected1054
graph G in which all edges have distinct weights. The leaves of the clustering1055
tree are the vertices of G, and we build this tree from the bottom up, adding1056
edges in increasing order by weight. Whenever the addition of an edge causes1057
two or more components A1, ..., Ak to coalesce into a single component A, we1058
make A the parent of A1, ..., Ak in the tree. When the last edge is added, the tree1059
is complete, with G as its root.1060

Clustering trees and loop trees have very different motivations. Clustering1061
trees are used in cluster analysis of data with an asymmetric similarity measure.1062
The “distance” from A to B is not necessarily the same as that from B to A (as, for1063
example, with flight times between cities, affected by prevailing winds). There is,1064
however, always a “distance” from every vertex to every other, and these distan-1065
ces, or weights, are always distinct. The aim here is to find clusters, that is,1066
groups of vertices, every one of which is close to every other one. Loop trees, by1067
contrast, are used in the analysis of flowgraphs. The only obvious notion of dis-1068
tance, here, is distance of one statement from another in a program. However,1069
here the vertices in the desired groups, or loops, might be far away from each1070
other in the program, and our task is to find the loops.1071

Nevertheless, these two kinds of decomposition tree, for a graph G, have1072
several similarities. In each of these trees, the root represents G; every vertex in1073
the tree represents a strongly connected subgraph of G; and, if N1 is the parent of1074
N2 in the tree, then G1 contains G2, where N1 represents G1 and N2 represents G2.1075
It therefore becomes a matter of mathematical interest to determine relations1076
between these two kinds of tree.1077
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1078
5.3 Top-Down Construction of Clustering Trees1079

1080
We find it useful to provide an alternative definition of a clustering tree.1081

First we notice that, in the construction of such a tree, the actual values of the1082
weights are never used, but only their order. Since the weights are all distinct,1083
their order is unique. Formally, we may define an edge-ordered graph as one1084
with n edges given in the order e1, e2, ..., en. A graph in which the edges have1085
distinct weights may then be identified with an edge-ordered graph, in which the1086
kth smallest edge, in order of weight, is ek, for 1 ≤ k ≤ n. In what follows, there-1087
fore, we ignore weights, and assume that we have an edge-ordered graph.1088

Secondly, our definitions become more precise when our tree is built top-1089
down rather than bottom-up. When building the tree bottom-up, we add e1 first,1090
then e2, and so on. When building it top-down, we start with all edges in the1091
graph; then we remove en, then en–1, and so on. At each stage, then, we have left1092
only the edges e1, e2, ..., ek for some k; and the strong components of the graph,1093
with all the original vertices but with only these edges, are the leaves of that part1094
of the tree which has so far been constructed, from the top down.1095

Suppose now that we remove ek, leaving only the edges e1, e2, ..., ek–1. Here1096
ek was in some strong component, which, at this stage, is a leaf v. Removing ek1097
can affect only v, and no other strong component at this stage. It might happen1098
that v is still strongly connected, even with ek removed, in which case the tree1099
does not change at this stage. If the tree does change, it is because v, with ek1100
removed, now has more than one strong component; each of these, at this stage,1101
becomes a child of v.1102

1103
5.4 Decomposition Trees Of Cycles1104

1105
Our first question is that of finding conditions on a graph G, with a BGL1106

tree T, for which every clustering tree is the same as T. To simplify the statements1107
of our theorems, we make the following definition.1108

DEFINITION 5.1. An edge-ordered graph G, with a BGL tree T, is said to1109
have the loop clustering property if its clustering tree is the same as T.1110

We now have a surprisingly simple answer to the question we raised.1111
THEOREM 5.1. A graph G, with a BGL tree T, has the loop clustering1112

property with any edge ordering whatsoever if and only if G is a single cycle (of1113
any length).1114

Of course, if G is in fact a single cycle, it has a unique BGL tree; in the gen-1115
eral case, the correspondence between the two types of tree is specific to a partic-1116
ular BGL tree.1117

PROOF. First suppose G is a single cycle, and consider a BGL tree T for G,1118
with G as the root. Regardless of how we choose a head h for G, there will be one1119
and only one edge e in G which leads to h; and here e is the only loopback in G. If1120
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we remove e from G, producing the body B of G, then B is a dag, and thus every1121
child of G in T is trivial. Now consider the clustering tree T´ of G, built from the1122
top down. No matter which edge is removed first, the graph G, with only the re-1123
maining edges, is a dag, and thus every child of G in T´ is also trivial. Thus T and1124
T´ are the same in this case, and G, with T, has the loop clustering property.1125

Now suppose that G, with T, is not a single cycle. Since G is strongly con-1126
nected, it must contain at least one cycle. Of all cycles contained in G, let C be one1127
of shortest length j. Suppose first that j = 1, so that C is a self-loop, involving an1128
edge e from a vertex v to itself. Since G is not a single cycle, there must be another1129
vertex in the graph, say w. Since G is strongly connected, there are paths from v1130
to w and from w to v, so that k, the number of edges in G, is at least 3. We will1131
now show that G has at least two different clustering trees, contradicting our as-1132
sumption that a clustering tree is always the same as T. Let e1, e2, ..., ek be the1133
edges of G. If e = e1, then e is removed last, in the top-down construction. At the1134
second stage from the end, C is a leaf, and then, at the last stage, v becomes a1135
child of C. On the other hand, if e = ek, where k ≠ 1, as we have seen, then e is re-1136
moved first, in the construction. Since the cycle involving v and w has not yet1137
been removed, v can never become a child of C, whose single edge has been re-1138
moved at the first stage. Thus these two clustering trees are different.1139

Finally suppose that j > 1, and let C = u1u2...uj = u1. Since G is not C,1140
there must be at least one edge e´ in G which is not in C. We argue that there1141
must also be at least one vertex w which is not in C. Otherwise, e´ is uaub for1142
some a and b. By combining e´ with the path within C from ub to ua, we obtain a1143
new cycle C´ whose length, by the construction, is strictly smaller than j, contra-1144
dicting the choice of C. Since G is strongly connected, there is a path π in G from1145
u1 to w; let ui be the last vertex in π which is also on C. Since uj = u1, we can al-1146
ways assume i ≠ j here. Since w is not on C, so that w is not ui, there is a vertex w´1147
(possibly w´ = w) which immediately follows ui in π. Thus there are edges e´1 =1148
uiui+1 (where ui+1 exists since i ≠ j) and e´2 = uiw´ in G. Here e is part of a cycle1149
C´, since G is strongly connected; and C´ ≠ C since C´ contains w´, which is not on1150
C by the choice of ui. Also, e´1 is in C but not in C´, while e´2 is in C´ but not in C.1151
Therefore, in the top-down process, if e´1 is removed first, then C is broken but C´1152
remains, while if e´2 is removed first, then C´ is broken but C remains. However,1153
ui is on both C and C´; so, as before, we have a contradiction because G, with T,1154
has at least two different clustering trees. This completes the proof.1155

1156
5.5 Bottlenecks1157

1158
Theorem 5.1 shows us that most edge-ordered graphs do not have the1159

loop clustering property. We can ask, however, whether a given graph has any1160
edge ordering at all, for which it has that property. That this is not true for every1161
graph may be seen from Figure 5.1. If A is the start node, then CA and EA1162
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are the loopbacks, and the remainder of the graph is a dag; and thus this graph1163
has a unique BGL tree T, which has every individual vertex as a child of G, which1164
is at the top. Now consider the top-down order in which edges are removed. If1165
we remove AB, BC, or CA first, the strong component {A, D, E} will1166
remain in the clustering tree T´. If we remove AD, DE, or EA first, the1167
strong component {A, B, C} will remain in T´. Neither of these components are in1168
T, as we have seen; so no edge ordering of this graph has the loop clustering1169
property.1170

Consider now Figure 5.2, which is much like Figure 5.1 except for the1171
vertex F. This graph has a unique BGL tree T, very much like that of the graph of1172
Figure 5.1. Suppose here that, in forming the clustering tree T´, we eliminate the1173
edge AF first. The resulting graph is a dag (it has no directed cycles, although1174
that entire graph is an undirected cycle). Therefore we can eliminate the remain-1175
ing edges in any order, and T´ will be the same as T. The important difference be-1176
tween the two graphs is that, in Figure 5.2, we have an edge (namely AF)1177
which is contained in every cycle of the graph; in Figure 5.1, we have no such1178
edge. This leads us to the following definition.1179

DEFINITION 5.2. An edge in a rooted graph G, with root r, is a bottle-1180
neck if it is contained in every cycle within G that contains r.1181

The justification for the name should be clear; if you start at r, you cannot1182
get back to r except through the bottleneck. Bottlenecks are related to vertex1183
covers [3]; a vertex x is said to cover the root r of a rooted graph G, if all cycles in1184
G which contain r also contain x. Here we are requiring that all cycles in G which1185
contain r also contain an edge (that is, the bottleneck), rather than a vertex.1186

Bottlenecks are also related to the concept of a bridge as defined by Tarjan1187
[13]; that is, an edge e = uv such that every path from r to v must go through e.1188
In particular, a bottleneck in a strongly connected graph G is always a bridge in1189
this sense; for suppose the contrary. Then there is a path π from r to v that does1190
not contain e. Since G is strongly connected, there is then a simple path π´ in G1191
from v to r which does not contain e (otherwise it would go back to v, and it1192
would not be a simple path). Combining π and π´, we would obtain a cycle in G,1193
containing r, but not containing e, contrary to hypothesis. On the other hand, not1194
every bridge is a bottleneck; thus there are no bottlenecks in the graph of Figure1195
5.1, and yet AB, BC, AD, and DE are all bridges.1196

1197

1198
1199

Figure 5.1. Loop clustering property example.         Figure 5.2. Another example.1200
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1201

1202
1203

Figure 5.3. Bottlenecks and outer bottlenecks. Figure 5.4. Another example.1204
1205

Often a graph G has a bottleneck for low-level reasons. For example, if1206
there is only one edge leading from r, then that edge is clearly a bottleneck. Also,1207
if G has one and only one loopback, then that loopback is a bottleneck, for a simi-1208
lar reason. However, these are not the only kinds of bottleneck, as may be seen1209
from Figure 5.3. By following either RAC, RBC, or RABC by1210
either CDEFR or CDGHR, we obtain a cycle. These are the only1211
simple cycles here which include the root R, and CD is the only edge which is1212
on all of these, and therefore the only bottleneck.1213

1214
5.6 The General Loop Clustering Property Criterion1215

1216
If G is strongly connected, with r being its head, and having a BGL tree T,1217

we refer to a bottleneck as an outer bottleneck if it is not contained in any inner1218
loops that G might have, in T. Not all bottlenecks are outer, as we may see from1219
Figure 5.4, which is the same as Figure 5.3 with the loops L1 and L2 shown. Here1220
CD is contained in the inner loop L2, and is therefore not an outer bottleneck.1221
(This graph actually has a further inner loop, which is either {B, C, D, G} or {A, C,1222
D, E}, depending on whether A or B is taken as the head of L2.)1223

LEMMA 5.1. Let G be a strongly connected rooted graph with root r, and1224
having an outer bottleneck e. Let B be the body of G, and let G´ be the graph ob-1225
tained from G by removing e. Then the strong components of G´ are the same as1226
those of B.1227

PROOF. The root r is a trivial strong component of B. It is also a trivial1228
strong component of G´, because otherwise r would be contained in a non-trivial1229
strong component of G, and hence in a cycle of G containing r; and such a cycle1230
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must contain e, by Definition 5.2, and is therefore not in G´. Any strong compo-1231
nent L of B, other than {r}, is a maximal strongly connected subset of B, and can-1232
not contain r. Because e is an outer bottleneck, it is not contained in L; therefore L1233
is contained in G´. It remains strongly connected, and it is also maximal strongly1234
connected in G´ (and therefore a strong component of G´). This is because any1235
strongly connected graph L´, contained in G´ and containing L, could not contain1236
r, because r is a trivial strong component of G´; and it would remain strongly1237
connected in G, and thus in B, contradicting our assumption that L is maximal1238
strongly connected in B. The trivial strong components of G´ consist of all verti-1239
ces which are not in non-trivial strong components of G´. These are, therefore,1240
exactly those vertices which are not in non-trivial strong components of B; so1241
these components are also the same in G´ as they are in B. This completes the1242
proof.1243

It should also be clear that the concepts of a bottleneck and an outer bot-1244
tleneck are immediately extensible to loops within a BGL tree of G, in which the1245
root of every such loop is taken to be its head. This extension is necessary in stat-1246
ing the main result of this section, as follows.1247

THEOREM 5.2. Let G be a strongly connected graph with a BGL tree T.1248
Then there exists an ordering of the edges of G, with respect to which G has the1249
loop clustering property, if and only if every loop in T has an outer bottleneck.1250

PROOF. Let T be a BGL tree for G in which every loop has an outer bottle-1251
neck. As usual for trees, we define the level of a vertex in T as its distance from G1252
(the root); and a level order of the vertices of T is an order v1, v2, ..., vj in which v11253
is the root, followed by all vertices at level 2 (in arbitrary order), then all vertices1254
at level 3, and so on. For 1 ≤ i ≤ j, let xi be an outer bottleneck of the loop repre-1255
sented by vi; and now choose the ordering e1, e2, ..., ek of the edges of G in such a1256
way that ek = x1, ek–1 = x2, and so on, so that in general ek+1–i = xi. Usually j < k1257
here, and the remaining edges e1, e2, ..., ek–j may be chosen in any order.1258

Consider now the top-down construction of the clustering tree T´ for G, in1259
this order. We first eliminate ek = x1, and, since this is an outer bottleneck for G as1260
a whole, we are left with the graph G´ as in Lemma 5.1. By this lemma, G´ has the1261
same strong components as does the body B of G; and all these become children1262
of G in T´, exactly as in T. Now we eliminate ek–1 = x2, which is an outer bottle-1263
neck for some non-trivial strong component L of B. Here L is an inner loop, and,1264
since x2 is an outer bottleneck for L, we are left with a graph G" which is like G´1265
as in Lemma 5.1, but applied this time to L. By this lemma, G" has the same1266
strong components as does the body B´ of L; and all these become children of L1267
in T´, exactly as in T. We now proceed to eliminate ek–2 = x3, and so on. Because of1268
the level ordering of the vertices of T, the parent L´ of any such vertex L is added1269
to T´ before L is. Let v be an outer bottleneck of L, and let v´ be an outer1270
bottleneck of L´. When v´ is eliminated, the strong components of the body of L´,1271
including L, become part of T´, so that the same can happen to L when v is later1272
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eliminated. After eliminating x1 through xj, the only remaining vertices in either1273
T or T´ are trivial, and no further building is done, so that in fact T = T´.1274

Now suppose that some loop L in T does not have an outer bottleneck; we1275
show that no ordering e1, e2, ..., ek of the edges of G leads to a graph having the1276
loop clustering property. Assume the contrary, so that T = T´ for this ordering.1277
Since L is in T, it is thus also in T´. Let i be the smallest integer such that, in the1278
bottom-up process, when e1, e2, ..., ei have been added, L is included among the1279
strong components produced so far. Therefore, when e1, e2, ..., ei–1 have been1280
added, L has not been so included, but adding ei causes L to be included. Consid-1281
er now the remainder of the process of adding ei+1, ei+2, ..., ek. This process only1282
combines existing strong components into larger ones; it cannot affect those parts1283
of T´ which have already been constructed. When the process is finished, it pro-1284
duces T´, which, by assumption, is the same as T. Within T, however, the chil-1285
dren of L are the (trivial and non-trivial) strong components of the body of L.1286
Therefore, when L is first included by adding ei, these same strong components1287
must already have been in that part of T´ that had been constructed so far.1288

We now note that ei cannot be in any non-trivial strong component of the1289
body of L, nor can it be outside L, since adding ei, in either of those cases, could1290
not produce L by combining its strong components. However, ei, by assumption,1291
is not an outer bottleneck of L, and therefore there is some cycle C in L, contain-1292
ing the head of L, that does not contain ei. Thus L cannot, in fact, be produced1293
when ei is added, since C would have to be included in what is produced. This1294
contradiction completes the proof.1295

1296
5.7 Multiple Null Node Expansions1297

1298
Using the terminology of Theorem 5.2, we see that there are strongly con-1299

nected graphs for which T´ is never the same as T. We might ask, then, whether1300
such a graph G might be expanded to form a graph G´ for which T´ = T for some1301
choice of ordering of the edges of G´. Ideally, we would like G´ to be just as1302
efficient as G, both in space and time, under some reasonable interpretation of1303
these. In fact, this can always be done, using a generalization of the idea of a null1304
node expansion. Given an edge vw in a graph G, a null node expansion of G is1305
a graph G´ obtained from G by adding a new vertex z, removing the edge vw,1306
and introducing two new edges vz and zw. If G is a flowgraph, any flow of1307
execution along vw is replaced by the use of vz followed by zw. Here z is1308
assumed to take no additional space or time, so that the total space or time taken1309
by any execution of G´ is the same as that of the corresponding execution of G.1310

We generalize this notion by considering several edges v1w, v2w, ...,1311
vjw, all leading to the same vertex w. A multiple null node expansion G´ of G1312
is now obtained by adding a new vertex z, as before; removing all the above1313
edges; introducing the new edge zw as before; and then introducing the further1314
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new edges v1z, v2z, ..., vjz. Any flow of execution along any viw is re-1315
placed by the use of viz followed by zw. As before, since z takes no additional1316
space or time, the executions of G´ are as efficient as the corresponding execu-1317
tions of G. As with ordinary null node expansions, multiple null node expan-1318
sions can be iterated, expanding several vertices like w in the process. We now1319
show the utility of such expansions in this context.1320

DEFINITION 5.3. A unique loopback BGL tree is a BGL tree in which1321
every loop has one and only one loopback.1322

1323

1324
1325

Figure 5.5. Why loop trees make little sense for communication networks.1326
1327

THEOREM 5.3. Any strongly connected graph, not having a unique loop-1328
back BGL tree, has an iterated multiple null node expansion which has a unique1329
loopback BGL tree.1330

PROOF. Let T be a BGL tree for G, and suppose that T is not a unique1331
loopback tree. Given any loop L in T having the head w, and having j loopbacks1332
v1w, v2w, ..., vjw, for j > 1, we form the multiple null node expansion of G1333
as above, in which L now has the single loopback zw. By repeating this process1334
for every such loop in T, we obtain an iterated multiple null node expansion in1335
which every loop has a single loopback. This completes the proof.1336

COROLLARY. For any strongly connected graph G, with a BGL tree T,1337
there exists an ordering of the edges, either of G or of some iterated multiple null1338
node expansion of G, with respect to which it has the loop clustering property.1339

PROOF. We saw, at the end of section 5.5 above, that a unique loopback1340
in a loop L is always a bottleneck. It is also an outer bottleneck; it cannot be con-1341
tained in any loop L´ inner to L, since L´ cannot contain the head of L. The corol-1342
lary now follows immediately from Theorems 5.2 and 5.3.1343

1344
5.8. Loop Trees and Communication Networks1345

1346
The theorems above might appear unsatisfactory, in that a closer connec-1347

tion between clustering trees and BGL trees might have been expected. There is a1348
larger question, however, as to whether loop trees, when applied to communica-1349
tion networks, are useful at all. Loop trees arose originally out of our analysis of1350
call graphs, in which a self-loop corresponds to ordinary recursion, and a more1351
general loop corresponds to mutual recursion. They were quickly applied, also,1352
to flowgraphs; and here a loop corresponds roughly, although not quite always1353
syntactically, to a loop in the ordinary programming sense. Consider now a com-1354
munication network, in which, as usual, we expect communication to proceed in1355
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both directions between any two vertices. What is the interpretation, in this1356
context, of a loop in a loop tree? Figure 5.5 indicates one of the difficulties here.1357
This graph G gives simple two-way communication along a line, in either1358
direction (note that it would be highly unlikely for a flowgraph to have this1359
form). Suppose that the start node of G is u1; then G has a unique loop tree con-1360
sisting of n–1 nested loops, each containing the vertices uk through un for some k,1361
1 ≤ k ≤ n–1. Thus loops are not necessarily obvious divisions of a communication1362
network.1363

1364
6. Wheels Within Wheels1365

1366
6.1 Introduction1367

1368
In recent work [1] we introduce a decomposition of an arbitrary strongly1369

connected graph G into subgraphs. Such a decomposition has an associated tree,1370
which we call a loop tree, in which every node N, other than the root, represents1371
a strongly connected subgraph H of G. Our work was motivated by the consi-1372
deration of flowgraphs; if G is a flowgraph and N represents H as above, then H1373
is either a single node, with no edges, or else it is, in a semantic sense, a loop in1374
G.1375

There is also a completely different way of decomposing a strongly con-1376
nected graph. This was described by Luce [5] in a form which applies to some,1377
but not all, such graphs. Luce’s work was later rediscovered by Knuth [6], who1378
used still another technique to provide an extension of Luce’s decompositions to1379
any strongly connected graph. Luce’s work was motivated by considering com-1380
munication networks, and many of his concepts do not have obvious informal1381
interpretations when applied to flowgraphs. However, from a purely formal1382
point of view, both Luce’s decomposition and Knuth’s extension of it are very1383
similar to ours.1384

Using Knuth’s terminology, we may define a wheel, which is a strongly1385
connected graph decomposed into strongly connected parts, that are then de-1386
composed into others, and so on. Extending this terminology, we define a wheel1387
tree to represent such a decomposition. In both wheel trees and loop trees, every1388
node represents a strongly connected subgraph; if N and N´ represent respective1389
subgraphs H and H´, and if N is the parent of N´, then H contains H´; while if N1390
and N´, as above, have the same parent, then H and H´ are disjoint.1391

The purpose of this paper is threefold. We start by describing Luce’s1392
work, using current terminology for graphs. We define wheel trees and asso-1393
ciated concepts, and show the similarities and differences between wheel trees1394
and loop trees. We then use Luce’s work to provide a sharpened form of Knuth’s1395
decomposition. Finally, we relate this work to the further commentary on both1396
[5] and [6] provided by Chaty and Chein [14].1397
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Specifically, Knuth’s theorem implies that, in our terminology, every1398
strongly connected graph has a wheel tree; but no information is provided as to1399
its form. In section 6.13 below, however, we show, using one of Luce’s decompo-1400
sition theorems, that such a tree may always be taken to have a particular form,1401
which we call a chandelier. This has a special node X, such that every node in the1402
chandelier has exactly one child if and only if it is a proper ancestor of X.1403

1404
6.2 Loop Trees and Wheel Trees1405

1406
A brief description of our theory of loop trees was given in Chapter 11407

above. We now compare this with the theorem presented in [6] according to1408
which any strongly connected graph D that has any edges at all has a wheel1409
decomposition. This means that D is composed of strongly connected graphs D1,1410
D2, ..., Dn, for n ≥ 1, together with edges x1y2, x2y3, ..., xn–1yn, xny1, where1411
each xi and each yi is a node of Di. Suppose now that we set up a tree whose root1412
is associated with D, and having n children, associated respectively with D1, D2,1413
..., Dn. Since the Di are all strongly connected, they may be decomposed further,1414
and a tree, which we call a wheel tree (Definition 6.1), may be built up in this way.1415

Two decomposition theorems are presented in [5], of which the second is1416
relevant here. There are strong conditions on the graph to be decomposed, but1417
the conclusion is also stronger, in that we have n ≥ 2 rather than n ≥ 1 in the1418
above decomposition. Formal treatments of both Luce’s and Knuth’s work are1419
given in section 6.11 below.1420

1421
6.3 Basic Definitions1422

1423
Any application of Luce’s work [5] must start with its terminology. Luce1424

was concerned with oriented graphs, which, in modern terminology, are multi-1425
graphs; that is, there can be more than one edge between two given nodes. He1426
considered a special case of multigraphs, which he calls networks, and which are,1427
in fact, the same as (directed) graphs in the modern sense. Further notation used1428
by Luce is also often not what is used today.1429

Luce begins by defining oriented graphs, networks, subnetworks, com-1430
plete subnetworks, q-chains and their products, and connected and disconnected1431
networks. These definitions are compared with today’s terminology in Table 1.1432
Most important, here, is Luce’s use of the term “connected,” which means, in1433
current terminology, strongly connected.1434

1435
6.4 The Degree of a Graph1436

1437
We next pass to some of Luce’s further definitions. The first is that of the1438

degree of a graph ([5], p. 703). A graph has degree 0 if it is not (strongly) con-1439
nected. It has degree 1 if, first, of all, it does not have degree 0 (so that it is1440
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strongly connected), but it has an edge whose removal leaves a graph which is1441
not strongly connected.1442

Luce generalizes this to a graph of degree k, in which you have to remove1443
k edges to get a graph which is not strongly connected. His approach now in-1444
volves two decomposition theorems for graphs. The first of these reduces the1445
study of all graphs to the study of graphs of degree 1; this is done through the1446
concept of the sum of several graphs, which we take up in section 6.8 below. The1447
second is a decomposition only for graphs of degree 1; we take this up in sections1448
6.11 and 6.14 below.1449

It will be necessary, in these later sections, to present examples of graphs1450
of degrees 2 and 3. Figure 6.1 shows the double ring, a graph of degree 2; if we1451
remove the two edges which lead outward from any node, the result is no longer1452
strongly connected, since there are no paths leading from that node. However, if1453
we remove any single edge, the result is still strongly connected. Figure 6.21454
shows the double cube, which, by similar logic, may be seen to be a graph of1455
degree 3.1456

1457
6.5 Minimal and 1-Minimal Graphs1458

1459
A minimal network (i. e., graph), in [5], is strongly connected and also 1-1460

minimal, meaning that the removal of any edge would result in a graph which is1461
not strongly connected. This definition appears to be motivated by an analysis of1462
communication networks. Suppose that, in such a network G, there are three1463
nodes, A, B, and C, with edges AB, BC, and AC; then G is not minimal, in1464
an informal sense. You can always eliminate the edge AC from G, and obtain a1465
smaller network which achieves the same effect by replacing any communication1466
along AC by the use of AB and BC.1467

If G is strongly connected, there is a path from any node to any other1468
node, which is clearly desirable in a communication network. The above example1469
is not minimal, according to the definition, because eliminating AC still leaves1470
the graph strongly connected; any path involving AC can be changed to a path1471
involving AB and BC. A flowgraph, however, might not be minimal for a1472
good reason. In the above example, the node A might be an if-statement without1473

1474
TABLE 1. Comparison of Luce’s terminology with current terminology.1475

1476
Luce’s ter-

minology
Current ter-

minology
Luce’s definition (pp. 701-702 of [5]

Network (Directed)
graph

“A network N...is a system composed of...a finite
non-empty set of...nodes...and...a...subset of the
set of all ordered pairs of nodes” (p. 701)
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Links Edges “The members of P...are called the links of N” (p.
701)

Oriented
graph

Multigraph See first 6 lines, p. 701

(ab) ab “...bracketed ordered pairs (ab), (ca), ... [will be
used] to denote links” (p. 701)

Initial node
of (ab)

a, in ab “If (ab) is a link, the first node, a, will be called the
initial node...” (p. 701)

End node
of (ab)

b, in ab “...and the second, b, the end node of the link” (p.
701)

Subnet-
work

Subgraph (not
necessarily
induced)

“A subnetwork N´ of a network N is a subset M´ of
the nodes, M, of N, with P´ taken to be some
subset (not necessarily proper) of those links of
N which are definable on M´” (p. 702)

Complete
sub-
network

Subgraph of N
containing
all nodes of
N

“If M´ = M, we shall say that the subnetwork is
complete” (p. 702)

Non-reflex-
ive net-
work

Graph with no
self-loops

“We shall call a network non-reflexive if there are
no links of the form (aa)” (p. 702)

Arc Two-node or
one-node
cycle (not a
single edge)

“In case both...(ab) and (ba) are present in a
network,...an arc ab exists between a and b, the
arc consisting of this pair of links...A link of the
form (aa) is always the arc aa” (p. 702)

q-chain
from a to
b

Simple path,
of length q,
from a to b

“A...q-chain from a to b is a set of q links of the
form (ac1), (c1c2), ..., (cq–2cq–1), (cq–1b), such that
no node appears more than once, except in the
case a = b where a appears twice” (p. 702)

(ab, q) ac1c2...
cq–1b

“Any q-chain from a to b will be denoted by (ab,
q)” (p. 702)

Product of
two
chains

Concatenation
of two
paths

“If c is a node included in a q-chain from a to b,
then we may subdivide the chain into the
‘product’ of two chains, one from a to c, and
the other from c to b...” (p. 702)

Circuit Cycle “An (oriented) circuit is a chain of the form (aa,
q)” (p. 702)

Connected Strongly
connected

“A network is connected if there exists a chain
from each node to every other node” (p. 702)

Discon-
nected

Not strongly
connected

“A network which is not connected is
disconnected” (p. 702)

1477
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1478
1479

Figure 6.1. The double ring.          Figure 6.2. The double cube.1480
1481
1482

an else-part, and B might be its then-part. Luce also mentions ([5], p. 704) that a1483
minimal graph cannot contain any self-loops. Clearly, removing a self-loop from1484
a strongly connected graph leaves it strongly connected, so it cannot be minimal.1485

1486
6.6 Uniform and 1-Uniform Graphs1487

1488
Luce’s motivation for defining uniform networks (that is, graphs) is to de-1489

velop “a condition implying that there is an even distribution of connectedness1490
throughout the network; roughly, that the degree of any connected subnetwork1491
is not greater than that of the network itself” ([5], p. 703). A uniform graph is one1492
which is strongly connected and 1-uniform, meaning that every strongly connec-1493
ted subgraph is of degree 1.1494

This is in contrast to the situation illustrated by the graph of Figure 6.3.1495
Here we have a strongly connected graph; however, if we delete the edge from A1496
to B (or from B to A), the result is not strongly connected. Therefore, this graph is1497
of degree 1, by the definition in section 4 above. However, if we eliminate the1498
node A entirely, together with both of its edges, the result has degree 2, as we1499
also saw in section 4. Thus this graph is not 1-uniform, and therefore not uni-1500
form. It is also not minimal; indeed, you can remove four edges (BE, ED,1501
DC, and CB) from the graph, producing a strongly connected graph.1502

This example may be generalized. Whenever a graph G is not uniform, it1503
has a subgraph G´ of degree at least 2. At least one edge XY may always be1504
eliminated from G´, producing a strongly connected subgraph H´. This implies1505
that there is a path π in H´ from X to Y. If you eliminate XY from G, the1506
remaining graph, H, will still be strongly connected. In fact, for any nodes U and1507
V in H, we may replace XY by π in any path from U to V in G that involves1508
XY, producing a path from U to V in H. This implies that a graph which is not1509
uniform is not minimal; or, more simply, a minimal graph is always uniform ([5],1510
p. 704).1511

1512
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1513
1514

Figure 6.3. Removing edges to produce a minimal graph.1515

1516
1517

Figure 6.4. Another example.1518
1519

6.7 Descendants of a Graph1520
1521

Given a graph G which is strongly connected but not minimal, you can al-1522
ways eliminate at least one edge from it, and the result will still be strongly con-1523
nected. Suppose now that you continue to eliminate edges, one by one, preserv-1524
ing strong connectivity as you go, until you reach a graph D for which you can-1525
not do this any more. That is, you cannot eliminate any edge from D and still1526
preserve strong connectivity, so that D is minimal, by the definition in section 6.51527
above.1528

Sometimes there is more than one way to do this. For example, in the1529
graph of Figure 6.3, we could, as noted in section 6 above, remove the edges1530
BE, ED, DC, and CB to produce a strongly connected subgraph. We1531
could also, however, have removed the edges BC, CD, DE, and EB, and1532
the result would still be strongly connected. Note that we are removing the same1533
number of edges in each case (four, here).1534

There are other cases, however, in which you can remove different num-1535
bers of edges, in producing a minimal graph. Thus, in Figure 6.4, we can elimi-1536
nate one edge from G1 to produce G2; or we can eliminate two edges from G1 to1537
produce G3. Note that both G2 and G3 are minimal; they are both strongly1538
connected, but you cannot get a strongly connected graph by eliminating more1539
edges from either one.1540

We now consider minimal graphs obtained as above, by eliminating as1541
many edges as possible. These are what Luce calls descendants of the original graph.1542
In the first case above, we can produce a descendant by eliminating four edges,1543
in either of two possible ways. In the second case above, G3 is a descendant of G1,1544
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while G2 is not, because it is produced from G1 by eliminating only one edge in-1545
stead of two.1546

1547
6.8 Sums and Decompositions1548

1549
1550

1551
1552

A general dag (containing no directed cycles, A directed tree (not even1553
although it does contain an undirected cycle) any undirected cycles)1554

1555
Figure 6.5. Directed and undirected cycles.1556

1557
Looking again at the graph of Figure 6.1, we can see that it is made up of1558

two cycles, one going clockwise around the ring and the other going counter-1559
clockwise. This is a special case of what Luce refers to as the sum of two sub-1560
graphs. In general, a graph G is the sum of subgraphs G1, G2, ..., Gk if every node1561
of G is contained in all of the Gi but every edge of G is contained in exactly one of1562
the Gi.1563

Suppose now that the degree of G is 1, which implies that G is strongly1564
connected. Let G1 be a descendant of G, as in the preceding section (here G1 = G1565
if G is already minimal). Form a graph G2 out of all the nodes of G, together with1566
exactly those nodes that were removed from G to form G1. Then G is the sum, in1567
the above sense, of G1 and G2. Here G1 is minimal (because it is a descendant of1568
G), while G2 is not strongly connected, since otherwise (as Luce proves) G would1569
have degree 2, not 1.1570

Luce’s first decomposition theorem, which we mentioned in section 41571
above, generalizes this to a graph of degree k > 1, which is expressed as the sum1572
of k+1 subgraphs, all of which are 1-minimal (see section 5 above). The first of1573
these, G1, is always connected (and therefore minimal), while the last, Gk+1, is1574
always disconnected. The remaining G2 through Gk may be either connected or1575
disconnected, but their connected components are minimal. As we will see in sec-1576
tion 14 below, our approach avoids this first decomposition theorem entirely,1577
using only the second one, taken up in section 6.11 below.1578

1579
6.9 Trees, Arcs, and Undirected Graphs1580

1581
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We now pass to trees, and what they mean for Luce. In the modern sense,1582
Luce’s networks are directed graphs, but Luce’s trees are not directed trees. A di-1583
rected tree, today, is a directed graph containing no cycles, not even undirected1584
ones, as in Figure 6.5. This is clearly not what Luce means by a tree, since he1585
states (p. 707, lines 13-14) that “...a network which is a tree is minimal.” A1586
minimal graph, however, is (strongly) connected, implying that it has at least one1587
cycle, so it cannot be a directed tree in the above sense.1588

To understand Luce’s notion of a tree, one has to consider another of his1589
definitions (see Table 1). An arc, for Luce, is not a single edge (as in [14], for1590
example), but rather a pair of nodes, say U and V, with both edges UV and1591
VU present in the graph. Suppose now that we have a (directed) graph in1592
which every edge is part of an arc; then we can produce a corresponding1593
undirected graph in which each arc is replaced by a single undirected edge. Luce1594
calls this a graph, and says that, in this case, a network is a graph. When [5] was1595
written, the term “graph,” in general, meant what we now call an undirected1596
graph.1597

Later, [5] refers to “the concept of a tree in graph theory,” meaning,1598
therefore, the theory of undirected graphs. A tree, then, for Luce, is what is ob-1599
tained by replacing every edge a-b, in an undirected tree, by the two edges ab1600
and ba, as in Figure 6.6. Now it makes sense that a network which is a tree is1601
minimal. A tree, in this sense, is strongly connected, but the removal of any of its1602
(single) links leaves a graph which is not strongly connected. If ab is removed,1603
there is no longer a path from a to b, because such a path, followed by ba,1604
would have formed a cycle; and a tree has no cycles.1605

1606
6.10 L-Trees and Proper Descendants1607

1608
We will refer to trees, in the sense of section 9 above, as L-trees (L for1609

Luce), in order to distinguish them from directed trees in the modern sense, such1610
as decomposition trees. Note that a single node with no edges is acyclic, and1611
therefore a tree, as an undirected graph. It is therefore also an L-tree, as a direct-1612
ed graph. We refer to such an L-tree as a trivial L-tree.1613

We define, in the obvious way, a proper descendant of G; that is, a descen-1614
dant H of G such that H ≠ G. Luce introduces a lemma ([5], Lemma 3.1, p. 707),1615
which says, restated in modern terminology, that a proper descendant of a graph1616
cannot be an L-tree; this will be used in section 6.13 below. We here do not repeat1617
the proof of this lemma, although we note that an example has already been1618
introduced, in Figure 6.4 above. Here the graph G2 is an L-tree, as illustrated in1619
Figure 6.7. As we noted in section 6.7 above, G2 is not a proper descendant of G1.1620

1621
6.11 Wheels1622

1623
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We now take up the study of Luce’s second decomposition theorem. This1624
theorem is seemingly restrictive, as it applies only to a graph which (a) contains1625
no self-loops, (b) is minimal, and (c) is not an L-tree. More recently, Knuth [6],1626
using a completely different method, proved that any strongly connected graph1627
has a decomposition similar to, but more general than, that of Luce. In section1628
6.13 below, we will use Luce’s decomposition in order to prove a stronger1629
version of Knuth’s decomposition. The following definitions are meant to be1630
applicable to both of these decompositions.1631

DEFINITION 6.1. A (Knuth) wheel W is (defined recursively as) either a1632
single node with no edges (in which case it is called trivial and its wheel tree is a1633
single node), or a graph consisting of n wheels W1, W2, ..., Wn, where n ≥ 1, to-1634
gether with n edges x1y2, x2y3, ..., xn–1yn, xny1, where each xi and each yi1635
is a node of Wi, for 1 ≤ i ≤ n, in which case:1636

(a) the size of W is n,1637
1638
1639

1640
1641

Figure 6.6. A directed tree, for Luce1642
1643
1644

1645
1646

Figure 6.7. An L-tree, obtained from an undirected tree1647
1648

(b) the thickness of W is the minimum of n and the thicknesses of all non-1649
trivial Wi, 1 ≤ i ≤ n, and1650

(c) the wheel tree of W consists of a root node which, if W is non-trivial,1651
has, as children, the root nodes of the wheel trees of W1, W2, ..., Wn.1652

Every node in the wheel tree of W corresponds to a wheel somewhere in1653
the recursively expressed definition of W. It should be clear that a wheel of thick-1654
ness 2, for example, is one for which, not only is its size at least 2, but the sizes of1655
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all wheels corresponding, in this way, to all nodes in its wheel tree are also at1656
least 2, with one of them being equal to 2. We now need three lemmas.1657

LEMMA 6.1. Every wheel is strongly connected.1658
PROOF. Using the notation of Definition 1, let W be a non-trivial wheel,1659

where by induction we may assume that W1, W2, ..., Wn are all strongly connect-1660
ed. Then, if X is in Wi and Y is in Wj, there is a path from X to xi (because Wi is1661
strongly connected) to yi+1 (or y1 if i = n) to xi+1 (or x1, because Wi+1, or W1, is1662
strongly connected), and so on, and finally to Y. Knuth’s theorem now says that,1663
conversely, every strongly connected graph is a wheel [6].1664

LEMMA 6.2. Every wheel containing a self-loop has thickness 1.1665
PROOF. Informally, we can see this because, at some point in the decom-1666

position, the self-loop must be an edge like x1y2 above; but x1 = y2 here, so that1667
n = 1 and the thickness is 1. Formally, if W contains a self-loop, then W is non-1668
trivial; if any of W1, W2, ..., Wn has thickness 1, we are done. By inductive hypo-1669
thesis, there are no self-loops in W1, W2, ..., Wn, so the self-loop must be an edge1670
like x1y2 above. In that case, n = 1 and the thickness is 1, just as before.1671

LEMMA 6.3. A non-trivial L-tree has thickness 2.1672
PROOF. Let T be an L-tree and let S be its associated undirected tree.1673

Clearly S has a node U of degree 1 (otherwise it would contain a cycle); let V be1674
the node adjacent to U in S, so that T contains both UV and VU. Let T´ be1675
obtained by removing U, UV, and VU from T; then T´ is also an L-tree. We1676
form T into a wheel of size 2 by taking W1 to be U by itself; W2 to be T´; x1y2 to1677
be UV; and x2y1 to be VU. By induction, W2 is either trivial, or it has1678
thickness 2, while W1 is trivial. Since T has size 2, it therefore has thickness 2.1679

1680
6.12 Compound Circuits1681

1682
The inclusion of the notion of thickness in Definition 6.1 is intended to1683

allow it also to apply to another of Luce’s definitions. A compound circuit is a1684
wheel of thickness greater than 1. Luce explicitly specifies that a compound cir-1685
cuit has no self-loops; however, this follows anyway from Lemma 6.2. In order to1686
state Luce’s theorem here more succinctly, we introduce another definition.1687

DEFINITION 6.2. A generalized compound circuit is either a compound cir-1688
cuit or a single node with no edges. A generalized L-tree is the result of replacing1689
every node in an L-tree by a generalized compound circuit, and every edge be-1690
tween nodes in the L-tree by an edge between nodes in the corresponding gene-1691
ralized compound circuits.1692

LEMMA 6.4. A generalized L-tree has thickness greater than 1, unless it is a1693
single node with no edges.1694

PROOF. The logic here is almost identical to that for ordinary L-trees. Let1695
T be a generalized L-tree, with underlying tree S. If S is a single node, then T is1696
either a single node with no edges, or a single compound circuit, of thickness1697
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greater than 1. Otherwise, let U and V be as in Lemma 6.3, and let U´ and V´ be1698
the generalized compound circuits associated, in T, with U and V respectively.1699
There now exist edges u1v2 and u2v1, where u1 and u2 are in U´, while v1 and1700
v2 are in V´. Let T´ be obtained by removing U´, u1v2, and u2v1 from T; then1701
T´ is also a generalized L-tree. We form T into a wheel of size 2 by taking W1 to1702
be U´; W2 to be T´; x1y2 to be u1v2; and x2y1 to be u2v1. By induction, W21703
has thickness greater than 1, unless it is trivial; and so does W1, because it is a1704
generalized compound circuit. Since T has size 2, it therefore has thickness 2.1705

Luce’s second decomposition theorem now says that a minimal graph1706
with no self-loops, which is not an L-tree, is a generalized L-tree. This result is1707
deeper than Knuth’s theorem, but it is also seemingly more restrictive. However,1708
Luce’s theorem may be used in a proof of a generalization of Knuth’s theorem.1709
Note that this theorem puts no restriction on the form of the wheel tree, whereas1710
ours will put a strong restriction on it, as indicated by the following definition.1711

DEFINITION 6.3. A chandelier is a rooted tree T containing a node X such1712
that any node in T has exactly one child if and only if it is a proper ancestor of X.1713
All proper ancestors of X constitute the upper part of T, the remainder of T (in-1714
cluding X) being its lower part.1715

Figure 6.8 shows a chandelier and the visual justification of its name. Note1716
that X and every node below it has either no children, or at least two children,1717
whereas every node above X has exactly one child. Mathematically, a chandelier1718
could consist of just a lower part, or of just X and an upper part, or even of X by1719
itself. The thickness of the lower part of a chandelier is always greater than 1,1720
unless the lower part consists of X by itself.1721

1722
6.13. A Generalization of Knuth’s Theorem1723

1724
We are now ready for our main result.1725
THEOREM 6.1. Any strongly connected graph G is a wheel whose wheel tree is1726

a chandelier.1727
PROOF. First we ask whether G has a self-loop. If so, we express G as a1728

wheel with size 1, in which x1 = y1, and W1 is G with the self-loop removed. We1729
denote W1, here, by G1, and continue removing all self-loops in this fashion, pro-1730
ducing G2, G3, etc., until we arrive at a graph H = Gj with no self-loops. Every1731
node in the wheel tree of G, from G down to H, has exactly one child, except for1732
H.1733

At this point we ask if H is an L-tree. Suppose it is; then we apply Lemma1734
6.3, which shows that the wheel tree of H has thickness 2. Let X be the root of this1735
wheel tree; then the wheel tree of G, with this X, satisfies the requirements of1736
Definition 6.3, and we are done in this case.1737

Now suppose that H is not an L-tree. If so, then, if it is minimal, we set K =1738
H and proceed to the next paragraph. If H is not minimal, then let K be a descen-1739
dant of H; note that, by Luce’s lemma of section 6.10 above, K is not an L-tree,1740
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since it is a proper descendant of H. Let z1, z2, ..., zk be the edges which are re-1741
moved from H to produce K, where each zi is aibi for 1 ≤ i ≤ k. Let Hi be H with1742
z1, z2, ..., zi removed, for 0 ≤ i ≤ k, so that H0 = H and Hk = K. For 1 ≤ i ≤ k, then, Hi1743
is Hi–1 with zi (= aibi) removed; and we may express Hi–1 as a wheel of size 1, in1744
which x1 = ai, y1 = bi, and W1 is Hi (that is, Hi–1 with zi removed). Every node in1745
the wheel tree of G, from G down to K, has exactly one child, except for K.1746

1747

1748
1749

Figure 6.8. A chandelier1750
1751

At this point K is a minimal graph, not an L-tree, and containing no self-1752
loops, so that Luce’s second decomposition theorem applies. Accordingly, K is a1753
generalized L-tree, and, by Lemma 6.4, it has thickness greater than 1, unless it is1754
a single node with no edges. Let X be the root of the wheel tree of K; then the1755
wheel tree of G, with this X, satisfies the requirements of Definition 6.3, as before,1756
and we are done.1757

1758
6.14 Chandeliers and Luce’s Two Decompositions1759

1760
Luce presents two decompositions of graphs; but Theorem 6.1 uses only1761

the second of these theorems. We will now explain why. Luce’s first decomposi-1762
tion is a way of reducing the study of graphs to the study of minimal graphs; any1763
graph which is not minimal, and which might, indeed, have high degree, may be1764
expressed as the sum of simpler graphs.1765
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The double cube of Figure 6.2 is a good example of this. If we were to1766
apply Luce’s first decomposition theorem to this, we would find this graph G1767
decomposed into G1 and G2, where G1 is further decomposed into H1 and H2.1768
Here G, G1, and H1 are shown in Figure 6.9. We omit the rest of the details,1769
except to note that there is a decomposition tree for G, constructible in this way.1770
However, this tree is not like our other decomposition trees because G2, an1771
internal node in the tree, is not strongly connected, although it has children in1772
the tree which do correspond to strongly connected subgraphs.1773

In constructing a chandelier for the double cube G, however, a much sim-1774
pler decomposition is used. The special node X, as in Definition 6.3, may now be1775
taken to represent the graph H1, as in Figure 6.9. Note that G has 24 edges, while1776
H1 has only eight. Each of the 16 remaining edges, in turn, is taken as the single1777
edge in a wheel of size 1, resulting in sixteen nodes at the upper part of the1778
chandelier. The decomposition of H1 is then into a wheel of size 8, and each child1779
of H1 in the chandelier is a single node. All this is illustrated in Figure 6.10.1780

1781
6.15 K-Rooted Trees and Related Concepts1782

1783
For wheels with thickness greater than 1, our wheel trees have been stud-1784

ied by Chaty and Chein [14], which calls them K-rooted trees (K for Knuth). Using1785
the terminology of this paper:1786

• a reducible graph is a wheel with size greater than 1;1787
1788

1789
1790

Figure 6.9. Constructing a chandelier for the double cube.1791
1792
1793
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1794
1795

G1 = G ~ {14} G5 = G4 ~ {51} G9 = G8 ~ {15} G13 = G12 ~ {56}1796
G2 = G1 ~ {21} G6 = G5 ~ {62} G10 = G9 ~ {23} G14 = G13 ~ {67}1797
G3 = G2 ~ {32} G7 = G6 ~ {76} G11 = G10 ~ {37} G15 = G14 ~ {78}1798
G4 = G3 ~ {43} G8 = G7 ~ {84} G12 = G11 ~ {48} H1 = G15 ~ {85}1799

1800
Figure 6.10. The constructed chandelier.1801

1802
• a K-decomposition of a reducible graph is the specification of W1, W2, ...,1803

Wn and the xi and the yi in the wheel;1804
• a totally reducible graph is a wheel with thickness greater than 1;1805
• a K-rooted tree is what we are calling a wheel tree (but only for totally re-1806

ducible graphs);1807
• the depth of a K-rooted tree is the maximum height of a wheel tree1808

(when there is more than one wheel tree) for a totally reducible graph;1809
• an optimum K-rooted tree is a wheel tree with maximum height;1810
• the order of a compound circuit is the number of nodes in its wheel tree;1811
• a circuitic (or circuitus) extension of a node is the result of replacing the1812

node by a circuit and edges to the node by edges to somewhere in the circuit.1813
Chaty and Chein now proceed to define a contractible elementary cycle C1814

as one from which there is exactly one edge proceeding outward, and to which1815
there is exactly one edge proceeding inward. Formally, the definition in [14] in-1816
volves the quotient graph in which C is contracted to a point. (If the cycle is not1817
contractible, there will be parallel edges in the quotient graph.) Chaty and Chein1818
now define a sequence of graphs, each one obtained from the previous one by a1819
circuitus extension, and show (using our notation) that a wheel has a wheel tree1820
of thickness greater than 1 if and only if it can be derived from a single point1821
using a sequence of circuitus extensions as above.1822

1823
6.16 Generalizations to Graphs of Higher Degree1824
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1825
The notions of 1-minimal graphs, 1-uniform graphs, and descendants of a1826

non-minimal graph are generalized by Luce [5] to graphs of degree greater than1827
1. In such a case, Luce speaks of k-minimal graphs, k-uniform graphs, and k-1828
descendants of a graph.1829

A k-uniform graph is one in which every strongly connected subgraph has1830
degree not greater than k. A graph of degree k which is not k-uniform can easily1831
be produced by starting with some graph of degree k and attaching to it a graph1832
of degree higher than k.1833

A k-minimal graph is one in which removal of any edge results in a sub-1834
graph of degree k–1. For example, a double ring, like that of Figure 6.1 (but1835
having any number of nodes), is 2-minimal. Removal of any edge UV leaves a1836
graph of degree 1; it is strongly connected, but removing the remaining edge that1837
starts at U leaves a disconnected graph (with no paths starting at U). In the same1838
way, the double cube of Figure 6.2 is 3-minimal. Here removal of any edge UV1839
leaves a graph of degree 2, since removing the remaining two edges that start at1840
U leaves a disconnected graph as before.1841

For k ≥ 2, Luce proves that every k-minimal graph is k-uniform, and of de-1842
gree k. This generalizes the fact that a minimal graph is uniform and of degree 1,1843
although the precise statement of Luce’s lemma is not always true for k = 1. The1844
problem is that a 1-minimal graph does not have to be strongly connected, and1845
indeed any graph which is not strongly connected is 1-minimal, although possi-1846
bly of degree 0, not 1.1847

The removal of edges from a graph G of degree 1 is now generalized in [5]1848
to the removal of edges from a graph of degree k, producing a graph which is q-1849
minimal for some q ≤ k. This is called a q-descendant of G; and Luce states1850
(without providing counterexamples) that q-descendants do not always exist for1851
q > 1, although they do always exist for q = 1.1852

1853
6.17 Decompositions Of Graphs Of Higher Degree1854

1855
In [5], Luce also generalizes his first decomposition theorem to graphs of1856

degree higher than 1. Let us consider a graph G of degree 2, since that case may1857
be easily visualized. Here the decomposition is into three graphs, G1, G2, and G3,1858
each of which contains all the nodes of G. The graph G1 is minimal, and therefore1859
strongly connected; G2 is 1-minimal, but not necessarily strongly connected, and1860
therefore not necessarily minimal. (In the generalization to degree k, it is still1861
only G1 that must be strongly connected.) Also, G3 must be not strongly con-1862
nected, and is therefore always 1-minimal. However, any strongly connected1863
subgraph of G2 is minimal. Finally, G1 is a descendant of the sum of G1 and G2,1864
which is in turn a 2-descendant of G.1865

To illustrate this, consider the graph G of Figure 6.11, which has degree 2;1866
if we remove BA and BC, the result is not strongly connected, because there1867
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are no longer paths to anywhere from B. Here G is the sum of G1, G2, and G3, as1868
in Figure 6.12. Note that G3, here, is not strongly connected, because of the1869
isolated nodes B and D. Also, G2, here, happens to be strongly connected, so that1870
both G1 and G2, here, are minimal (and, in fact, interchangeable).1871

1872

1873
1874

Figure 6.11. Decompositions of graphs of higher degree.1875
1876

1877
1878

Figure 6.12. The decomposed graph.1879
1880
1881

For a general graph of degree k > 2, the decomposition is always into the1882
sum of k+1 subgraphs, all of which are 1-minimal. The first of these, G1, is always1883
connected (and therefore minimal), while the last, Gk+1, is always disconnected.1884
The remaining G2 through Gk may be either connected or disconnected, but their1885
connected components are minimal. Each sum G1+...+Gj is always a j-descendant1886
(as at the end of section 2 above) of the sum G1+...+Gj+1.1887

1888
6.18 Decomposition Trees and Isolated Paths1889

1890
We now ask whether a graph, having been decomposed as above, may be1891

decomposed further, producing a tree bearing certain similarities to a loop tree.1892
This question is taken up in [5] as follows: “...the study of an arbitrary network1893
has been reduced to the study of a collection of 1-minimal networks. These...are1894
either connected, and so minimal, or disconnected. But a disconnected network1895
consists of isolated nodes, isolated chains, and connected pieces...the connected1896
pieces are minimal. If the theorem is applied repeatedly to the connected1897
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pieces...it may, in the same sense, be reduced to isolated nodes, isolated chains,1898
and minimal subnetworks.”1899

Luce’s use of the term “isolated chains” (meaning, in modern terminolo-1900
gy, isolated paths) is different from what is used today. An isolated node is one1901
which is separated completely from all other nodes; in other words, there are no1902
edges to or from an isolated node. Two paths today, therefore, would be consi-1903
dered isolated if they were separated completely from each other, meaning, in1904
this case, that they had no nodes in common. However, a disconnected network1905
(that is, a graph which is not strongly connected) does not necessarily consist of1906
isolated nodes, connected pieces, and (in the above sense) isolated chains, as may1907
be seen from the graph of Figure 6.13. Here the connected pieces are (induced by)1908
{1, 2, 3} and {6, 7, 8}; but the remainder of the graph is (induced by) {2, 3, 4, 5, 6},1909
and this is not made up of paths having no node in common. Isolated chains, for1910
Luce, then, are chains having no links (i. e., edges) in common, such as1911
2456 and 34 here.1912

1913
1914

1915
1916

Figure 6.13. Decompositions of disconnected networks.1917
1918

1919
1920

Figure 6.14. Decomposition of a 3-minimal graph.1921
1922
1923

6.19 A Decomposition Tree Example1924
1925
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We now give an example of a decomposition tree for the double cube G of1926
Figure 6.2. This is 3-minimal, and therefore 3-uniform and of degree 3, as we saw1927
in section 6.16 above. Here G has 24 edges, of which we remove eight, producing1928
a double ring on eight nodes, which we call G1; and we denote the remaining1929
edges by G2. All this is shown in Figure 6.14.1930

We now use Luce’s Lemma 2.1 (p. 703 of [5]) which says that a graph of1931
degree k, having m nodes, must have at least km edges. Here k is 2 and m is 8, so1932
any graph of degree 2 on these nodes must have at least 16 edges. We use this to1933
show that G1 is a 2-descendant of G. On one hand, we have eliminated eight1934
edges from G to produce the double ring G1, which is 2-minimal (and therefore1935
2-uniform and of degree 2, as we saw in section 2 above). On the other hand, if1936
we had eliminated more than eight edges, the resulting graph would have fewer1937
than 16 edges and therefore, as we saw above, could not have degree 2. This1938
shows that 8 is the maximum number of edges we can remove, and still leave a1939
graph of degree 2.1940

The graph G2 is not strongly connected, but it is made up of four strongly1941
connected pieces, which we denote by K1, K2, K3, and K4, as in Figure 6.15. We1942
now obtain a 1-descendant of the graph G1, which is a single ring that we denote1943
by H1. The eight edges which we remove from G1 to get H1 will be referred to as1944
H2, as in Figure 6.16. By an argument similar to the one above, we show that H11945
is a 1-descendant of G1 here. By eliminating eight edges from G1, we obtain H1,1946
which is 1-minimal; eliminating any edge from H1 produces a graph which is not1947
strongly connected. On the other hand, if we were to eliminate more than eight1948
edges from G1, we would obtain a graph with fewer than eight edges, but still1949
having eight nodes, so that it could not be strongly connected.1950

The decomposition tree for G is therefore that of Figure 6.17. The main1951
difference between this tree and a loop tree is concerned with G2, which, as we1952
saw above, is not strongly connected. In a loop tree, every node, other than the1953
root, represents a loop, which must be a strongly connected subgraph.1954

1955
1956

1957
1958

Figure 6.15. Decomposition of a 3-minimal graph (continued).1959
1960
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1961
1962

Figure 6.16. Decomposition of a 3-minimal graph (further continued).1963
1964

1965
1966

Figure 6.17. Decomposition of a 3-minimal graph (concluded).1967
1968
1969

6.20 L-Trees and Proper Descendants1970
1971

We define, in the obvious way, a proper descendant of G; that is, a descen-1972
dant H of G such that H ≠ G. The following was stated, but not proved, in section1973
6.19 above. It was proved in [5]; we prove it again here, using modern termino-1974
logy.1975

LEMMA (Lemma 3.1, p. 707 of [5]). A proper descendant of a strongly con-1976
nected graph G cannot be an L-tree.1977

PROOF. Suppose that H is an L-tree which is a proper descendant of G,1978
obtained by removing edges e1, ..., ek from G, in that order. Let H´ be H with the1979
additional edge ek = UV, so that H´ is not minimal. We show that H is a proper1980
descendant of H´, as well as of G. Suppose the contrary; since H is minimal, there1981
must be another minimal graph H", obtained by removing at least two edges1982
from H´. Then H" would be obtained from G by removing e1, ..., ek–1 (to produce1983
H´), followed by at least two more edges; that is, at least k+1 edges in all. This1984
would contradict our assumption that H is a proper descendant of G, obtained1985
by removing as many edges of G as possible, with what remains still being1986
strongly connected.1987

We obtain a contradiction by showing that such an H" exists after all.1988
Since H is strongly connected, there is a path π in H from V to U. We first show1989
that the length of π is at least 2. Otherwise, it would have length 1, so it would be1990
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a single edge VU. However, since H is an L-tree and it contains VU, it also1991
contains UV. That would contradict the assumption that UV is a new edge,1992
added to H to produce H´.1993

We now obtain H" by removing π from H´. Since π has length at least 2,1994
we are removing at least two edges from H´, as noted above. It remains to show1995
that H" is strongly connected. Let X and Y be in H"; we need to construct a path1996
in H" from X to Y. Since H´ is strongly connected, and also contains X and Y,1997
there is a path π´ in H´ from X to Y. If this path does not involve any edge in π,1998
we are done.1999

Now let π be V1V2...Vk, where V1 = V and Vk = U, and suppose that2000
π´ involves some edge ViVi+1, where 1 ≤ i < k. Since H is an L-tree, every edge2001
in H is part of what Luce calls an arc (see section 6.9); therefore H also contains2002
the path VkVk–1...V1. We now replace ViVi+1 in π´ by the path ViVi–2003
1...V1VkVk–1...Vi+1, which is in H" (note that V1Vk is in H", since V12004
= V and Vk = U). This completes the proof.2005

2006
6.21 The Degree Of A Flowgraph2007

2008
In this and the next three sections, we take up the question of whether2009

Luce’s work in [5] motivated by a study of communication networks, has much2010
relevance to flowgraphs, which motivated our work described in [1]. The answer2011
appears to be no, but the details may be of some mathematical interest.2012

Luce states in [5] that his first decomposition theorem reduces the study of2013
all graphs to that of graphs of degree 1. However, for flowgraphs this would not2014
appear to be of great importance, because almost all flowgraphs have degree2015
either 0 or 1 anyway. In fact, we have the following:2016

Any flowgraph containing an assignment statement is of degree either 0 or 1.2017
To prove this, first assume that the flowgraph G is not of degree 0, so that2018

it is strongly connected. Consider an assignment statement S in G, and let T be2019
the next statement after S; note that T is always executed immediately following2020
S. Now remove the link in G from S to T, producing a graph G´. There are no2021
paths in G´ from S to any other node, because all such paths would have to go2022
through the link that was just removed. Hence G´ is not strongly connected, and2023
G is thus of degree 1.2024

It is possible, although of doubtful utility, to construct a flowgraph of de-2025
gree 2. For example, we could do this for the double ring of Figure 6.1; every2026
statement is now an if-statement, passing control by one position either one or2027
the other way around the ring, depending on the result of a condition. One could2028
include assignment statements as side effects of the if-statements, in order to do2029
useful work.2030

Mathematically, we could even construct a flowgraph of any degree high-2031
er than 2, by using a case or switch statement at every node. For degree 3, each2032
node is now one vertex of a cube, which has three adjoining vertices, to any of2033
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which control may pass depending on which case is applicable, as in the double2034
cube of Figure 6.2. For degree n > 3, each node is one vertex of a hypercube in n-2035
dimensional space, having n adjoining vertices.2036

2037
6.22 Minimal Flowgraphs2038

2039
In section 6.21 above we mentioned that a flowgraph might not be2040

minimal for a good reason. Having said this, it is conceivably still of interest to2041
determine which flowgraphs G are minimal and which are not. The answer2042
appears a bit strange, even for flowgraphs of structured programs without the2043
go-to. Let us assume that G is strongly connected, and that we build up G by2044
replacing parts of it by more complex parts. If G is minimal, and we replace L1:2045
S; L2: within it by some other construction Z, then the result is minimal in each2046
of the cases (1) through (6) below:2047

(1) If Z is L1: S1; L3: S2; L2:. Here we had an old edge, L1L2, which2048
does not remain; and there are now two new edges, namely L1L3 and L3L2,2049
and the removal of either of these leaves the graph not strongly connected.2050

(2) If Z is an if-statement with else, of the form L1: if C then L3: S1 else2051
L4: S2; L2:, where S1 and S2 are single nodes. There are four new edges, namely2052
L1L3, L3L2, L1L4, and L4L2, and the removal of any of these leaves the2053
graph not strongly connected.2054

(3) If Z is L1: while (C) {L3: S1;} L2:, where S1 is a single node. We had2055
an old edge, L1L2, which remains, and there are now two new edges, namely2056
L1L3 and L3L1; and the removal of any of these leaves the graph not strongly2057
connected.2058

(4) If Z is a while (true) construction containing a single break. Removing2059
the break leaves the graph not strongly connected, since there is no way to get to2060
the statement following the while loop.2061

(5) If Z is L1: for (C1; C2; C3) {S1;} L2:, where S1 is a single node. This is2062
equivalent to an assignment followed by a while statement, and rules (1) and (3)2063
above apply.2064

(6) If Z is a case or switch statement in which every case is non-null, inclu-2065
ding the default case. Removing the link from the start of the statement to any2066
case, or from any case to the end of Z, leaves the graph not strongly connected.2067

However, the result is not minimal in each of the cases (7) through (12)2068
below:2069

(7) If Z is an if-statement without else, of the form L1: if C then L3: S1;2070
L2:, even if S1 is not a single node. We had an old edge, L1L2, which remains;2071
and there are two new edges, namely L1L3 and L3L2. The removal of L1L22072
now leaves a graph which is strongly connected.2073

(8) If Z is L1: do S; L3: while (C); L2:, even if S is not a single node. We2074
had an old edge, L1L2, which does not remain, and there are now three new2075
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edges, namely L1L3, L3L1, and L3L2; and the removal of L3L1 leaves a2076
graph which is still strongly connected.2077

(9) If Z is a while (true) construction containing more than one break.2078
Removing any break now leaves the graph strongly connected, since we can al-2079
ways get to the statement following the while loop by means of another break.2080

(10) If Z is a while (C) construction containing break, one or more times,2081
where C is anything other than true. Removing any break now leaves the graph2082
strongly connected, since we can still get to the statement following the while2083
loop through the normal while logic when C is false.2084

(11) If Z is a conditional continue. Removing the edge which does the2085
continue leaves the graph strongly connected.2086

(12) If Z is a case or switch statement in which some case is null, and is re-2087
presented by an edge from the start of the case to the statement following Z.2088
Removal of that link leaves the graph strongly connected.2089

2090
6.23 Null Node Expansions and Minimal Graphs2091

2092
In considering whether a flowgraph G may be replaced by a flowgraph H2093

which is equivalent to G, there is always the question of what equivalence2094
means. Clearly H might provide exactly the same computations that G does, and,2095
at the same time, H might be less efficient than G, with respect to time and/or2096
space requirements. It is therefore useful to define a class of equivalent graphs2097
which do not present this problem.2098

We define a null node expansion of a flowgraph G as the (possibly repeated)2099
result of replacing one of its edges, say UV, with two edges, UW and WV,2100
where W is what we call a null node. There are assumed to be no edges in G lead-2101
ing into, or out of, W, other than UW and WV respectively. If time and/or2102
space requirements are imposed upon the other nodes of G, then W is assumed2103
to take no additional time or space. The purpose of introducing W, then, is to be2104
able to replace G by a graph having properties that G might not have.2105

There are many possible reasons to introduce null nodes. Here we will2106
merely be concerned with one of these, related to [5]: a non-minimal graph always2107
has a null node expansion which is minimal. Suppose we have an edge, L0L1, the2108
removal of which leaves the graph still strongly connected. We can always re-2109
place L0L1 by two edges, L0L2 and L2L1, where L2 is a null node, as above.2110
Removing either of these edges leaves the graph not strongly connected; and if2111
we do this for every such edge, we will have a minimal graph. (In example (12)2112
of the preceding section, this would be minimal if the null case had its own2113
node.)2114



UNDER PEER REVIEW

2115
6.24 Wheel Trees and Loop Trees2116

2117
An individual loop, within a loop tree, may be derived from a general2118

acyclic graph with loopbacks, by replacing some of its elements by inner loops.2119
An individual wheel, within a wheel tree, may be derived from a simple cycle by2120
replacing some of its elements by inner wheels. This greater simplicity of wheel2121
trees, however, comes at a cost; the height of a wheel tree is often greater than2122
the height of the corresponding loop tree. We will now illustrate this with an2123
example. Consider the following program:2124

2125
(A) s0;2126
(B) do {2127

switch (expr) {2128
(C1) case 1: while (cond1) s1; break;2129
(C2) case 2: while (cond2) s2; break;2130

. . .2131
(Ck) case k: while (condk) sk;2132

}2133
(E) } while (cond)2134
(F) f;2135

2136
The flowgraph of this program is given in Figure 6.18. Consider the outer loop2137
here, that is, the entire graph except for the nodes A and F. A loop tree for that2138
graph consists of the do loop, containing k while loops, all at the same level. The2139
height of this loop tree, therefore, is 2. We now prove that any wheel tree for this2140
graph has height at least k+1. If k = 1, the wheel tree also has height 2 (= k+1); B,2141
C1, and E form the outer wheel, while C1 and D1 form the inner wheel.2142

If k > 1, then let W be a representation of this graph as a wheel, as in sec-2143
tion 6.11, containing inner wheels W1, W2, ..., Wn. Let W1 be the inner wheel that2144
contains Dk. There are four cases, only three of which are actually possible:2145

(1) W1 consists of Dk by itself. In that case, as we can see from Figure 6.18,2146
x1y2 must be DkCk, while xny1 must be CkDk. Therefore y2 = xn and so n =2147
2, with W2 being the remainder of the graph. Otherwise, W1 must contain Ck,2148
since Ck is the only node with an edge either to or from Dk.2149

2150
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2151
2152

Figure 6.18. The height of a wheel tree compared to that of a loop tree.2153
2154
2155

(2) W1 consists of Dk and Ck by themselves. In that case, again from Figure2156
6.18, x1y2 must be CkE, while xny1 must be BCk. Let W2 be the inner2157
wheel that contains E. Since W2 is strongly connected, it also contains B; but B =2158
xn, so that again n = 2 and W2 is the remainder of the graph. In either of these2159
cases, W2 is strongly connected; also, any wheel tree of W2 must have height at2160
least (n–1)+1 = n, by induction, so any wheel tree for W must have height at least2161
n+1.2162

In the remaining two cases, W1 contains Dk, Ck, and either B or E, since2163
these are the only nodes with edges to or from Ck. If W1 contains E, then, since2164
W1 is strongly connected, it also contains B; so, in any case, W1 contains B.2165

(3) W1 contains all Di except for some Dj, where j ≠ k. Here W2 contains Dj,2166
and W2 does not contain B, so that W2 must be either Dj by itself, or Dj and Cj by2167
themselves. This then reduces to case (1) or (2) above, with j taking the place of k.2168

(4) There exist two Di, say Da and Db, which are not contained in W1; but2169
W1 still contains Dk, Ck, and B. We now show that this case is impossible. Clearly2170
Da and Db cannot be in the same inner wheel, since that wheel would have to2171
contain B; but B is actually in W1. Therefore, Da and Db are contained in distinct2172
inner wheels, and there must now be a path around W, from Da to Db (or from Db2173
to Da), which does not go through W1. Since W1 contains B, this path cannot go2174
through B. This is impossible, however, because every path from Da to Db, or2175
from Db to Da, in this graph must in fact go through B. This completes the proof.2176

A consequence of this is that wheel trees do not, in general, represent the2177
looping depth of a graph, even though, like loop trees, they constitute a decom-2178
position of strongly connected graphs into a tree structure, with a strongly con-2179
nected subgraph at every level.2180
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