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Nonlinear perturbations of a periodic quasilinear elliptic
problem with discontinuous nonlinearity in R!

Abstract

Using variational methods, we estabilish existence of positive solutions for a class of quasilinear el-
liptic problems

—Apu+ V(m)u”_1 = H(u— B)f(u),

where 8 > 0, 2 < p < N, V is a positive, continuous perturbations of a periodic function, H is the
Heaviside function and f is a continuous function with subcritical growth. The results of the semilinear
equations are extended to the quasilinear problem.

Key words: Nonlinear perturbations; discontinuous nonlinearity; quasilinear elliptic problem; peri-
odic.

1 Introduction

In this paper, we study the existence of positive solution for the following class of
quasilinear elliptic problem

—Apu+V(x)u™ = H(u—B)f(u) ae. in RV,

(P)
w0, in RV o
where 2 < p < N, § > 0 is a parameter, and H is the Heaviside function given by
1 if t>0,
H(t) =
0 it t<0.
The function V : RY — R is a positive continuous function satisfying:
inf V(z)=1V,>0. (Vo)

zeRN
There is a Z"-periodic continuous function V,, : RY — R, that is,
Vil +y) =Vyu(z) VzeRN, yeZV,
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such that

V(z) < Viu(z), VzeRN, (V1)
There is 2; € RY such that
V(x1) < Vin(21) (V2)
and
|V(z) = Vi (z)] = 0, as |z| = +oc. (V3)

The function f: R — R is a continuous function satisfying the following conditions
(f1) limy o+ 2% = 0.

(f2) limy 4 o0 % =0, for some ¢ € (p — 1,p* — 1), where p* = N

)
(f3) There is 6 € (p,q + 1) such that 0 < 0F(t) < f(t)t, Vt > 0, where F(t) = f(f f(s)ds.
)

Np

f(t)

(f4) The function t — OB increasing on (0, 00), which implies t — 7=

tp*—1
on (0,00).

The problem (1.1) appears in the study of non-Newtonian flows, chemotaxis, and
biological pattern formation etc. For example, in the study of non-Newtonian flows, the
constant p is a characteristic of medium. Media with p > 2 are called dilatant fluids
and those with p < 2 are called pseudo-plastics. If p = 2 they are Newtonian fluids (see
[32] and the references therein). The interest in the study of nonlinear partial differential
equations with discontinuous nonlinearities has increased because many free boundary
problems arising in mathematical physics may be stated in this form. Among these
problems, we have the obstacle problem, the seepage surface problem, and the Elenbaas
equation, see [2,14,16].

There are many papers having studied the problems with discontinuous nonlineari-
ties, and we can refer the readers to [2,4,11,17-25] and the references therein. Several
techniques have been developed or applied in these papers, such as variational methods
for nondifferentiable functionals, sub and super solutions, and the theory of multivalued
mappings.

When p = 2, the function V is periodic and f has a subcritical growth, the problem
(P)s with 8 = 0 has been studied in [26], where the main tool used was the variational
methods for C*'— functionals.

In [27], Alves , Marcos and Miyagaki discussed the existence of solution for the critical
periodic and asymptotic periodic problem of the form

is also increasing

{—Au+V($)u=f($>U) in R?, (1.1)

ue HY(R?), wu(z)>0,

And in [8] they also established conditions for the existence of a positive solution for the
periodic elliptic problem with critical growth, which given in the following form

—Au+V(z)u = +uv’ in RN, (1.2)
uwe H'RY), u(z)>0, N >3, ‘
where A > 0 is a parameter, 1l < ¢ <p=2*—1,2* = %, and V' is a positive continuous

periodic function.



Recently, Alves and Nascimento [3] studied nonlinear perturbation of a periodic ellip-
tic problem with discontinuous nonlinearity, which was given by

{ —Au+V(z)u=H(u—pB)f(u) ae in RV, (1.3)
u(xr) >0, in RY,
For p > 1, Alves and Bertone [11] studied the following problem
~Apu=H(u—a)u” '+ \h(z) xeR"N, (1.4)
where H is the Heaviside function, p* = A’;—]_Vp is the Sobolev critical exponent, and h is a

positive function.
On the other hand, C.0O.Alves et al.[28] also studied the following quasilinear problem

—Ayu+ a(z)uP™t = h(z)u! + k(z)u? ! z € RV, (1.5)
uwe HPRY), wu(xr) >0, xeRY,
where l < p< N, p—1<qg<p*—1,p* = NN—ZQ and a, h, k: RY — R are continuous

functions and there exist continuous Z-periodic functions A4, H, K: RY — R such that
a(z) < A(z), h(z) < H(z), k(z) < K(z), for all z € RY, and

a(z) — A(x) = 0,h(x) — H(x) = 0,k(z) — K(z) = 0,as |z| = +oo.

In the present paper, we will develop (1.3) into quasilinear one. Just as we know, when
the nonlinear term is discontinuous and the function V is periodic, our first difficulty
involving this class of problem is the fact that we can not use the classical variational
methods, and it is necessary to use some results for Locally Lipschitz functional. Moreover,
when the nonlinearity is continuous and satisfies some assumptions, the mountain pass
level is equal to the minimum of the energy functional on Nehari Manifolds, which is a key
point in a lot of papers. However, this property is not true for discontinuous nonlinearity.
Hence, the arguments used in the above reference can not be repeated directly, and a
careful analysis is necessary to get similar results to those found in [8,29,30].

By a modification of the method given in [3], we obtain the following main result.

Theorem 1.1. Assume that (V5) — (V3) and (f1) — (fa) hold. Then, there is g* > 0,
such that problem (P)s has a positive solution for all g € [0, 5*).

2 Basic results from nonsmooth analysis

In this section, for the reader’s convenience, we give the following some definitions and
basic results according to O.Alves and Nascimento [3] and the references therein .

Let (X,||.||) be a real Banach space. A functional [ : X — R is locally Lipschitz,
I € Lip;,(X, R) for short, if given u € X, there is an open neighborhood V :=V, C X
and some constant X = Ky > 0 such that

[I(vo) — I(n))] < Kl|lvg — 1], v eV, i=1,2.



The directional derivative of I at u in the direction of v € X is defined by

—1TI h
I°(u,v) = lim sup futh+Av) = I{u+t )
h—=0 x50 A

Hence, I°(u;.) is continuous, convex and its subdifferential at z € X is given by
(s 2) = { € X" 1u,v) = I°(u, 2) + (v — 2),0 € X},

where (.,.) is the duality pairing between X* and X. The generalized gradient of T at u is
the set
OI(u) = {pu € X*; {u,v) < I1°u,v),v € X}
Since I°(u,0) = 0, I(u) is the subdifferential of I°(u,0).
A few definitions and properties will be recalled below.
0I(u) C X* is convex, non-empty and weak*-compact,

Au) = ming][ul

x+i i€ 0I(u)},
and

OI(u) = {I'(w)}, if I€CYX,R).

A critical point of I is an element uy € X such that 0 € 01(ug) and a critical value of I is
a real number ¢ such that I(uy) = ¢ for some critical point uy € X.

Theorem 2.1. Let I € Lipy.(X, R) with 1(0) = 0 and satisfying:
(i) There are r > 0 and 7 > 0, such that I(u) > 7, for ||[u|| =7, v € X;
(ii) There is e € X \ B,.(0) with I(e) < 0.
If ¢ = inf,cr max,ejo1) I(y(t)) and

I'= {7 € C([O’ 1]7X)’7(0) =0, and 7(1) = 6}7
then ¢ > 7 and there is a sequence {u,} C X satisfying
I(up) = ¢ and  A(u,) — 0.

Lemma 2.1. [2,5] Let ¥(u) = [;v G(u)dz where G = [ g(s)ds and g(t) =
H(t— B)f(t). Then, ¥ € szloc(Lq“(RN), R), 0¥ (u) € L (R ) and if p € 0V (u), we
have that

p(z) € [g(u(x)), g(u(@))] ae in RY
where g(t) = lims_,o+ g(t +0) and g(t) = lims_o+ g(t — 9).
Remark 2.1. From definition of g, g, and g, it is easy to prove that
{f (u(2))}, u(z) > 8
lg(u(x)), g(u(z))] = § [0, f(B)], u(z) =p
{0}, u(z) < f



3 The periodic case

To prove Theorem 1.1, firstly, we need to establish the existence of solution for the
periodic case. Thereby, in this section, we study the existence of positive solution for the
following problem

{7t = a0 e R (Phos)

u> 0, in RY,

Hereafter, we consider the Sobolev space W1?(RY) endowed with the norm

P = [ (90 + Vi)

A direct computation shows that this norm is equivalent to the usual norm in W?(RY).
The energy functional related to (P),, s is given by

sl =5 [ (90 + Vi) = | G,

where G(t) = [} g(r)dr and g(t) = H(t — B)f(¢).
From now on, since we intend to find positive solutions for problem (P),, 3, we will
suppose that
ft)=0, wt<o. (3.1)

Lemma 3.1. The functional I, g verifies the mountain pass geometry, that is, the
condition (i) and (ii) of Theorem 2.1 hold.
Proof. Using the definition of G, it follows that

1
I p(u) > —HUHP—/ F(u)dt.
p RN

From (f1)-(£3), for each € > 0 small enough, there is C. > 0 such that
[fO] < et~ + Ceft]?,  VteR,
thus,

1 Ce
Tp(u) > Slulpr — € / wp = S [ g,
% D JrN q+1 /g~y

By Sobolev embedding, there are C, Cy > 0 satisfying
L) = [l [Cy — Colfu] |~ #=Y).

The last inequality implies that there are r, p > 0 satisfying
Lup(@)>p>0, for |ull=r.

In view of (f3), there are positive constants ki, ko such that

Gt) > kt? — ko, VE>0.

5



Taking ¢ € C°(RY) \ {0} a nonnegative function and ¢ > 0, we derive that
tP » P » 0 0
Inslte) = el = | Gltw) < Zliell” =t ¢" + kpmed(sup t)

p up tp

Since 6 > p > 2,
I, 5(tp) = —o0, as t— +oo.

Consequently, for ¢, > 0 large enough, the function e = ¢y satisfies
Lnple) <0 with ecRY\ B,.(0).
Combining Lemma 3.1 with Theorem 2.1, there is a sequence {u,} C WH?(R") sat-
isfying
Lyng(un) = cmp and Ay g(u,) — 0, (3.2)

where (), g is the mountain pass level for I, g.
Next, we will show that {u,} is bounded in W!?(RY). For the convenience, we will
use the following notation involving the functional I,, s:

L p(u) = Qm(u) = Wg(u)
where Qn(u) = > [pn ([Vul? + Vi (2)uP) and Wg(u) = [pv G(u).
Using the same methods as [3], we have the following lemma

Lemma 3.2. The sequence {u,} is bounded in WH¥(RY).

Lemma 3.3. Let {u,} C W'?(R") be the sequence given in (3.2), then for each
R > 0, there are {y,} C RY and a > 0 satisfying

/ |upPde > o V¥n € N.
Br(yn)

Proof. Arguing by contradiction that the lemma does not hold, we have

lim inf sup / |uP| = 0.
Br(y)

n—-+o0o yERN
Once that {u,} is bounded in W (RY), we have

u, =0 in LS(RY), 1<s<p’,

[ lnlt = o0

(Wnstp) = 0,(1)  and  (wWp + Py Un) = [[ua[?,

and in particular,

On the other hand,

implying that
[un|[P = 04 (1) + (P, tn)-
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Using the below estimate
pn(z) < Glun(z)) < flun(z)) < 6|un|p_1 + Celun|?,

we have

(P 1) = / Pty < / (1) < / wn f () < / elunl? + / Co o
RN RN RN RN RN

which yields
||un||p < On(l) + 6/ |un|p + CE/ |UN|q+17
RN RN

from where it follows that
lim ||u,|[P =0. (3.3)

n—-+o0o

Using the below inequality

Ce +1

€
G(un) < 5‘un|ip(RN) + m|u”|%Q+I(RN)7

RN
we deduce that

G(u,) — 0, as n— +oo. (3.4)
RN

Now, (3.3) combined with (3.4) implies that
Iynp(u,) =0, as n— oo,

which is an absurd, since
Im,g(un) — Cm,8 > 0.

Thus, the lemma is proved.

Remark 3.1. The sequence {y,} given in Lemma 3.3 can be chosen in ZV, and we
can find details in [8].

Lemma 3.4. Let v,(2) = u,(z + yn), where {y,} is given by Lemma 3.3. Then,
Lnp(vn) = cmp  and Ay g(v,) — 0.
Proof. By change variable, it is easy to prove that

Ing(vn) = L p(tn),

then, we have
In,p(vn) = Cmp-

Next, we will show that
)\mﬁ(vn) — 0.

First of all, we recall that there is {w,} C (WP(RY))* satisfying

Wp = Q/m(un) —pn  and )‘m,ﬁ(un) = [|wnll+,



with {p,} C 0Vg(u,) satistying
UG (un; @) > (pn, @), Vo € WH(RY).

Taking ¢ € WHP(RY), we get

Wi 6 =) 2 o6 =) = [ pu()ola =) = [ pula-+u)o(o) = (7.0

N
(3.5)
where p, = po(z + y,), Vo € RY.
Since
Wg(un + h+ Ad(- = yn)) / G(un + h+ Ap(- = yn)),
RN
and
s(un +h) / G(u, + h),
RN
we easily see that
U+ h + AG(- = yn)) = Ws(vn + A+ A9),
and _
\Ijﬁ(un + h) = \Ifg(vn + h),
where h(z) = h(z + y,), Vo € RN, Therefore,
qj%(”nv QS( - yn)) = qj%(”m ¢)
and (3.5) gives
WG(vn; @) > (P, 0), (3.6)

showing that p,, € 0¥s(v,). Recalling that w, = @/, (u,) — pn, we get that

(W O = yn)) = (@ (un), (- = Yn)) = (pns O(- = yn)) = (@ (V) 8) — (P D).
Setting (@, @) = (wn, d(- — yn)), we obtain
W = Qr(vn) = Pn-
Next, we will show that the linear functional &, belongs to 0l 5(vn).
In fact, once that {w,} C 0L, 5(u), we derive
I, 5(un; @) > {(wn, @), Vo € WH(RY).
Thereby,
I, 5 (tn; 0 = yn)) = (W, 0 = yn)) = (@, 0), Vo € WHP(RY).

On the other hand, a simple change variable shows that
]Enﬂ(vn; Cb) = Ign,ﬁ(un; ¢(' - yn))7
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then,
L, 5(0n; 0) > (@0, 0), Vo € WH(RY),

showing that w,, € 01, 5(vy,).
Now, from definition of w,, it is easy to check that

lwnlls < flwnll Vn €N,

leading to
0 < Amya(vn) < f[wnlls < [|wnll — 0,
that is,
Amp(vn) =0 as n— oo.
Therefore,

Lng(vn) = cmp  and Ay (v,) — 0.

Theorem 3.1. Assume that (V5) — (V3) and (f1) — (f4) hold. Then, there is §* > 0
such that problem (P),, 3 possesses a positive solution for all 5 € [0, 5*).

Proof. From Lemma 3.2, there is a subsequence of {u,}, still denoted by itself and
there exists u € W'P(RY) such that
u, ~u in WHRN),
and
u, »u in Lj (RY), 1<s<ph,
u, > u a.e in RV

Thus, the sequence {v,} given by Lemma 3.4 is also bounded and there is v € W1P(RY)
such that
v, —~v in WH(RY),

and
(RN), 1 <s<pt,

v, — v  ae in RN,

: S
v, v in Ly,

Combining the Sobolev embedding with Lemma 3.3, we get

/ vP = lim inf vP = lim inf ub > a >0,
Br(0) noree Br(0) noree Br(yn)

showing that v # 0. On the other hand, from (3.1), we can assume without loss of
generality that v, > 0. Then, v(z) > 0, Vo € RY and v # 0.

Next, we will show that v is a nontrivial solution for (P),, .

In fact, we have prove that v # 0, thus, we need to show that v satisfies

~A+ V()P P = Hw— B)f(v) ae in R



Once that {v,} satisfies
Lnp(vn) = cmp  and Ay (v,) — 0,

we know that there are {w, } C 0I,, 3(v,) and {p, } C O¥g(v,) such that ||w,|[. — 0 and
{wn, ¢) = / (IVeal" V0,V + Vi ()0~ ) — / pnd, Vo e WH(RY)  (3.7)
RV RN
with
pu(@) € [g(vn(2)),7(va(2))]  ae. in RY. (3.8)

Note that {p, } is bounded in L (RY), since from (3.8) and Remark 2.1, there is C; > 0
such that
|pn| < Ol‘”n‘q, Vn € N.

from where it follows that
ol s <Ca [
L« (RN) RN

Since {v,} is bounded in LIt (RY), there is M > 0 such that

|on| a1 <M, VneN.
L a (RY)

Consequently, there is py € L%(RN ) satisfying

g+1

pn—po in L« (RY), (3.9)
or equivalently,

[ oo [ mo voemimy) (3.10)
RN RN

Letting n — oo in (3.7) and using (3.10), we obtain the identity

/ (|Vo|P 2V oV + Vi, (z)vPLe) = / pod, Vo e WP(RYN),
RN RN

which yields v is a weak solution of the problem

((P)o)

—Apu+ Vi ()Pt =py  in RV,
u >0, in RV,

Using Lemma 2.1, and repeating the similar arguments explored in [10,11], we can get
that
pn(z) = po  a.e. in RV, (3.11)

Next, we will show that there exists * > 0 such that Ty = {x € R" : v(x) = 8} has
null measure for all 3 € (0, 5*).
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In fact, we know that
pn(2) < Glvp(z)) ae. in RY.
Consequently, from definition of g, we have
pn(z) < flvp(x)) ae. in RY.

Therefore, for all nonnegative function ¢ € L7 H(RY),

/ b < [ fon)e.

The weak limit

q+1

pn—po in L (RY)
together with the Sobolev embedding gives

/ o< [ Fw)e.
RN RN

Since ¢ is arbitrary, we obtain
po(z) < f(v(z)) ae. in RN,
From this, we have

po(xz) < f(B) ae in Tg. (3.12)

Now, if I's has a positive measure, by using the Morrey-Stampacchia’s Theorem (see
[12,13]), we have that
—Apv(z) =0 ae. in [a

Thereby, we have
V()81 < f(B) ae. in Tg,
and thus

Vo <

By (1), we have
f(5)
prt
Hence, we can conclude that there is 8* > 0 such that I's; = {x € R" : v(z) = 8} has

null measure for all 5 € (0, 5*).
Now, for g € (0,5*) and from the following limit

—0, as f—0.

va(@) = v(x) ae. in RV,
and (3.8), we can see that
pu(z) = H(v(z) — B)f(v(z)) ae. in RV, (3.13)
The last limit combined with (3.11) yields
po = H(v(z) — B)f(v(z)) ae. in RV,

11



Moreover, since the set I's has null measure, we see that v(x) satisfies (P),, 3 in the
"strong” sense, i.e.,

—Apv + Vi ()P~ = H(v(z) — B) f(v(z)) a.e. in RY.

The positivity of v follows by maximum principles. Therefore, we have showed that v is
a nontrivial solution for (P),, 3.

4 The general case

In this section, we will prove the existence of solution for problem (P)g. From now
on, we suppose that conditions (V4) — (V3) and (f1)-(f4) hold. Moreover, we denote by
Iy, Ino : WYP(RY) — R the energy functional associated with the problems (P)q and
(P)m,0, which are given by

W = [ (Vup +Viw) - [ P,

P RN

and
1

no(w) =5 [ (Val? + Vi) = [ Plu)
P Jrv RN
These functionals are C* and it is well known that there are 1, p € W'P(RY) such that

I o(Ym) = cmo  and ];n,0(¢m) =0,

and
I(p) = co, and Ij(p) =0,

where ¢, 0 and ¢y denote the mountain pass levels. In addition, from (V;) — (V2), we can
prove that ¢y < ¢ 0. Since its proof follows by using the similar methods used in [8], we
omit it here. Thereby, we can find R > 0 and § > 0 satisfying

o
]O(QOR) < ¢o + Z and Cco + 20 < Cm,0 (41)
where ¢z = 1(%)¢ and n € C3°(RY) satisfies
0<n<1, nlz)=1, VreBi(0) and n(xr)=0. Vze BS0).
According to Lebesgue’s Theorem,
or— o €WWRY) as R— +oo.

Consequently, pr # 0 for R large enough. Moreover, there is tg > 0 with limg o tg = 1
such that

[O(tRSOR) = I?;E)X I()(thR)

Thereby, we choose R > 0 large enough satisfying

1)
Iy(trer) < co+ 1

12



Furthermore, for each 8 > 0, the energy functionals associated with (P),, and (P),, g will
be denoted by

) =5 [ (vaP+ Vi)~ [ Gt

p RN
and .
T () = © / (VP + Vi (a)u?) — / G(u),
P JrN RN
respectively.

Using well-known arguments, it is easy to show that the above functionals satisfy the
mountain pass geometry. Since the proof follows by using the same arguments used in
the proof of Lemma 3.1, we will omit here. In what follows, let us denote by cs, ¢, g the
mountain pass levels of these functionals.

Using the same methods as Lemma 4.1 of [3], we have the following lemma

Lemma 4.1. There exists 5* > 0 such that ¢z < ¢, 5 for all 5 € (0, 5%).

Since I5 verifies the mountain pass geometry, there is a sequence {u,} C WHP(RY)
satisfying
I3(u,) = cg and  Ag(u,) — 0.

Using the same arguments explored in Sect.3, we can get that {u,} is bounded in
Wr(RYN), and there is u € WH?(RY) such that

u, = u in WHRY),

and
u, —»u in L (RY), 1<s<p,
u, > u a.e in RY.

Hereafter, we will use the following notations for the functionals I3 and I,,, g:

Is(u) = Q(u) — Yg(u)

and
() = Qulu) — Ws(u),
where
1 p p u :1 ulP 2)uP
Q)= [ (VP4 V@), Qulw) = [ (Valr+ V(o)
and
¥t = [ G(w)

Lemma 4.2. The weak limit u is nontrivial, that is u % 0.

Proof. Arguing by contradiction, we suppose that w = 0. Then,
u, =0 in W"PRM). (4.2)

13



By (V3), given 7 > 0 and € > 0, there is ng € RY such that
/ V(z) = Vi (z)|uk <e,  Vn>ng. (4.3)
|z|>r

On the other hand, once that

u, =0 in Lj (RY), 1<s<p,

loc

we also have

lim/ V(z) = Viu(z)|u, =0 4.4
Jim [ V) v (4.9
and in particular,

lim |V (z) = Viu(x)|ub = 0. (4.5)

From (4.3) and (4.5), we have

lim / V() = Viu(@)|u? = 0.
RN

n—-+00

The above limit implies that
Qm(un) = Q(un) + 0,(1)

and
le<un) = Q/<un) + On(l)'
Hence, we have
Im’g(un) = Ig(un) + 0n(1) — Cg

and
/\m,ﬂ — 0.

From Lemma 3.3 and Remark 3.1, there are {z,} C Z¥, r; > 0 and 7; > 0 satisfying

/ ub >mn > 0.
BTl(Z’ﬂ)

Setting v, (z) = u,(z + 2,) and repeating the same arguments explored in Sect.3, we have
{v,} is bounded in W'P(RY). Thus, there is v € WH?(RM \ {0}) and a subsequence of
{v,}, still denoted by itself, such that

vp(x) = v in WHP(RY)

with
Lng(vn) = cmp  and Ay (v,) — 0.

Moreover, v is a positive solution of the problem

—Ap + Vo (2)vPt = H(v(z) — B)f(v(z)) ae. in RY, (4.6)

14



with
med(I's) = 0.

In what follows, let ¢ > 0 satisfying
0 € No = {u € WH(RM)\ {0} I, o(w)u = 0},
where N, ¢ is the Nehari manifold associated with I, 9. Then,

/R Vel V(o = [ T[S (4.7)

RN tp RN tp—l

Once that,
/ (IVo|P 4+ Vi (2)0P) < f()v, (4.8)
RN RN

the condition (f4) together with (4.7) and (4.8) yields ¢ € (0,1). Additionally, the below
characterization
Cm,0 = inf Im,O(u)<S€e[9])a

ueNm,O

gives the inequality
Cm,0 S Im,O (tU)7

which leads to

tP tul|P tul|P
emo < _||U||p_/ F(tv)_ll | +|| |
p RN

q+1 q+1
=t%1——i—MMW—/‘Fum+—i— f(tv)t
p q+1 RN qg+1 g~
1 1 1
= (- — —— Up—i-/ —f(tv)tv — F(tv
= loll =+ [ [ o= Fieo)

By (f4), the function

) = = (s)s = F(s)

is nondecreasing, then,

no < (= = DllP + [ [ @b = FO)L

or equivalently

! ! P va—v va—v
o < (= PP+ [ g SO =P+ [ g o= P

From Lebesgue’s Theorem, we have

1
/[U T/ F@l =0 s 3o
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Hence, there is g* > 0 such that

1 5 *
/M[mf (w)p = Fo)] <g, V60,5

Thereby,

Lo L e - P+ :
o < (= PP+ [ (g S Pl g Vs e 0.5

qg+1 qg+1

Combining the fact that v is a solution of (4.6) with med(I's) = 0, we get

1 1 1 1
— — ——)|wl|IP —f(v)v— F(v ~f(v)v — F(v)].
( )HH+/ L) (ﬂéﬁﬁﬂﬂ) (v)

p q+1 vsg 4+ 1 p

Consequently,

1 5 *
o < /M W= F@]+3 Ve 0.5,

Recalling that (wp,v,) = 0,(1), we have

]maﬁ(vn) = ]mﬁ(“n) - %<Wmvn> + 0n(1)

1 / 1 1
= P = [ 6o = el [ pavn+ou()
H|” RV p P JrN

Since

it follows that
mem:%’ ﬁM%—m%nzj 2 F(un)om — Glon)].

Now, the below inequality
—G(t)=—-F({t)+ F(p) > —-F(t), Vt>0,

leads to

L) = [ o —G) > [ B, — Fu,))
[ [vn>p

The condition (f3) together with Fatou’s Lemma and med(I's) = 0 implies that

lim inf I, y(v,) > /[ L = P,

n—o0 v>p] D

16

(4.10)



From (4.9) and (4.10), we obtain

) )
Cmo < lim inf I, 5(v,) + 3= cg+ =

n—00 8’

that is,
Cm,o < Cg + g
From (4.18) of [3], we have

o 0
Cm’0<00+§+§<C0+(5.

On the other hand, by (4.1), we can obtain
cm,O < Cm,O - 57

which is an absurd. Thus, the weak limit v is nontrivial.

Proof of Theorem 1.1. Once that the Lemma 4.1 and 4.2 were established, we can
repeat the same arguments explored in the proof of Theorem 3.1 to conclude that u is a
positive solution for (P)g.
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