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Weierstrass’s Global Division Theorem and Continuity
of Linear Operators in z-spaces

ABSRTACT

In the present article generalization of Weierstrass’s preparation theorem and the division
theorem for germs of holomorphic functions at a point of 7 -dimensional complex space are considered.
The author formulates the global theorem about division in terms of existence and continuity of the linear
operator.

Keywords: Weierstrass’s global division theorem, closed graph theorem, holomorphic functions,
H -space.

1. INTRODUCTION

Generalization of the concepts of direct and inverse spectra of objects of an additive semiabelian
category G (in the sense V.P.Palamodov) was introduced by E.Smirnov [1]: the concept of a Hausdorff
spectrum, analogous to the ds-operation in descriptive set theory, so was solved Grothendieck’s problem
about iterated classes of locally convex spaces for closed graph theorem . This idea is characteristic even
for algebraic topology, general algebra, global analysis, category theory and the theory of generalized
functions. The construction of Hausdorff spectra X={X,F,hss} is achieved by successive standard
extension of a small category of indices Q. The category H of Hausdorff spectra turns out to be additive
and semiabelian under a suitable definition of spectral mapping. In particular, H contains
V. P. Palamodov's category of countable inverse spectra with values in the category TLG of locally
convex spaces . The H-limit of a Hausdorff spectrum in the category TLG generalizes the concepts of
projective and inductive limits and is defined by the action of the functor Haus: H - TLC. The class of H-
spaces is defined by the action of the functor Haus on the countable Hausdorff spectra over the category
of Banach spaces; the closed graph theorem holds for its objects and it contains the category of Fréchet
spaces and the categories of spaces due to De Wilde , D. A. Rajkov and Smirnov . The H-limit of a
Hausdorff spectrum of H-spaces is an H-space .

Weierstrass’s preparation theorem and the division theorem for germs of holomorphic functions

ata point we C" allow us to establish a series of properties of local rings , O, and modules over these

rings (Noetherian, Oka’s Lemma on the exactness of homomorphisms of O -modules, etc. [2]). The

proofs have a number of algebraic characteristics, therefore consideration of a global variant of the
theorems is significantly different and uses topological results of linear analysis . A more careful analysis
makes it possible to formulate a global division theorem in terms of the existence and continuity of a
linear operator acting on locally convex spaces so that the local and global variants of Weierstrass’s
theorem turn out to be in fact special cases of a more general theorem. In this article we obtain a stronger

form of Theorems 11.B.3 and I1.D.1 in [2] for the case of H -spaces. C:’n_l denotes Cx..xCxCx...xC
%,—/ %/_/

m-1 n-m
and 7, :C"—C""' is the projection of C" onto C!"' ; at the same time n”":C" —C, and
C"= Cfn_l xC,, sothat 7" is the projection of C" onto C, . For notational convenience in what follows

the germ of a holomorphic function is denoted by capital Roman letters F', G, H, ....
2. MATERIALS AND METHODS

Let {S,,p,, } be a presheaf of abelian groups over a topological space D,  a nonempty
partially ordered set and F an admissible class for €2 (we may assume without loss of generality that
Q =|F|). Let us denote by H(S) a covariant functor from OrdQ2 to OrdU , where U is a base of
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open sets in D, and by H(S) a contravariant functor from OrdU to the category of abelian groups so

that an abelian group S, is defined for each U € U and a homomorphism p,,, : S, — S, is defined for

each pair U cV . Then H=H(S)0FI(S) is a contravariant functor of the Hausdorff spectrum
X(S)={S,.F,p,, }, which we will call the Hausdorff spectrum associated with the presheaf

{Sy,, Py} - Let X be the H -limit of the Hausdorff spectrum X () in the category of abelian groups

and let
A= UUu,.

FeF se|F|

The following statement is proved in [3].

Proposition 1. Let S be the sheaf of germs of holomorphic functions on an open set D < C",
associated with the presheaf {S,,p,, }, and let X(S)={S, .F,p,, } be the associated true
Hausdorff spectrum. Then the H -limit of the Hausdorff spectrum X (S) is isomorphic to the vector
space of sections I'(A,S) of the sheaf S overthe set A.

Proposition 2. Let X(S)={I'(U,,S),F,p,, } be a true countable Hausdorff spectrum and

suppose that A= ﬂF UF U, has a countable fundamental system of compact sets, is connected and

«—

A#D. Thenthe H -limit X =11m Py.v T'(U,,S) is a separated H -space in the topology t" and is
—

F
continuously embedded in O, (O, is the algebra of holomorphic functions on A).

Proof. First of all, by Proposition 1 we have the isomorphism H : X —1'(4,S) ; because of the

connectedness of 4 and the fact that A¢ & each holomorphic function on A4, XS OA, is generated
by some holomorphic function on the open set U(¢) ; moreover, any two holomorphic functions ¢, € O,,
and @, €0, (U > A4,V o A) which coincide on 4 must coincide on a connected component of the

intersection U NV (see [1, p. 104]), which also implies the isomorphism I'(4,5)=0,. Since 4 has a
countable fundamental system of compact subsets
K, (n=12.), K cK,c..

on putting
lpll,=max[e(z)[ (pe0,),

we obtain a seminorm on O, (or on I'(4,S), which is permissible according to the construction).
Furthermore, on putting

S A Ol
pp)=) 2" ———>— (pec0,)
Z 1+ el, !

for example, we obtain a quasinorm on O, under which O, becomes a separated locally convex space
with a countable base of neighbourhoods of zero, therefore metrizable, but in general not complete; we
will denote this space by (O, p) .

We now show that on O, the locally convex topology 7" of the H -limit of the Hausdorff
spectrum X (S) is not weaker than p . Infact, let W ={p<€ O, || ¢]|,< &} be some neighbourhood of

zeroin (O, p) andlet F'€F. Let us choose s, €| F'| such that U S K, — this choice turns out to

be possible because of the compactness of K, and the condition ACUFU also we can find a

s !
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compact set Kz C USO such that KZ D K, — here the choice is possible because of the availability of a
fundamental system {K'}” in U, .

HoyM") W,
where

E=(f)pM" ={Eery 2Sl§{lg|fm(2) <&, Hoy(S) =0, 1, l,= 9.

Since (M ") is itself a neighbourhood of zero in the MVG X and F € F was chosen arbitrarily, we
have that

H(coU yM )W

and is a neighbourhood of zero in the topology 7. This also shows that 7" 2> p . The proposition is

proved.
Thus we obtain the following

Proposition 3. Every connected bounded subset A < C" has a representation

4=NUYu.. (1)

FeF seF
where F is an admissible class for the countable set ) and the U_ are connected open subsets
(domains) in C".
In particular, for such a set A the Hausdorff spectrum
X(8)={T(U,,S).F. pyy }
is true (it suffices to apply the uniqueness theorem for holomorphic functions). In the representation (1) it
is natural to require that if U NU_, #J (5,5’ €| F|) then itis a connected set. Only such sets A will be
considered further.

In what follows the space O, of germs of holomorphic functions on A will be provided with the
topology p (in general not separated) of uniform convergence on the compact subsets of 4 and with
the locally convex topology of the H -limit. As has already been noted above (Proposition 1), for a
connected bounded subset 4 < C" we have the linear isomorphism

X=I'(4,5)=0,.
We also note that if the set 4 has an interior point then O, coincides with the space of holomorphic

functions on A (up to isomorphism).

2.1. WEIERSTRASS’S GLOBAL DIVISION THEOREM

We will say that the germ H €O, (AcC") is a w-local Weierstrass polynomial in z,
(1<m<n) of degree k (k> 0) if there exists we A and a function 4 € H which is holomorphic on
an open neighbourhood U © A and has representation on U

hz)=(z, -w,) +a,(z)z, -w,) " +..+a, (), )
Z'=(2,, 2y 00y 2y 15 2y 2y ) s
where the a j(z') are holomorphic functions on 7z, (U), aj(w’) =0,and w=w'xw, (j=12,..k).

It is clear that the holomorphic function /% is regular of order & in z, atthe point we 4.

Theorem 1. (Weierstrass’s global division theorem.) Let 4 < C" be a nonempty connected
bounded set such that =" (A) is closed and let H € O, be a w-local Weierstrass polynomial in z, of

degree k (k >0) with representation h, € H such that
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{zen, om (A)NU:h,(z)=0}c A.
Then there exists a continuous linear operator L : O, — O, x 0, , where
L(F)=(G,P), F=GH+P,

P=

k-1
. P(z")z,, P e0,.

Jj=0

First of all we recall [2, Chapter 2, §5] that O, has the topology p of uniform convergence on
the compact subsets, which in general is neither separated nor complete, and O, x O, has the usual
product topology. In the course of the proof of Theorem 1 O, will also be given another stronger locally

convex topology, again in general not separated, under which it is an H -space. Therefore we first
present a lemma for Theorem 1.

Lemma 1. Let A: X — Y be a closed linear operator, where X is an H -space under the
locally convex topology " and (Y,o) isan H -space (in general X, Y are not separated spaces) .
Then A is continuous.

Proof. Let M , N be the respective nonseparated partsof X, Y and X /M , Y/ N the
separated quotient spaces with quotient maps &: X — X /M and 17:Y — Y/ N . Then the quotient
topology &7 on X / M is in general weaker than the topology (£77)", the limit of the corresponding
Hausdorff spectrum (see, for example, [4]); let 70 be the quotient topology on Y / N . Then the diagram

A4+

: A ;
X sovaaveng > Y/N

X —-}3 Y (3)

is commutative and the induced mapping A” exists because of the closedness of the operator A4 . In fact,

the closedness of 4 implies that N = ﬂ {U+ AV}, where U, AV are bases of neighbourhoods
UeU,VeV

of zero for the topologies o, Ar" respectively. But AM < AV forany V eV and 0eU , therefore
AM cU+ AV (YU,V) and, consequently, AM < N . Moreover, the induced mapping 4" is clearly

linear; we will show that A" is a closed operator. For this we have to show that

0= () WU+A4Er}.

vel, VeV

Since nA=A'&, this is equivalent to the relation OzﬂUVn{U+AV} ; let us suppose that
a EﬂUVU{U+AV}- Then n'an(U +AV)# D (VU,V).But n'a=y+ N and because of the
absolute convexity of U+ AV and Theorem 1.3 of [3] we obtain 7”'ac U+ AV (VYU,V). This

implies that n’la < N ; consequently @ =0 and 4" is a closed operator.

Thus by the Closed Graph Theorem for the H -space (Y /N,no) and complete MVGs the
closed operator 4" is continuous from (X /M, (&77)") to (Y/ N,no). The existence of the Hausdorff
spectrum for (Y / N,no) follows from Proposition 4.10 and [4].

Now we will establish the continuity of the operator A: X — Y . Let W be a closed absolutely
convex neighbourhood of zero in Y and (VnF) a base of absolutely convex neighbourhoods of zero in
the TVG X, (F €F), where
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x=Nx«,.

FeF seF

If it is shown that 4: X, — Y is continuous, then by the definition of the topology 7" and the local
convexity of (Y,o) this will imply that 4: X — Y is continuous. Therefore let F' € F be fixed. Then
(V") is a base of neighbourhoods of zero for the TVG (X /M), (see Proposition 4.10) and 7l is
a neighbourhood of zero in (Y /N,no). By the commutativity of Diagram (3) A&V =nAV'
(VneN) and by the continuity of 4™ there exists N eN such that A*éVﬁF cnW or nd VNF cnW.
Hence, AVNF cW + N, butsince W isaclosed setand N c W ,then W+ N c W and the continuity

of A: X

() — Y s established. This means that 4: X — Y is continuous and the lemma is proved.

Lemma 2. Let L:(O,,p)—>(O,,p) be a closed linear operator. Then
L:(O,,p")—>(0,,p") is continuous (A is a nonempty connected bounded subset of C").

Proof. We recall that the locally convex topology p” of the H -limit of a Hausdorff spectrum on
the space of germs of holomorphic functions on A is not weaker than the locally convex topology p of

uniform convergence on the compact subsets of A . Therefore the operator L:(O,,p") —> (0,,p’) is

closed. Moreover, by Proposition 3.10 the set A has a representation

4=Uu..

FeF seF

where F is an admissible class for the countable set ) and US, is a domain in C" ; moreover, each US,
(s €| F|) has a countable fundamental system of compact subsets (K)”_, with K/ c K, ... . We will

show that each space (O,) ,, (¥ €F) is complete and so (0,,p") isan H -space.

We recall that
x=UNv)

FeF seF

and x:X >I(4,5)=0, is an isomorphism. The TVG (O,), is an isomorphic image of the
restriction of the complete TVG of countable character S(F) (notation of 3.2) to X . Therefore it is enough

to establish the closedness of K‘_I(OA)(F) in Sz, . The arguments are carried out more easily for the

germs of holomorphic functions on A .
Let FeF, U.24, U, =UseF U, (F is no more than countable and is totally linearly

ordered for s). Further, let (G,) be a sequence of germs of holomorphic functions on A which is
fundamental in (O,) , . Since (O,), is a quotient group (up to isomorphism) of the complete MVG
(HF OUS )r)» Where OUS is the Fréchet space with the topology of uniform convergence on the
compact sets (K);, it follows from Proposition 4.10 that there exists a subsequence g, € HF o,
(k=12,..) suchthat g, converges in (HF Oy )(r) to some element g € HF Oy andyg, =G,

(k=1,2,..). The last condition implies in particular that g, =(f"),., where [f| =f"
(s<p,peF), p=pk), (k=12,.). Put p,=inf, p(k), p,€F. Then, clearly, f*|, =f"

Po s
(s < py.k=12,..) ; we will denote by f, = fp':)* the holomorphic functions on the open connected set

U, (k=12,..).Since lim,_, g, =g and g=(g ). then, in particular, f, convergesto g, in

O, and moreover g—g, €V; (seF,n =mn, (s),/=12,..). The last observation means that for

PO
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s > p, the holomorphic function gpﬂ —f% has a unique extension to the set U, (s e F'). However,
each element g, is equivalent to elements a, € HFk 0) ., e vg, =ya, and moreover
a, € ﬂseFk Vi (k=12,..). Furthermore, we may assume without loss of generality that £ < F, <....
Thus the holomorphic function fnk, has a unique extension to the set UFA, >4 (I=12,..) and,
consequently, the holomorphic function gpo has a unique extension to the set U, mUFk[
(s> p,,se€F). Since U, mUFk, = quFk, U,nU,) and U nNU,cUNU, (¢<q'), then
U, ﬂUFk/ is a connected open set (/ =1,2,....,k, = k,(s)), and since the set {s € F :s> p,} can be

enumerated, let its points be s,,s,,... .

Thus on each nonempty open connected set U mUFk a holomorphic function épos is defined
° 1
such  that &, |Up0 =g, (s>p,seF). But since each nonempty intersection

(U, n"U, )N(U, NU,, ) is connected by construction and has nonempty intersection with U, , then

a holomorphic function g is defined on the open set U?OI(U?_ MU, ) such that g, ., =&,
ie s; ki siYE, 05

s

(i=1,2,..).Then g|, generates an element of ﬂseF* V.. suchthat g =wg|, and, consequently,

vg=GeO, and lim,, G, =G in the TVG (OA)(F) . Thus the space (OA)(F) is complete and
(0,,p") isan H -space (U,.c Ui:l W, mUFk,_ ),F* eF).

Continuity of the operator A now follows from the Closed Graph Theorem, Lemma 1 and the
closedness of the operator 4:(0,, p") = (O,, p"). The lemma is proved.

Proof of Theorem 1. Let H € O, be a w-local Weierstrass polynomial in z, of degree k and let

h € H be a holomorphic function on the open connected set U > A4 which satisfies the conditions of the
theorem and the relation (2). Furthermore, let " € O, be an arbitrary germ, let f € I’ and suppose that

/s a holomorphic function on the domain V' c U, (it may be assumed without loss of generality that
EICU). Let us fix a point a'ex,(A4) and a closed (according to the condition) cross-section
r,(4) cr,(U) and choose a closed piecewise-smooth Jordan contour I",, which encloses 7,,(A) and

lies in 7,(V') and has length /(I ). Since the function A(z) is continuous on the open neighbourhood
of the compact set

O={zeV:z el ,x, (z)=d'},
there exists an open ball B(0,9) such that for z, €', and z' e 7, [(d',z,)+ B(0,0)] we have the
inequality

|h(z)—h(d',z,)|<inf|h(d,z,) | (4)
and the inclusion

(a',z,)+B(0,0)cV (z,€Tl,).
Moreover, by the compactness of Q we can choose a polydisk 11'(0,5,) C"" such that

[ +.'(0,6,)]xT, = | [(a'z,)+ B(0,5)]. (5)

z, €l
In fact, we cover the compact set Q with the open balls (¢',z,)+ B(0,0) (z, €T',), in each of which
we choose a polydisk (a',z,)+:(0,6,) (z,€l,,0,=(5,,0,)) with these taken together also
covering Q. Put R, =a'+.'(0,0,) . Then

U l@,z,)+0,6)1=[ (z, + (0,6,)]xR, 5T, xR,,

z,€ly
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from which (5) follows.
The inclusion (5) allows us to conclude in particular that (4) and the inclusion I', c7..(V) are

valid for z' € R, . Now for the indicated z’ € R, the function /_ = h(z',z,) as a holomorphic function of
one variable z, has exactly k zeros inside the contour I', by Rouché’s Theorem for the domain

r.(V)nr,(V) ; in particular, &, #0 on I', and outside this contour in the domain 7..(V') (and even

r.(U)).
We will denote by D, the domain bounded by I", and put
D= |J (D,xR,).
a'er,, (A)

Itis clear that D is an open connected set suchthat Ac DcV cU, .
Further, for each openset D, xR (a'e x, (A)) we define a holomorphic function (see [1])
el | LD &
213 W(Z.0) (2,
and a holomorphic function p,(z) = f(z)—g,(2)h(z) . Therefore

] f(Z",C){h(Z',é“)—h(Z',zm)} i
271t h(Z',<) ¢-z,

ps(2)=
where
k-1 _
Pe(=p, )z, -w,),
j=0

» i (Z.0)
o hz0)

and the holomorphic functions h; (j=0,1,..,k—1) are defined from (2) by consideration of the

P, = f(Z"é/)dé/ (j=0,1,...,k—1),

I 2mi

expression
h(z, &) -h(z,z,)
§-z,

The uniqueness of the functions g, and p, is established similarly to [1, p. 93] by using Rouché’s
Theorem.

if  (D,xR)N(D,.xR,)#<, then for Ze(D,xR,)N(D,xR,.) we have
zn€D,MD, .Because the contours I', and I, are homotopic this implies that the following identity
holds:

I fE.9). d( J 2,6) _dg
h(z'.¢) ¢ - 2,¢) ¢—zn

Thus g.(2)=g,.(2) and, consequently, a hoIomorph|c function g(z) can be defined on the

domain D suchthat g|, ., =g, (@' €x,(A)).Inthe same way a holomorphic function p(z) can be

defined such that p|, , =p, (a'€x,(A4)) and

k-1
p(Z) = Z p.f (Z’)(Zm - Wm)j >
j=0
so that we have the unique representation

f(@)=g@n(z)+p(z) (z€D). (6)

Thus a linear operator L:0, —>O,x0, is defined by the relation L(F)=(G,P),
F=GH+P, feF, geG, heH, peP. The operator L has components L :F — G and

L,:F — P, whose continuity in the respective topologies will also imply that of L. Let us therefore
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investigate the continuity of the operators L, and L, .
It follows clearly from the relation (6) that L, and L, are closed linear operators from (O,, p)

into (O,, p). Thus by Lemma 2 the operator L, :(O,,p")— (O,, p") is continuous (i =1,2), as also
is the operator

L:(0,p)—(0,p)x(O,,p").

We now establish the continuity of the operator L:(O,, p) > (O,, p)x(O,, p) . First of all, let
us fix an open set D" constructed be the method indicated above for the holomorphic function A(z) on

the domain U, ; then by the compactness of 4 we choose a finite subcover U]i] (R! x D", where by

the construction it may be assumed without loss of generality that on the distinguished boundary of the

polydisk R’ the function A(z',{)=0 only for e D" (i=1,2,..,N). Therefore h(z)#0 on the
distinguished boundary of the polydomain R: x D" which is part of the boundary of the domain

(/l,’

Uj\; (R:_ ><D:_) =U, . If we now put

Wiz,
M= sup  sup |M
0<j<k-1 UV:I (RET,) h(z',¢)

E

then M < +c0.
Now let FeO,, L(F)=G, L (F)=P and choose f €[ with domain of definition

V' < U, ; construct the domain D’ <V such that D c V', while the functions p(z) and g(z) are

defined on D/ (p e P,geG) and the relation (6) holds. It is clear that D/ > A and the following
diagrams are commutative:

| ] [

We will establish the continuity of the operator
L,:(0,,p) = (O,, p), the continuity of L, being obvious. Let a' € 7, (A4). Then

N/

9

urkh)y

k-1 , KM ’
KX p, =3 )G

IA

| Pa(2)]

K-M , |
——k-sup| f(z,{) |-I(T)).
272. p

I

Now we choose a sequence V, =V DV, ... which is fundamental for 4 and compact sets

Bm = D,ﬁ , Where D,f V. suchthat 4= ﬂwzl an and, moreover, the sequence (Bm) converges to

m

A in the Hausdorff metric for all compact subsets of C". This means in particular that for f € OVI we
have the relation

limsue | /()< sup| £(2) |

m—wo  Dm

In fact, let us assume the contrary, i.e. there exist £ > 0 and a sequence (mk) such that
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sgplf(2)|+8<syp|f(2)| (keN).

Doy

From this we find a sequence (z,, ) suchthat z, € p, and
sup| f(z)[+e </ f(z,)| (keN);
A

but then we can find a subsequence (z, ) such that z" = }im Z,, - Then z" € A and, consequently, we
ki —w ki

have the inequality
sup | f@]+e< f()],

which is impossible.

Therefore
NPl = sgp|p(z)|
< limsuel PG F]jmsupl Pa(2)]
KMk_ m .
: Hm /T limsue | /()]
27 m—o m—ow  Dm
< KA‘IA'Sljp|f(Z)|=KA-lA-|F||A_

Thus the operator L, : (O,, p) = (O,, p) is continuous. The theorem is proved.

3. RESULTS AND DISCUSSION

In such approach we can use Weierstrass’s global division theorem:

1. Generalization of classical results of Malgrange and Ehrenpreis on the solvability of the
unhomogeneous equation p(D)D’=D’, where p(D) is a linear differential operator with constant
coefficients in R" and D’=D*(S) is the space of generalized functions on a convex domain Sc R",
can be extended to the case of sets S which are not necessarily open or closed.

2. Using homological methods we are going to establish for vanishing at zero, Haus1(X)=0, for the
functor Haus of a Hausdorff limit associated with the representation (1), where X is the Hausdorff
spectrum of the kernels of the operators p(D):D'(Ts)—>D(Ts) (se|Fl). The condition Haus'(X)=0 is
equivalent to the condition that the operator p(D):D’(S)—D(S) is an epimorphism.

3. We should learn a space of test functions on such sets Sc R" and prove that it is an H-space
(generally nonmetrizable), that is

D($)= U N D(T)), (7)

FeF seF

where {ns.rTs}rer forms a fundamental system of compact subsets of S and D(T;) is the Fréchet space of
test functions with supports in the closed sets T,cR", where S=Ur s T (S — not necessarily open or
closed).

4. We should prove the closed graph theorem for D(S) and D(S) for such S.

4. CONCLUSION

Using of new concept of H-spaces in technique on the solvability of the unhomogeneous equation
p(D)D’=D’, where p(D) is a linear differential operator with constant coefficients in R" and D’=D(S) is the
space of generalized functions on a convex domain Sc R", we can extend to the case of sets S which are
not necessarily open or closed. So Weierstrass’s global division theorem will be the main instrument for
proving of an epimorphism of operator p(D).
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