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ABSTRACT6

The aim of this paper is to investigate the stability problem for the functional equation:

,,),()(2)(()( Gyxyfxgyxfxyf   )( , fgE

and the superstability of the d'Alembert's equation:

,,),()(2)(()( Gyxyfxfyxfxyf   )(A

under the conditions from which the differences of each equation are bounded by )(x ,
)(x and ))(),(min( yx  where G is an arbitrary group, not necessarily abelian,

CGgf :, and IRG:, are functions and  is an involution of G .
7
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1. INTRODUCTION12

13
There is a strong stability phenomenon which is known as a superstability. An equation of homomorphism is called14
superstable if each approximate homomorphism is actually a true homomorphism. This property was first observed by J.15
Baker et al. [4] in the following Theorem: Let V be a vector space. If a function IRVf : satisfies the inequality16

 )()()( yfxfyxf ,17

for some 0 and for all Vyx , . Then either f is a bounded function or18
.,)()()( Vyxallforyfxfyxf 19

In light of this result, the stability of a class of functional equations has been investigated by Badora, Baker, Dragomir,20
Gàvruta, Ger, Kabbaj, Kim, Rassias, Roukbi, Tyrala, Székelyhidi, Zeglami etc. The interested reader should refer to [1-11,21
13-18, 21-26] for a thorough account on the subject of stability of functional equations.22

In [2], R. Badora and R. Ger have improved the superstability problem of the d'Alembert equation23
,,),()(2)()( Gyxyfxfyxfyxf  )(C24

under the condition25
).()()()(2)()( yorxyfxfyxfyxf 26

Namely, the following theorems hold true.27
Theorem 1. (R. Badora, R. Ger [2]) Let ),( G be an Abelian group, CGf : and let IRG: satisfy the28

inequality29

)()()(2)()( xyfxfyxfyxf  ,  for all Gyx ,30

Then either f is bounded or f satisfies the classical d'Alembert's equation ).(C31
Theorem 2. (R. Badora, R. Ger [2]) Let ),( G be an Abelian group, CGf : and let IRG: satisfy the32

inequality33

)()()(2)()( yyfxfyxfyxf  ,  for all Gyx ,34
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Then either f is bounded or f satisfies the classical d'Alembert's equation ).(C35
36

In [18] A. Roukbi, D. Zeglami and S. Kabbaj proved the superstability of the eqaution37
38

,,),()(2)(()( Gyxygxfyxfxyf   )( ,gfE39

without imposing any conditions on the group G . Equation )( ,gfE is called the Wilson equation (see [19]).40

In the present paper, we consider, in both abelian and non abelian groups and without any conditions on f , the Hyers-41
Ulam stability problem of the functional equation42

,,),()(2)(()( Gyxyfxgyxfxyf   )( , fgE43

under the conditions ))(),(min()(),()()(2)(()( yxoryxyfxgyxfxyf   where G is any one group44

and  is an involution of G , i. e. xx ))(( and )()()( xyxy   for all Gyx , . The equation )( , fgE is called,45
sometimes, second generalization of the cosine equation.46

Furthermore, the obtained results can be extended to the equation47
.,),()()(()( Gyxyfxgyxfxyf  48

As a consequence, we obtain the superstability of the d'Alembert's functional equation49
,,),()(2)(()( Gyxyfxfyxfxyf   )(A50

which proved by Roukbi, Zeglami and Kabbaj [18] on any group, by Redouani, Elqorachi and Rassias [17] on step 251
nilpotent groups and by Baker, Badora and Ger, Gàvruta, Kim, etc ([3], [2], [9], [15], ...) in the case where G is an abelian52
group.53

In this paper, let G is any one group, e denote its neutral element, C the field of complex numbers and IR the field54
of real numbers. We may assume that f and g are complex valued functions on G , IRG:, are mappings,55

, are nonnegative real constants, and  is an involution of G . In the case where 0)( ef we put .
)(

1~ f
ef

f 56

A typical example of the involution  is the group involution .,)( 1 Gxxx   Another is the adjoint  AA in the57
matrix group ).,( CnGL A third one is58
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on the Heisenberg group 3H .60
61

2. SOLUTIONS OF THE EQUATION )( , fgE62

63
We shall start from solutions of the d'Alembert functional equation: In 2008, Th. Davison [7] proved the following result:64
Lemma 1.  Let G be a topological group and CGf : a continuous function with 1)( ef satisfying65

.,),()(2)()( 1 Gyxyfxfxyfxyf  66
Then there is a continuous (group) homomorphism ),2(: CSLGh  such that67

))((
2
1)( xhtrxf  for all ., Gyx 68

In [20] H. Stetkær gave solutions of equation (A) introducing the theory of representations. Precisely, he proved that:69
70

Lemma 2. Let S be a semigroup. The non-zero continuous solutions f of )(A on S are the functions of the form71

2
1
f )1.2(72
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where  ranges over the 2-dimensional continuous representations of S for which73
))(())(( xadjx   )2.2(74

for all Sx and75
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),()(: 22 CMatCMatadj .76

Note that the equation (A) is raised  by Kannappan in the case where G is abelian [12]. Using Lemma 2 we directly prove77
the following fact concerning solutions of equation )( , fgE .78

Theorem 3. Let G be any group. Then CGgf :, satisfy the equation )( , fgE if and only if79

i) 0f and g is arbitrary, or80

ii) 0f and )()( xgxf  for all Gx , where  0C and g is a solution of )(A .81

Furthermore, the non-zero continuous solutions gf , of )( , fgE on G are functions of the form82

 
2

,
2
1

 fg .83

where  0C and  ranges over the 2-dimensional continuous representations of G satisfying (2.2).84

Proof. Assume that 0f . Setting ey  in )( , fgE we have85

)0()()( fxgxf 86
for all Gx . From above, we conclude that 0)0( f . Putting )0(: f we get87

)()( xgxf  for all Gx .88

So, from )( , fgE we obtain89

,,),()(2)(()( Gyxygxgyxgxyg  90
for all Gyx , . Then g is a solution of )(A and gf  . The rest of the proof follows from Lemma 2.91

92
3. STABILITY OF THE EQUATION )( , fgE93

94
Lemma 3. Assume that functions CGgf :, and IRG: satisfy the inequality95

)()()(2))(()( yyfxgyxfxyf   , for all Gyx , )1.3(96

such that 0f . Then f is unbounded if and only if g is unbounded too.97

Proof. If 0)( ef . Putting ey  in (3.1) we get
2

)()( exf 
 ,  for all Gx i.e. f is bounded. Let fM sup and98

choose Ga such that 0)( af then we get from the inequality (3.1) that99

2
)()()()( exgefxf 

100

Which shows that f is unbounded is equivalent to g is unbounded too.101

Lemma 4. Assume that functions CGgf :, and IRG: satisfy the inequality102

)()()(2))(()( yyfxgyxfxyf   , for all Gyx ,103

Such that 1)( ef . Then104
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i) )()()()(2))(()( eyyfxgyxgxyg   ,    for all Gyx , . )2.3(105

106

ii) f is unbounded if and only if g is also unbounded.107

Proof. i) Assume that 1)( ef . Putting ey  in the inequality (3.1). It is easy to show that108

109

for all Gx . Let110

)()(:)( xgxfxF 111

By virtue of inequality (3.3), we have112

2
)()()()()( exFandxFxfxg 

 )4.3(113

for all Gx . By the definition of F and the use of (3.1) we have114

)()(2))(()(()()()()(2))(()( yfxgyxFyxfxyFxyfyfxgyxgxyg  115

)(()()()(2))(()( yxFxyFyfxgyxfxyf  116

)()( ey   .117

ii) Follows from (3.3) and it is also a particular case of Lemma 1.118

Lemma 5. Assume that functions CGgf :, and IRG: satisfy the inequality119

)()()(2))(()( xyfxgyxfxyf   , )5.3(120

for all Gyx , such that 1)( ef . Then121

)(2)()(2))(()( xyfxgyxgxyg   , for all Gyx , . )6.3(122

Proof. i) Assume that 1)( ef . Putting ey  in the inequality (3.1). It is easy to show that123

124

125

for all Gx . Let )()(:)( xgxfxF  . By virtue of inequality (3.7), we have126

2
)()()()()( xxFandxFxfxg 

 )8.3(127

for all Gx . Using (3.5) and (3.8) we get128

)()(2))(()(()()()()(2))(()( yfxgyxFyxfxyFxyfyfxgyxgxyg  129

)7.3(
2

)()()( xxgxf 


)3.3(
2

)()()( exgxf 

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)(()()()(2))(()( yxFxyFyfxgyxfxyf  130

)(2 x131

Theorem 4. Assume that functions CGgf :, and IRG: satisfy the inequality132

)()()(2))(()( yyfxgyxfxyf   ,133

for all Gyx , such that 0f . Then either g (or f ) is bounded or134

)(~)(~4))((~)(~)((~)(~ yfxfyfyxfyxfxyf   , )9.3(135

for all Gyx , , where .
)(

1~ f
ef

f 136

Proof. i) Assume that gf , satisfy the inequality (3.1) such that g is unbounded (which is equivalent - by lemma 1- to137
f is also unbounded). We firstly start with the following particular case 1)( ef . For all Gzyx ,, we have138

)()(4))(()())(()()(2 yfxfxyfyxfyxfxyfzg  139

)()()(8))(()(2)()(2))(()(2)()(2 yfxfzgxyfzgyxfzgyxfzgxyfzg  140

)()(2))()(()( xyfzgxyzfzxyf  141

))(()(2))(())(( yxfzgxzyfyzxf  142

)()(2))()(()( yxfzgyxzfzyxf  143

))(()(2))(())(( xyfzgyxzfxyzf  144

)()(2))(()( yfzxgyzxfzxyf  145

)()(2))(()( xfzygxzyfzyxf  146

)())((2))()(())(( xfyzgxyzfxyzf  147

)())((2))()(())(( yfxzgyxzfyxzf  148

)()(2))(()()(2 xfzgxzgzxgyf  149

)()(2))(()()(2 yfzgyzgzygxf   .150

By virtue of inequalities (3.1) and (3.2), we have151

)()(4))(()())(()()(2 yfxfxyfyxfyxfxyfzg  152
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)(2)))(()())(()( xxyyxyxxy  153

))()(()(2))()(()(2)(2 eyxfexyfy   )10.3(154

If we fix yx, , the right hand side of the above inequality is bounded function of z . Since g is unbounded, from the155
preceding (3.10), we conclude that f is a solution of the long equation (3.9), which ends the proof in this case. If f is a156
non-zero function such that 0)( ef then g is bounded (Lemma 3). For the case 0)( ef is any one complex number,157
dividing the two sides of the inequality (3.1) by )(ef we find that158

,)()(~)(2))((~)(~

 yyfxgyxfxyf  for all Gyx , ,159

where ff

1~
 . We see that the pair ),~( gf satisfies the inequality (3.1) with 1)(~

ef which shows, using the first160

case result that each functions gf , satisfying (3.1) falls into one of the categories (i)-(iii).161

As a consequence of Theorem 4, we have the following result on the superstability of the equation (A) which generalizes162
the Badora’s and Ger's result on the classical d'Alembert’s functional equation on an abelian group (Theorem 2).163

Corollary 1. Assume that functions CGf : and IRG: satisfy the inequality164

)()()(2))(()( yyfxfyxfxyf   , )11.3(165

for all Gyx , . Then either f is bounded or f satisfies the d'Alembert's long functional equation (3.9). Further, in the166
latter case, if G is abelian then f satisfies the equation )(A and so it has the form (2.1).167

Proof. Assume that f is unbounded function satisfying (3.11). On putting gf  in Theorem 4 we get that f~ is a168

solution of the equation (3.9).Substituting y by e in (3.11) we obtain
2

)()1)()(( eefxf 
 for all Gx . This169

inequality shows that 1)( ef because f is unbounded. So ff ~
 is a solution of (3.9) and if G is abelian then f170

satisfies the equation )(A .171

In the following theorem the Hyers-Ulam stability of the equation )( , fgE will be investigated on an arbitrary group. For172

0f the pair ),( gf is a trivial solution of the equation )( , fgE .173

Theorem 5. Assume that functions CGgf :, and IRG:, satisfy the inequality174

)()()()(2))(()( yandxyfxgyxfxyf   , )12.3(175

for all Gyx , such that 0f . Then176

i) gf , are bounded or177

ii) g is unbounded and f
ef

f
)(

1~
 satisfies the d'Alembert's long functional equation (3.9), or178

iii) f is unbounded and ),( gf satisfies the equation179
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.,)(~)(2)(()( Gyxallforyfxgyxgxyg   )13.3(180

Proof. (ii) is proven in Theorem 4.181

Assume that gf , satisfy inequality (3.12). If f is a nonzero function such that 0)( ef , we have seen in Proof of182
Lemma 3 that f and g are bounded so we are in case (i). For the case 1)( ef : If f is unbounded then for all183

Gzyx ,, we have184

)()(2))(()()(2 yfxgyxgxygzf  185

)()()(4))(()(2)()(2 yfxgzfyxgzfxygzf  186

)()(2))(()( zfxygzxyfxyzf  187

)())((2))()(())(( zfyxgzyxfzyxf  188

)()(2))()(()( yzfxgyzxfxyzf  189

))(()(2))(())(( zyfxgyxzfzxyf  190

))(()(2))(())(( yzfxgyzxfzyxf  191

)()(2)())()(( zyfxgxzyfzyxf  192

)())((2))()(())(( yfzxgyzxfyzxf  193

)()(2))(()( yfxzgyxzfxzyf  194

 )()(4))(()())(()()(2 zfyfyzfzyfzyfyzfxg  195

)()(2))(()()(2 zfxgzxgxzgyf  196

In virtue of inequalities (3.12) and (3.6), we obtain197

.)()(4))(()())(()()(2

)()(4)(2)(4))(()(

)()(2))(()()(2

zfyfyzfzyfzyfyzfxg

yfxyxyxxy

yfxgyxgxygzf













198

Since g is unbounded (which is equivalent to f is unbounded) hence according to Theorem 4, g is a solution of the199
equation (3.9). So we conclude that200

201

Again the right hand side of (3.14) as a function of z is bounded for all fixed yx, . Since f is unbounded, from the202
preceding (3.14), we see that f satisfies the equation203

)14.3(.)()(4)(2)(4))(()()()(2))(()()(2 yfxyxyxxyyfxgyxgxygzf  
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,,),()(2)(()( Gyxyfxgyxgxyg   .204

Now we suppose that  1,0)( ef . Dividing the two sides of the inequality (3.12) by )(ef we find that205







)()()(~)(2))((~)(~ y
andxyfxgyxfxyf  for all Gyx , ,206

where ff

1~
 . We see that the pair ),~( gf satisfies the inequality (3.12) with 1)( ef which shows, using the first207

case result that each pair of functions gf , satisfying (3.12) falls into one of the categories (i)-(iii). which finished this208
proof.209

In Lemma 3 we have seen that if 0f then f is unbounded is equivalent to g is unbounded too. So we present210
modified and simpler formula of Theorem 5.211

Corollary 2. Assume that functions CGgf :, and IRG:, satisfy the inequality (3.1) such that 0f . Then212
either f (or g ) is bounded or the pair ),( gf satisfies the equation213

.,),(~)(2)(()( Gyxyfxgyxgxyg  214

Furthermore in the latter case the function f~ satisfies the equation (3.9).215

As another consequence of Theorem 5, we have the following result on the superstability of the equation )(A on both216
abelian and non-Abelian groups which generalizes the Baker's result on the classical d'Alembert functional equation on an217
abelian group [3, Theorem 5].218

Corollary 3. Let  be given. Assume that the function CGf : satisfies the inequality219

  )()(2))(()( yfxfyxfxyf ,220

for all Gyx , . Then either f is bounded or f is a solution of the equation ).(A Further, in the latter case f has the221
form (2.1).222

Proof. Using similar techniques as in Proof of Corollary 1 we see that if f is unbounded then we have 1)( ef implying223

that ff ~
. The rest of the proof follows on putting gf  in Theorem 5 (iii).224

From above Theorems we get also the superstability of the equation )( , fgE on two particular cases:225

Corollary 3. Let G be an Abelian group (or at least f is central), and let CGgf :, and IRG:, satisfy the226
inequality227

)()()()(2))(()( yandxyfxgyxfxyf   , )15.3(228

for all Gyx , . Then there are the following possibilities:229

i) If 0f , then g is arbitrary.230

ii) If 0g , then f is bounded.231
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iii) If gf  0 and f is bounded, then g is bounded, too.232

iv) If 0g and f is unbounded, then g is unbounded, too. Moreover g is a solutions of the equation )(A and the233

pair ),( gf satisfies equations )( ,gfE and )( , fgE .234

Proof. (ii) If 0g then the inequality (3.15) has a form )()())(()( yandxyxfxyf   for all Gyx , . Put235

ey  , we get
2

)()( exf 
 for all Gx i.e. f is bounded.236

(iii) If gf  0 and f is bounded, let fM sup and choose Ga such that 0)( af then we get from the237

inequality (3.15) that ))(2(
)(2

1)( aM
af

xg  for all Gx , i.e. g is bounded too.238

To get (iv) we use Theorem 5 in which we have seen that if f is unbounded then 0)( ef ,239

Gyxyfxgyxgxyg  ,),(~)(2)(()( 240

and241

)(~)(~4))((~)(~)((~)(~ yfxfyfyxfyxfxyf   ,  for all Gyx , .242

If G is abelian or at least f is central (i.e. )()( yxfxyf  for all Gyx , ) then we get243

)(~)(~2)((~)(~ yfxfyxfxyf   , )16.3(244

for all Gyx , . Dividing the two sides of the inequality (3.15) by )(ef we find that245





 )()()(~)(2))((~)(~ yandxyfxgyxfxyf  , )17.3(246

for all Gyx , . When we substitute (3.16) into (3.17) we get that247





 )()())()(~)((~2 yandxxgxfyf  , )18.3(248

for all Gyx , . Since f is unbounded then so is f~ . Consequently (3.18) implies gf  that g is a solution of ).(A249
Substituting f by g on the second (resp. the last) Factor of the right hand side of (3.16) the expression reduces to250

)( ,gfE and )( , fgE .251

Corollary 4. Let G be any group, and let CGgf :, satisfy the inequality (3.15) such that )())(( xgxg  for all252
Gx . Then if f is unbounded, then g is unbounded, too. Moreover g is a solutions of )(A and ),( gf satisfies253

equations )( ,gfE and )( , fgE .254

UNDER PEER REVIEW



Proof. Suppose that f is unbounded and )())(( xgxg  for all Gx . By putting ex  in the equality255

)(~)(2)(()( yfxgyxgxyg   .  It is easy to see that )(~)()( yfegyg  .  The case 0)( eg does not occur here due256

to our assumption that f is unbounded. Thus )(
)(

1)(~ yg
eg

yf  . Using this equality and Theorem 5 (iii) we get257

),(~)(~2

))(~)(2(
)(2

1

)))(()((
)(

1)((~)(~

yfxf

yfxg
eg

yxgxyg
eg

yxfxyf





 

258

and the rest of the proof runs along the same lines as in proof of Corollary 3 (iv).259

Remarks.260

i) In the case where G is an abelian and gf , satisfy the inequality (3.15) we know –according to Corollary 3-261
that if f is unbounded then g is a solutions of )(A but does not always f as shown by the example: Let262

IRIRgf :, be functions with )(3)( xchxf  and )()( xchxg  for all IRx , and let xx )( .263
Then264

0)()(2))(()(  yfxgyxfxyf  ,265

but f is unbounded and f does not satisfy the equation )(A .266

ii) Let IRIRgf :, be functions with 1)( 2  xxf and 1)( xg for all IRx , and let xx )( . Then267

),(2)()(2))(()( 2 xxyfxgyxfxyf  268

and 1)0( f but f is unbounded and gf , do not satisfy the equation269

)(~)(2)(()( yfxgyxgxyg   . )19.3(270

This shows that the condition271

Gyxyyfxgyxfxyf  ,,)()()(2))(()(  )20.3(272

is essential in the case (iii) of Theorem 5. This example shows also that the condition (3.20) is essential in273
Theorem 4.274

iii) Let IRIRgf :, be functions with )()( xchxf  and )(1)( xchxg  for all IRx , and let xx )( .275
Then276

),()(2)()(2))(()( yychyfxgyxfxyf  277

And 1)0( f but f is unbounded and gf , do not satisfy the equation (3.19 ).This shows that the condition278

,,,)()()(2))(()( Gyxxyfxgyxfxyf  279
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is essential in the case (iii) of Theorem 5.280

iv) The obtained results in this paper can be extended to the equation281

.,),()()(()( Gyxyfxgyxfxyf  282

v) If we apply the combinaison of cases283

(a) fg  or .fg 284

(b) )(x , xx )( , or xx )( .285

(c) cxx  )()(  or .)()( cxx 286

(d) The group G is abelian or non abelian.287

to Theorem 4 and Theorem 5, we obtain some results of the papers [1-5, 8-11, 13-18, 21-25].288
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