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A Nonlocal Boundary Value mixed Problem for

second-order hyperbolic-parabolic equations in
nonclassical function spaces

Abstract

We use an energy method to solve a following boundary-value problem for hypobolic-
parabolic equation with an integral condition :

otv v 0 ov
— 4 — - — — —F
2 + % ax (a(x,t) ax) + b(x,t)v = F(x, t)

v(x,0) = q(x), 0 <x <L

ov
a(x)o) = 11)2(’6), 0<x <,

u(e)t) = E(t)) 0<t< T)

ov

a“)t) = G(t)> 0<t<T,

t
J xv(x,t)dx =H(t), 0<t<T
0

The proof is based on an energy inequality and on the fact that the range of the
operator generated is dense.

1 Introduction

In the present paper, we consider the problem of determining a function v = v(x, t) satisfying,
in a weak sense, the linear hyperbolic-parabolic equation

v ov 0 ov
W+a_& <a(x,t)a—x) + b(x, t)v = F(x, t), (1.1)
supplemented by the initial conditions
v(x,0) =Py(x), 0 <x < ¢ (1.2)
ov
S(%,0) =tha(x), 0<% <8, (13)
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the Dirichlet conditions

v(i{,t) =E(t), 0<t<T, (14
(1.5
ov
a(e,t):G(t), 0<t<T (16)
and the integral condition

¢
J xv(x,t)dx =H(t), 0<t<T, (1.7)

0

where, 11,102, E, G and H are sufficiently regular given function, and T and { are the positive
constants.

Assumption 1.1
For all (x,t) in the cloosed of (0,£) x [0, T], we assume that

ap < a(x,t) < ay,

Ja
a; < —(xt) < az,

- 0x
Jda
ay < a(xat) < as,
ag < &a (x,t) <a
C =Xt T

where ay, a1, a2, a3, A4, A5, Qg and Qy arer positive constants.

The data satisfies the following compatibility conditions : for consistency, we have
¢

D1(0) = E(0), a(0) = G(0) and L X1 (x) dx = H(0).

The importance of problems with integral conditions has been pointed out by Samarskii[I].
Mathematical modelling by evolution problems with a nonlocal constraint of the form

¢
J v(x)(x)u(x,t) dx = I'(t) is encountered in heat transmission theory, thermoelasticity, chem-
0

ical engineering, underground water flow, and plasma physic.

See for instance [2], [3]-[4], [5]-[8], [10]-[11], [12]-[13], [14] and [15], [16]. Mixed problems
with nonlocal boundary conditions or with nonlocal initial conditions were studied in [8]-
[17], [18]-[20], Gasymov [22], [24], [25] and [26].

The results and the method used here are a further elaboration of those in [2].

This basic tool is the energy inequality method which, of course, requires appropriate mul-
tipliers and functional spaces.

In this paper, we extend this method to the study of a mixed-type hyperbolic-parabolic
equations with Dirichlet and integral conditions.

The remainder of the paper is organized as follows. After this introduction, in section 2,
we present some preliminaries and basic definitions. Then in Section 3, we establish a pri-
ori estimate and give its several applications. Finally, in section 4, we prove existence of
generalized solution.



2 Preliminaries

In point of view of the used method, it is preferable to transform inhomogeneous boundary
conditions to homogeneous ones by introducing a new unknown function z defined as follows

z(x,t) = v(x,t) —u(x,t)

where
w(xt) = (—6x% + gﬁx — 50%) E(t) + (2x + Ez(x —1{) G(t) (x ;EJZH(H'
Then the problem becomes
2
g—é + g—i — % (a(x,t)%) +b(x,t)z = f(x,t) (2.1)
z(x,0) = @a(x), 0 <x <, (2.2)
% (%,0) = palx), 0 <x < ¢ 23
ax) = @21X), =X =K ()
z(6,t) =0, 0<t<T, (2.4)
%(et)—o 0<t<T, (2.5)
ax ) - b - — D .
¢
J xz(x,t)dx =0, 0<t<T, (2.6)
&
where
2 2 _
100, ) =Flx, 1) + B gy gy - O gy ey
(x—0?% _, Y (6x2 — 120x + 502)b(x, 1) da (x — £)?
- (G'(t) + G"(1)) + z E(t) + O_XE—ZH(t)
2
B (2x + 2)(x€— £)b(x,t) G(t) — (x — E)ezb(x, t) H(t) + % (2x + Eé(x —1{) G(t)
0a (—6x% + 120x — 5¢%) (4x — 0)a(x,t) 12(x — O a(x,t)
+ o - E(t) + i G(t) — B E(t)
2(x — ¢
N (x e)za(X)t)H(t)»
2 _ 2 o AV
o1(x) =ty (x) + (6x 1§2€x+5€ )E(O) B (2x+€é(x Q)G(O) Cx ez(’,) H(0),
palx) =thy(x) + E 12X ) BeH OOy LBl



Here we assume that the function @ and @, satisfy conditions of (2.4)),(2.5)) and (2.6)), that
is
¢

@(0)=0, @()=0 and Joxcm(x)dx:o.

Instead of searchlng for the function v(x,t), we search for the function z. So the solu-

tion of problem (|1.1] , . . -, ., and (| . will be given by v(x,t) =

z(x,t) + u(x, t).
The problem (2.1)), (2.2)), (2.3), (2.4), (2.5) and (2.6) can be considered as solving the
operator equation
Az = (f) ®1, (Pz) =F, (27)

where A is an operator defined on E into F. E is the Banach space of functions L?(Q) satisfying

the conditions (2.4, (2.5)and (2.6) with the norm

¢ ¢ 0z\ 2 t 9z\ 2
2 2 oz ve
||ZHE—OS<13<pT{LXZ dx+J0x<aX> dX+LX(at) dx p,

and F is the Hilbert space [2(Q) x L?(0,£) x L?(0,£) which consists of elements F =
(f, @1, @2) with the norm

¢ ¢ 2 ¢
IFIIF = J x@7(x) dx +J X (%> dx +J x@3(x) dx +J xf2(x, t) dxdt.
0 0 dx o

ou o*u 9u o*u d*u

Let D(A) be the set of all functions u € L2(Q), for 30 32’ 3% 32’ oot € [?(Q) and
satisfying conditions ([2.4), (2.5)and ({2.6)).
3 Energy inequality and its consequences
Theorem 3.1
Let Assumption |1.1| be fulfilled. Then the a priori estimate
zl[e < M| AzlJr, (3.1)

holds for any function z € D(A), where A is a positive constant independent of z.

Proof .
*0
Multiplying the equation (2.1) with Lz = (t — T)J J a—i(&,s) déds and integrating the
0Jo
results obtained over Q. = (0,£) x (0, T). Observe that

J (t—1) gztf (E J %ty )dE,ds) dxdt+J (-2 (Jt J Zeys )dEds) dxdt
_J (t ) aax (a( ,t)g—i) (Jt J az(a, )dEds) dxdt
Lo )

JQT 1) (Jt J gs (&) d&ds) dxdt. (3.2)



Successive integration by parts of integrals on the left-hand of (3.2)) are straight-foward but
somewhat tedious. We give only their results

2 t px L X
L}t—ﬂ% (L Jo %k, )dads) dxdt — — J 2(x,7) ( J (2(%,7) —ma))da) dxdt

0 0

X0z 0z 0z
+ LT z (JO b= d&) dxdt —J T(t —5, (J at) dxdt, (3.3)
JQT(t ) gi <Jt J az(a, ) dE,ds) dxdt = —J (t— 1)z (JO %(5, ) dE,ds) dxdt
— J < dE,) dxdt + z (JX ®1(&) dE,) dxdt, (3.4)
fol 0
0 * az 0z
— JQT(t — T)& ( ) (L L 3s d&ds) dxdt = LT a(t — T)z& dxdt
J a(t )g— dxdt, (3.5)
ol
J (t—1)f (Jt JX dEds) dxdt = (t—1o)f(x,t) (r Ep(&) dE,) dxdt
Q« 0 0

+J (t—1)f(x,t) (J z(&,1) dE,) dxdt. (3.6)
. 0
By substituting (3.3), (3.4)), (3.5) and (3.6) in (3.2)), we obtain

J a(t—T)z% dxdt—J a(t—’c)(m(x)%dxdt—J (t—Tt—1)z J %dé dxdt
. 0x o 0x . o Ot

—J T(t—’t)g—i <J g‘:) dxdt—J: z(x, T) <J:(Z(X,T) —@1(&)) dé) dxdt
_J E (J:z(é, ) da) dxdt +J E (L o1(&) aa) dxdt
= —J T(t —1)f (J: ©1(&) dE) dxdt —l—J T(t —1)f <Jj: z(&,t) dE,) dxdt. (3.7)

0
Multiplying the equation (2.1 with a—i and integrating the results obtained over Q. =
(0,€) x (0,T). Observe that

9220z 2z\? d 9z\ 0z
— ~ dxdt — t—| — t)=— ) == dxdt
J 3ot dxd +JQT (at) dxd LT i (a(x )a ) T dxd

+J b(x,t)z%

o dxdt = J f(x,t)a— dxdt. (3.8)

o ot



Integrating by parts the terms of (3.8]), we get

0’z 0z 1 /0z)\° 1,
J;)T Wa dxdt = z JO (a) dx — z JO (pz(X) dX, (39)
0 0z\ 0z 14/ 0z\* 14/ dei(x) 2
- = t)— | = dxdt = = s — = 1
LT ™ <a(x, )ax) T dxd 3 L (aax) dx 7 L (a I > dx, (3.10)
J b(x t)za—Z dxdt = lr b(x,1)z*(x, T) dx — 1 Jz b(x,0)@?(x) dx — lJ @zz dxdt
IRttt e ’ 2, 0n® 2], ot '

(3.11)
Substituting (3.9), (3.10) and (3.11]) in (3.8), we obtain

aZ 2 ] ¢ aZ 2 ‘l 4 aZ 2 _I )
J ) (at) dxd +2 L (at) dx + ZJO (aax) dx + ZL (x,T)z"(x,T) dx

= ELT 3tZ dxdt + ZL a (T dx + ZL @5(x) dx

1

14
4 ZJO“ +b0x,0)) 9 (x) d"*L 05

Combining the equalities (3.7]) and (3.12)), it follows that

0z’ 10t /0z\? 104/ oz\? 10 R
JT(a) dth—FzJo (a) dX‘f‘zJO (a&) dx+sz(X)T)Z (x,7T) dx

= J a(t— t)z% dxdt + J a(t—1t)eq (X)% dxdt + J (t+1—1)z (J a_z dé) dxdt
0x 0x o Ot

dxdt. (3.12)

T T T

r X ¢ x
+ JQT(T — t)g—i (L %i) dxdt + L z(x,T) (L z(x,T) d&) dxdt

rl X X X
— I, z(x,T) <L ©1(&) dE) dxdt + J ] z (Jo z(&,t) dE) dxdt — LT z <L ©1(&) dE) dxdt

+ P (t—t)f <Jj: ©1(&) dE) dxdt—J (t—t)f (rz(i,t) dE,) dxdt+JQ f% dxdt

JQ 0

! b , 1[4, (dei(x))’ 1 (" , 1,
+§LT az dxdt+zLa (—ax dx+§J'o(1 + b(x,0))ei(x) +§L @3(x) dx

(3.13)
Estimates for the terms on the right hand side of (3.13]) are as follows :
0z a;T aT 0z
J ] a(t— t)z& dxdt < 17 J'QT z? dxdt + 17 LT (&) dxdt, (3.14)
J a(t— )1 (0) 2 dxdt < T r 2(x) dx + ‘“TJ 921" fat (3.15)
Q. P1ox -2 ) i 2 Jo. \0x ’ '



* dz T+1 5 (T+1)€J oz\*
1—1 — t< — t — t
JQT(’H— )z (L T d&) dxdt < > JQTZ dxdt + > s \ O dxdt,

(3.16)

0z [ (¥ 0z
— )= = <
LT(T 0 (L at) dxdt_TBJ

<a—7‘>2 dxdt (3.17)
0. \ 0t ’ '

Je z(x,T) (sz(x, T) dE) dxdt —I—J z (rz(é,t) dE,) dxdt < EJ 2z dxdt, (3.18)
0 0 . 0

Qr

—J: z(x,T) <J: ®1(&) d&) dxdt —J T z (JX ©1(£) d&) dxdt

0

¢
< €J 2*(x, t) dxdt + €2TJ ©1(x) dx, (3.19)
. 0

X az X
LT(T —t)f (L ©1(&) dE) dxdt + LT fa—t dxdt — LT(T —t)f (L z(&,t) d&) dxdt
<

T 1
ETJ f2(x, t) dxdt + — J @3 (x) dx + = J 2(x, t) dxdt
Q 2 0 2 Q-

1 0z\? mr,
= — t+ — t t. 2
—|—2LT<at> dxd +2JTZ(X, ) dxd (3.20)

The combinaison of the inequalities (3.14), (3.15), (3.16), (3.17)), (3.18)), (3.19) and ([3.20))
yields

L) o L) oo 3 #mnos v
dx

2 2
+_J do(x) 1+b1+3€T+aTJ' ()d +2€+1J f(x, 1) dxdt
2 o 0x 2 0 2 Q.

(3.21)

2 2
+(a1+1+€)T+1+4€J zzdxdt+a1TJ % dxdt+(2T—+1)€J a—Z dxdt.

2 . a. \0x 2 a. \ 0t

(3.22)

We also have, by straight foward calculations ,

troz\? troz\? £ ‘o Crdei(x)\?
L (a) dx—l—L (&> dx—i—Lz(x,T)dngo (J (pz(x)dx-i—J (—) dx

0 0 ox

4 2 2
d d
+J Q3 (x) + J 2(x, t) dxdt) M {J 22 dxdt + J (—Z> dxdt + J (—‘7‘) dxdt} ,
0 . . 0. \0X .\ ot

(3.23)



where

max (a%, 1+by 4+ 30T+ a; T3, 20 + 1)
min(1, a3, bo)

Mo =

max ((a; + 1T+ OT+14+44,204T, (2T + 1)4)

M, =
1 min(1, a3, bo)

Now, applying the GRONWALL’S Lemma to the estimate (3.23)), we obtain

¢ 2 ¢ 2 ¢ ¢ 0 2
J 0z dx + J 0z dx + J 22(x, T) dx < MoeMT J @3(x) dx + J de:(x) dx
o \ 0t o \ 0x 0 0 0 0x

4
+J e (x) + J 2(x, 1) dxdt> . (3.24)

0 T

The right-hand side of (3.24]) is independent of t. By taking the least upper bound of the

left side with respect to T from 0 to T, we get the estimate (3.1]) with A = \/MoeMTJ. This
complete the proof of Theorem [3.1] [

Definition 1
A solution of the equation

Az = (f, @1, 92) (3.25)

is called a strong solution of problem (2.1)), (2.2)), (2.3)), (2.4), (2.5) and (2.6).

Consequence 3.1
By passing to the limit, the estimate can be extended to strong solutions, that is we
have the inequality

Izlle < AllAz[lr, Vv € D(A). (3.26)

From the inequality, we deduce the following statements.

Consequence 3.2 o B
The range R(A) of the operator A is closed and R(A) = R(A).

Consequence 3.3

A strong solution of the problem (2.1)), (2.2), (2.3), (2.4), (2.5) and (2.6) is unique and

depends continuously on F = (f, ¢@1,@;) € F.

Remark 1

Hence, to prove that a strong solution of the problem (2.1), (2.2)), (2.3)), (2.4), (2.5) and
(2.6) exists for any element (f, @1, @2) € F, it remains to prove that R(A) = F, where A is

an operator define on F by

0’z 0z 0 0z
Alz) = (W + 3t ox (a(x,t)&) y P1y (Pz> .




4 Solvability of the problem

Theorem 4.1

If for some w € {Z : J 22 (x,t) < —f—oo} and for all element
Q
0z
ze€ Do(A) = {Z € D(A) : z(x,0) = E(X,O) = 0} ,
we have
T (L A2 T (L T ot
0°z 0z 0 0
L L Ww(x, t) dxdt + L L a—tw(x, t) dxdt — L L ™ (a(x,t)&) w(x,t) dxdt =0,
(4.1)
then w vanishes almost everywhere in Q.
Proof
. 3z [Y0%z 0z
Replacing in (4.1), w by w = —3a atz —(&,t) d§ —|— , it follows that
JTJE 0 —63Z J 0’ —(&,t)d&E + — 0z dxdt+J Je 0z _a3z J 0 —(&,t) dE+ — 0z dxdt
0 Jo 012 U otd 2 ot o ot \ ot2 2 ot
T L 3 2
0 0z 0°z 0°z 0z
— — t— | | —== d dxdt = 0. 4.2
[ 5% (at03) (-5 - | o+ 5) ar (4.2

Using conditions of Assumption and (2.6, and integrating by parts each term of (4.2)),
we obtain

T o223z 1 22z 9z 0z t7oz\?
_ gz0z 1 = t 4.
L JO ot2 o2 ZJ (atz ) dx, J J ot ot JO JO (at) dxdt, (4.3)
T 0 A2 ¢ 3 ¢ 2.\ 2
0°z0z 1 0z 0z 0°z 0“z
indtad “(x.T = — — | dxdt 4.4
L L ot2ot 2 L (at(X )) J ot ot3 J Jo (atz) xh (4:4)

l
[ [ (e ae) e [ [ 5 (

JX iZ(a,t) da) dxdt =0, (4.5)

o ot?
[ [ (emo) S =3 [ (o) o @
- JOT Jj % (a(x,t) gz) g—i dxdt = %J: <a%)2 dx, (4.7)
LT J: a% (a(x, t) gz> L Fye) S2(e,0) dEdxdt = — Jj LT a(x,t)giég—i (4.8)



Substituting the equalities (4.3), (4.4), (4.5), (4.6), (4.7) and (4.8) into (4.2), we obtain
(& 2 [ (2 ’ 110 oz
2 T T 1
ZJ <6t(x )> dx+2J (atz (x, )> dx+2JO (aaxat) dx
104/ 2z\° Tt 792\ 2 1T a2 2
7,9 ) ¢ ~ ) dxdt+ 5 ~5 ) dxdt
+2J (aa") HJO L(at) ¥ +2J J (at2> X
o 2zoz ('('0z 322
- ’ ot t. 4.
[[atnZze [ [2(] Lena) oae o

Estimating the term of right-side of (4.9)), with the help of the Young’s equality and the
Assumption [1.1], we obtain

¢ 0T 9%z 0z T /92, 2 a2 (T /oz 2
t)——-~-<2 —= hut — ] dxdt. 4.10
LL At 3Eae S LL (atz) T LL (ax) X (4.10)
Tz 922 trT /02 2 g2 T %z 2
— <2 — — — . 4.11
Jo Jo ot (J atz(a’ R E) drdt = Jo Jo (6’() * 4 Jo Jo <atz> dedt ( )

Combining the equality (4.9) and the last inequalities (4.10]) and (4.11]), it follows that
T('(0z P T aT [/ 22\ . aT [*/3z)’
- 2T _ AT ol
zL(at(X’ )) d”zL(atz(x’ )) dx+ = J(axat) dx+ 5 J(ax) dx
Tt oz 34T /%) @ ([T [0z’
< — | dxdt+ = — — — | dxdt. 4.12
N J’t JO (at) * - 2J'O J"‘E <at2) - 2 JO JT <aX) * ( )
From (4.12)), using a Poincare constant p = 4(T — T)?, we get
T /0z 2 T (/02 2 aT [/ %2 \° aT (¢ /0z)\?
_ T T 200
zL(at(X )) d”zj (az(" )) 5 L(axat) St J(ax) o
T 2 T /32,\ 2 2 ot T 2, \?
0z 3 0°z a;pl J J 0°z
< — | dxdt+ = — dxdt. 4.13
—L L(at) X +2LL (atZ) T2 ) \ae) & (4.13)

Simplying the inequality (4.13)), we have

7oz 2 7%z z 92z \? t7oaz\?
L (a—t(x,T)) dx + L (a—tz(x,T)) dx + L (axat dx + L (a_x> dx
T 7oz 2 T /922 2 T/ 2, 2
<K — — 4.14
o {JO J’t (at) dth—i_JO JT (atl) +JO J’r (axat> dth ) ( )

max|(3, a;p?)

here K = .
where Tmin(T, ao)

10



2

—i(X, t),and £(x, T) =0,

0
Putting in (4.14) a new function &(x, t) defined by a—i(x, t) =— ot

0
—Z(x, T). we get

ot
¢
J (&(x,T) — &(x, 1)) dx

J (g; ) J ( XT) dx+K&2(x,T)§KJTT{ O
L) ol (e ey

Therefore from (4.15)), it follows that
¢ 2 ¢ ¢ /A2 2
(1 —2KT + 2KT) J a—a(x,t) dx-l—J £2(x,T) dx —|—J %(X, T) ) dx
o \ 0x 0 ot?
¢ T aZZ 2 aa T
< 2K —= 2 4.1
<o { [ (5) oo [ () [ [ ewae

1
Choosing Ty > 0, such that T — sy = D then the last inequality (4.16)) implies

0 2 0 ¢ 2 2
J (gi(x t)) dx+L £2(x, 1) dx+J (g i(x T)) dx
§4K{

_ 0201 and £(x, 1) =

that is &(x, ) — &(x, 1) ot

CT /92, 2 ¢ T oE 2
JO JT (@) dth—f-J'o JT (&) +

d T /92, 2 ¢ T oL 2 ¢ T ,
_a_T (JO J’c (W) dth+JO J’r (a_X) +JO J’r a dth
T /92, 2 ¢ T oL 2 [N ,
S4K{JO J’r (a_tz) dth—i_JO J’r (a_X) +JO J‘r & dudt (418)

CT /92, 2 ¢ T oL 2 ¢ T
Since J J — dxdt—I—J J — —|—J J £2dxdt =0 for T = T, an integration of
0Jr atZ 0Jt aX 0Jr

(4.18]) over [T, T] gives

e azz ’ aEv T 2 4KT
(L L (W> dth+Jo L <ax) Jo L & dth) <0, Vil -1, 1. (4.19)

It follows the above inequality (4.19) that w = 0 almost everywhere on the Domaine (0, £) x
[T — 7o, T]. The length T does not depend on the origin, so we can proceed in the same way
a finite number of times to show that w = 0 in 0,£) x [0, T]. Thus, the proof of Theorem

([4.1)) is completed. [J

Theorem 4.2
Under th assumptions of the Theorem 4.1, the range R(A) of the operator is dense in F.

0Jrt

¢ T
Jjﬁm&} vre [T—1o,Tl, (4.17)

11



Proof
Since F is a Hilbert space, R(A) is dense in F is equivalent to the orthogonality of the vecteur
1 = (Mo,M1,M2) € F to the set R(A), that is, if and only if the relation

T (A2 Tt Tt
0°z 0z 0 0
| ] Samonnaxas [ | Snognaxa—[ | 5 (atg ) mix o axar

¢

i
+J @1(x)m(x) dXJrJ @2(x)n2(x) dx =0, (4.20)
0 0

where z runs over E and 1 = (no,n1,Mn2) € F, implies n = 0.

Putting z € Do(A) in (4.20), we obtain

T et aZZ T oL aZ T o a a
o2 3 - ™ — . (4.21
L L atzﬂo(x,t) dxdt + L L atno(x,t) dxdt L L ™ (a(x,t) ax) No(x, t) dxdt. (4.21)

Therefore, the Theorem(l4.1]) implies that 1o = 0. Thus (4.20]) becomes

¢

{
[ om0 ax+ [ patximst ax—o. (4.22)

0
a—i(x,O) = @1(x) are dense in L?(0, {),

the last relation (4.22)) gives 117 =mn; = 0. Hence 1 = 0, and thus the cloosed R(A) of R(A)
is equal to F. This completed the proof of Theorem 4.2 [

Since the operators z(x,t) — @1(x) and z(x,t) —
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