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BERNOULLI POLYNOMIALS AND CONVOLUTION SUMS

ABSTRACT. In this paper, we study the summations Z<a b,c)EN? (fla+b)+ f(b+c)+ f(c+a))
a+b+c=n
and Z(a,b,c,d)€N4 (fla+bdb+c)+ f(b+c+d)+ f(c+d+ a)). Especially, for

a+b+ct+d=n
the first summation we obtain some relations related to Bernoulli polynomial.

1. INTRODUCTION

The study of arithmetical identities is classical in number theory and such in-
vestigations have been carried out by several mathematicians including the legend
Srinivasa Ramanujan.

The Bernoulli polynomials B,,(x), which are usually defined by the exponential
generating function

play an important role in different areas of mathematics, including number the-
ory and the theory of finite differences. The Bernoulli polynomials satisfy the
following well-known identities :

Bn(z4+1) — Bp(z) =ma™", m>1

and

~ . Bmyi(n+1) = Byya(0)
1 m—= > 1.
(1) ;] o , m>

We set B, = B,,(0). Tt is obvious from the way the polynomials B,,(x) are
constructed that all the B,, are rational numbers. It can be shown that Bo,,+1 =0
for m > 1, and is alternatively positive and negative for even m.

For n € N with £k € NU {0}, we define a summation, which also appear in many
areas of number theory:

n—1
Sk(n) = Z ik.
i=1

In 2000 Huard, Ou, Spearman and Williams proved a far reaching generalization
of Liouville’s Identity.
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Proposition 1.1. [3, Theorem 13.1] Let f : Z* — C be such that

(2) f(av b,x,y) - f(m7ya a, b) = f(_av —b,.’E, y) - f(xayv —a, _b)
for all integers a,b,x and y. Let n € N. Then

Z (f(a,b,x,—y)—f(a,—b,x,y)—|—f(a,a—b,1:+y,y)

(a,b,z,y)EN*
ax+by=n

7f(a a+by—:r y)+f( —a,b,x,ery)—f(aer,b,x,xfy))

—ZZ xd—i—f( O,d,x)—i—f(%,g,d—:a—x)

deNzeN
dln x<d
n n n n
- f($7.%'—d, Evﬁ) - f(‘rvd707g) - f(dvxvg70))

In this paper we will find a special formula of the summation

> (fla+b)+ fb+c)+ fle+a))

(a,b,c)EN®
a+b+c=n

and so using this, we will show some relations related to Bernoulli polynomial and
the generalized Riemann zeta function :

Lemma 1.2. Let n > 3 be a positive integer. Let f : 7 — C be a function. Then

E (f(a—|—b)—|—f(b+c)—|—f(c—|—a))=3E (n—k—1) f(n—k).
(a,b,c)EN® k=1
a+b+c=n

Lemma 1.3. Let n > 4 be a positive integer. Let f : 7Z — C be a function. Then

> (flatbt+o)+ fb+ct+d) + flc+d+a) Z 2)f (k).

(a;b,c,d)eNt —1
a+b+ct+d=n

Theorem 1.4. Let | € N. Then we have

l\D\CO

£ (0B (e S

i=0 §j=0
. . n—2
. ( " ])Bm D

_ (I +1) (Biya(n) — Biya) — (1 4+2) (Bi41(n) — Bi41)
(I+2)(1+1) '
Furthermore, if | € NU {0}, then we obtain

A(l,n) = Siy1(n) — Si(n).
Corollary 1.5. Let t,l € NU{0}. Then we have
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t

ZA(Z, n) = Ser1(n) — So(n).

=0

(b) Let A(l,n) = Si+1(n) + Si(n). So

> Aln)A(ln) = SF,(n) = S5 (n).
1=0

2. PROOF OF THE LEMMA 1.2, THEOREM 1.4 AND COROLLARY 1.5

Using the four basic theta functions, one is lead to the formula (see [3, p. 14])(for
k,n € N),

(3) Z ((aer) Z 22k 2k+1

(a,b,z,y)EN* meN
ar+by=2n nm|n
a,b,x,y odd 7 odd

There are several arithmetical formulae due to Liouville. A classical one of Liou-
ville very often used in elementary number theory (completely avoiding the hard
analysis) is that (see [1, p. 144]) : For n € N and for f : Z — C an even function,
the identity

(4) > (flatb)—fla=b)= > (f(2m)— f(0))
(a,b,z,y)eN? 731?5
e % odd

holds.

An another important classical formula of Liouville is [2, p. 247] : For n € N
and for f : Z — C an even function, the identity

Y (fla=b)—fla+b)

(a,b,x,y)EN*
ax+by=n
(5) d
= f(0) (g1(n) — oo(n Z<1+d> f(d)22<2f(v)>~
i o

Proof of the Lemma 1.2. We note that
> (fla+b)+ fb+c)+ flc+a))

o
=3 > fla+b)=3)_fk) > 1

a+b+c=n k>1 a—gi—g;?n
=3{(n=2)f(n -+ =3)f(n=2)+--+(n—(n-1) f(2)}
=3 n—k—1)f(n—k).

k=1



We can see the arithmetic function Fj(n) given by

; Ln,

Fi(n) = {0 ltn

for I,n € N in [3, p. 32]. Using this function we introduce the Example 2.1 and
the Example 2.2.

Example 2.1. Let us consider the function f(x) = Fy(x) in the Lemma 1.2. If n
is even, then the left hand side of the Lemma 1.2 is

S (fla+b)+ fb+c)+ fe+a))

(a,b,c)EN®
a+b+c=n
n even
=3 Y  FBa+b=3 Y 1
a+b+c=2n a+b+c=2n

2|(a-+b)

and the right hand side of of the Lemma 1.2 is

2n—2 2n—2

3 @n—k-1)f@2n—k)=3> (2n—k—1)F2n—k)
= 2n—2 2n—2k:1
=3 > (@n-k-1)=3> (@2n-k-1)
k=1 k=1
2/(2n—k) 2k

n—1

=3> (2n—2k—1)=3(n—1)%
k=1

where we use Y ,_, k= w These facts show that

(6) Z 1=(n-1)>3

a+b+c=2n
2|(a+b)

Also, if n is odd, then we obtain



CONVOLUTIONS SUMS 5

> (fla+b)+ fb+c) + fle+a))

(a,b,c)EN®
a+b+c=n
n odd
=3 Y B@+h=3 Y 1
a+b+c=2n—1 a+b+c=2n—1
2|(a+b)
2n—3 2n—3

=3 (@n-2-k)FR@2n-1-k)=3 >  (2n-2-k)
(7) P

k=1
2|(2n—1—k)
2n—3 2n—3 2n—3
=3 (n-2-k)=3¢> (2n-2-k) - > (2n-2-k)
k=1 k=1 =
2tk 2|k
2n—3 n—2
:3{2(%—2—1@— (2n—2—2kz)}:3(n—1)2
k=1 k=1

Therefore, by (6) and (7), we conclude that

> 1=(n-17

a+b+c=n
2/(a+b)

We can prove the Lemma 1.3 by the similar manner to the Lemma 1.2 as follows

Proof of the Lemma 1.3. We observe that

Y (flatb+o)+ fb+c+d) + flc+d+a))

(a,b,c,d)eN4
a+b+ct+d=n
=3 Y flatb+e)=3> f(k) D 1

a+b+ct+d=n E>1 atbrotd=n

a+b+c=k

n—1 ne1
ZBZf(k){1+2+...+(k—2)}:3Zf(k).w

k=3 —

3 n—1

= o3 k- (k-2 f(R).

k=1

O

Example 2.2. We apply the function f(x) = Fy(x) in the Lemma 1.3. If n is
even, then the left hand side of the Lemma 1.3 is



Y (flatb+o)+ fo+c+d) + flc+d+a))

(a,b,c,d)eNt
a+b+ct+d=n
n even
=3 E Fya+b+c)=3 g 1
a+b+ct+d=2n a+b+c+d=2n

2|(a+b+c)

and the right hand side of of the Lemma 1.3 is

3 2n—1 3 2n—1
5 2 (E=D(E=2)f(k) =2 > (k= 1)(k—2)Fy(k)
k=1 k=1
2n—1 n—1
=Nk §22k5—1 )(2k — 2)
2 k=1 2 k=1
21k
n—1

:% {4k276k+2}:%{4n3715n2+17n76},

where we use Y p_; k* = %, These facts lead us to

1
(8) > 1=5 {4n® — 150> +1Tn — 6} .
a+b+c+d=2n
2[(a+b+c)

Similarly, if n is odd, then we have

> (flatbto)+ fb+ctd) + fletd+a)

(a,b,c,d)€N4
a+b+ctd=n
n odd
=3 Z Fya+b+c¢)=3 Z 1
a+b+ct+d=2n—1 a+b-\|—(c+%:27)1—1
2|(a+b+c
(9) 2n— 2n—2
3 3
iz )(k — 2)Fy(k) = ZZ(k—l)(k—Q)
k=1 k=1
2|k
3 %

722/;—1 )(2k — 2) f{4n 15n% +17n — 6} .
k=1

[\

Therefore, by (8) and (9), we conclude that

1 .
> 1:6{4n3—15n2+17n—6}.
a+b+ct+d=n
2|(a+b+c)
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Proof of the Theorem 1.4. Let | € NU{0}. We apply f(z) = 2! in Lemma 1.2.
Then the left hand side is

> (flat+b)+ fb+e)+ flc+a))

(a,b,c)EN®

a+b+c=n

=3 Z fla+b)=3 Z a+b
a+b+c=n a+b+c=n

=3 ) Zl:(i)alb

a-+b+c=n 1=0

l
l i
=3 al =i,
() ¥
=0 a+b+c=n
Here, we can observe that

§ al—inCO

a+b+c=n
(11) = > dT1+ Y AT+ Y d (e
a+b=n—1 at+b=n—2 a+b=2
= Z al =i 4 Z a4 Z al =i,
at+b=n—1 at+b=n—2 a+b=2

Then we can calculate the first term of (11) as :

Z aliin*Zal {(n—1)—a}’

a+b=n—1
—Zal 72()71—1)7 I(=1)a?
j=0 J
n—2
)jzalﬂ'ﬂ‘
<) a=1
l—i+j
1 l+1—i+j
— _ 7/] J —
_<)n 2 )l+1—z—|—jmzzo< 2 ( m )
% B ( )l+1 i+j—m

i . I—itj L
i 1 (l4+1—1+47

= 72 1)mti B
<)l—|—1—z+] (=1) ( m ) m

J:
% (n o 1)17] (77, o 2)l+lfz+jfm’
where we use the Faulhaber’s sum as

Zn:kp zp: <p+1>B pHl=j

k=1 ]:



with the Bernoulli number B;. And we can apply the same method into the
other terms of (11). So (11) becomes

E alfibzco

a+b+c=n
i . I—i+j . .
=3 (Dt S ey ),
= \j)i+1-i+] & m

X {(n — )i (n = 2)tFIiHImm (g — 2)70 (p — 3)MFImiImm
bt (= (n=2))' (n = (n - 1)
i . I—i+j L
z) 1 Z mai (L1 =i+
= ) (1) ]< B,
j—0<] l+1—-3i+7 = m
n—2

X Z(n — k) (n — k= 1)Hmim,

k=1

So Eq. (10) can be written as

> (fla+b)+ fb+c)+ flc+a)

(aJ),c)ENS
a+b+c=n
l I 7 i 1 l—i+j
12 =3 - _1)ymti
= ()20 X

. . n—2
l+1—i+j - Il —ii—
B, — k) (n — k — 1) mm,
X( m ) g:l(n ) (n )

And the right hand side of Lemma 1.2 is

n—2

3Z(n—k— (n— k)

k=1

n—2
=3Y {(n—k)""" = (n—k)'}
k=1

=3[{(n-D"" (-1} + {(n -2~ (n-2)"}
o {3 =3 {21 - 21}
= 3{51&“ —Tfkl}.
k=1 k=1

Equating (12) and (13), we obtain
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i=0 §=0 =0
n—2
I+1- »
(14) x ( LT g S (= k)i (n— k= 1),

m k=1

n—1 n—1
A

k=1 k=1

For I € NU {0}, we can write A(l,n) = Si11(n) — Si(n).
Now, let [ € N. Then, by (1) and B; = B;(0), the right hand side of (14) is

n—1 n—1
Z RS Z il
k=1 k=1
(15) _ Biya(n) = Bi42(0)  Bia(n) — Biia(0)

1+2 I+1
(L +1) (Biy2(n) — Biga) — (14 2) (Bi41(n) — Biya)
(I+2)(1+1) ’

so that we have

(L +1) (Biy2(n) — Biga) — (14 2) (Bi41(n) — Biya)
(I+2)(1+1) ’

A(l,n) =

O

Remark 2.3. Tt is well-known that the Riemann zeta function ((s) = >.°° , -1 and

n=1 ns
the generalized Riemann zeta function ((s,q) = ZZOZO ﬁ. We can change Eq.

(13) as

(16) n—2

since

i {(Tl . k)l+1 o (n o k)l}
k=1

:{1l+1 +2H1+3l+1+~~~+(n72)l+1+(n71)l+1}
—{U'+2'+3 4+ 4+ (n =2+ (n—1)}}



with

oo

C(=1—1)=¢(=1—1,n) Z imn)l“
k=0

=1
:{1l+1+2l+1 it (n— )l+1+nl+1+(n+l)l+1 }
—{n"+ (n+ 1)Z+1 + (42 (n+3)
_ 1l+1 + 2l+1 + 3l+1 ( )l+1 + (’I’L _ 1)l+1

and

¢(=1) ZTL*ZI?‘FTL)l
k=0
=1'+2' 43+ ~~+(n72)l+(n—1)l.

Thus we can rewrite (14) as

AU?”) = g(—lﬂl) - C(_l - 17”) - C(_l) + C(_l - 1)
Example 2.4. Ifl = 3 in the Theorem 1.4, then we have

1
A(3,n) = ik (12714 — 45n° 4+ 50n% — 15n — 2) .

Proof of the Corollary 1.5. (a) From the Theorem 1.4, we obtain

RTEIES ot h SIS oIl B ool CEeER
1=0 =0 k=1 1=0
:nz:{(k—1)+(k2—k)+(k3—]<;2)_|_...+(kt_kt—1)+(kt+1_kt)}
k=1
n—1
=Y {1 =1} = Si1(n) — So(n)
k=1

(b) By the definition of A(l,n) = Si11(n) + Si(n), we have

t

ST AL )AL n) = Z{Sm ~ 8}(n)}

= > {(51(n) = 53(n) + (53 (n) — S5 (n)) + (S3(n) — S3(n)) +

+(S7 (n) = 871 (n)) + (Siya (n) — S{(n)) }
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