Research paper

THE BINOMIAL AND MULTINOMIAL COMBINATORIAL
CONVOLUTION SUMS

ABSTRACT. In [1] and [3] we can find some formulas of binomial combinato-
rial convolution sums. And starting from these formulas, we obtain various
binomial and multinomial combinatorial convolution sums.

1. INTRODUCTION

Let N denote the set of positive integers. Further, let NV, d € N, where s,7,k €
N U {0}. Throughout this paper, we define

O’S(N)IZst, s (N3 k) == Z ds,

d|N

le d=r mod k
oi(N):= Y  d (a)y:=(a)a—1)---(a—N+1).
d|N
N/d odd

We note that
(1) 0s(N) = 051(N;2) 4+ 05,0(N;2)

and
(2) 05s1(2N;2) = 051(N;2), 05,0(2N;2) =2%4(N).

Moreover we can deduce that the property

(3) o (2N) = 2°0* (N).

For example, we can see that

(03(N) = Noj(N))

=

S o1 (m)ot (N —m) =

N-1
m=1

and

2

- L (02(N) — No3(N)

oHm)oF(N —m) = -

3
£
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in [2]. We introduce the very important Proposition 1.1, which is the starting
point of our paper.

Proposition 1.1. ( See [3, Theorem 12.3]) Let k, N € N. Then

k
2k+3 k 1 2k+1
= — N —-——N _1(NV B _9i(N).
4k+20'2k+1( )+(6 )UQk 1( )+2k+1j=22< 9 ) 2502k+1-2; ()

In Section 2 we obtain some results about the binomial combinatoric convolution
sums similar to the Proposition 1.1. For instance we have

k—1

2223+1 (28+1> Z 02k —25— 1 —2m)025+1(m)

s=0

and

k-
25—',—1
ZO (25+1) Z O2k—25—1,1 (N — 2m; 2)oa511(m)

2

(see (10) and (11)). Similarly, getting an idea from the Proposition 1.1, we obtain
some various multinomial combinatorial convolution sums as follows :

Theorem 1.2. Let N be an even integer with | € N. Then for odd positive integers
a, b, c we have

2 a(i{;i) Y. Y™ FHog(m)oy(me)or (ms)

a+b+ec=21+1 mi+moet+mz=N
a,b,c odd ms even

- W {3061 (N) = 2No3, ()}

Theorem 1.3. Let I, N € N with 4| N. Then for odd positive integers a,b,c,d, e, f,
we have

> (a+b—1)(a+b)(c+d)(e+f)< 2 )

a,b,c,d,e
a+b+ctd+e+ f=21 L ’f
a,b,c,d,e,f odd

(_1)%+m1+m3+m5
g 2 ( ( I )
m m m m m m
mi+mo+mz+mya+ms+me=N 1 + 2) 3 + 4 5 + 6
2|(m1+m2)
2|(m3z+ma)

4|(ms+me)
x 0, (ma)oy (me)oy (ma)oy(ma)or (ms)os(me)

(204N {03, _5(N) = 4Nao3,_5(N)}.
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Theorem 1.4. Let I, N € N with 8| N and let the condition

12
C::{(ml,mg,---mlhmlg)€N12|Zmi=Na 2|(77’L1 +m2)7 2|(m3+m4)7
i—1
2|(ms +mg), 2[(m7+mg), 2[(mg+mio), 2[(m11+mi2),
4[(m1 +ma +m3 +ma),  4|(ms5 +me + mz + ms),

8|(my + mip + mi1 +ma2)}.

Then for odd positive integers a;, we have

Z (a1 + az)(a3 + as)(as + ag) (a7 + ag)(ag + ao) (a1 + aiz)

12 _
im1 @i =21

a; odd
X (a1 4+ a2 + az + aq4 — 3)(a1 + az + ag + ag — 2)(as + ag + a7 + ag — 2)

21
X (ag + ayo + a1 + a12 — 2)
ai, az,as, a4, as5,ae, ar, ag, g, A10, 411, @12

(_1)m1+m3+m5+m7+m9+m11

x EC: (my 4+ ma)(ms + ma)(ms + me)(my + mg)(mg + mip)(mig + miz)

mi+motmgtmy | mitmo | mgtmg , mg+mig
(—1) 1 t—at 7+ 2

(m1 4+ mg + mg + ma)(ms + mg + mz + mg)(mg + mig + mi1 + Mma2)
12
< [z (ma)
i=1
=27"%(20)10N {05, o(N) —8Nojy 1, (N)}.

Theorem 1.5. Let [, N € N with 16|N and let the condition

24
D= {(ml,m2,~~m23,m24) e N*| Zmi =N, 2|(m1+m2), 2|(ms+my),
i=1
2|(ms +mg), 2|(m7z+msg), 2|(mg+mio), 2|(m11+ mi2),
2|(m13 +maa), 2|(mas +mie), 2|(mai7 +mig), 2|(mig + mao),
2|(ma1 +ma2), 2|(ma3 4+ ma4), 4|(m1 +ma +mz +ma),
4l(
(
(

4|(myg +mig +mis +mas),  4|(mir + mig + mag + mao),

ms 4+ me +my +mg), 4|(mg +mio + m11 + mi2),

4](ma1 + mag + maz + maa),  8|(m1 + ma + mg + ma + ms + me + my + mg),
8|(mg + mig + mi1 + miz + maz + mig + mis + mag),

16|(ma7 + mag + maig + mag + Ma1 + Moz + Moz + Maa) }.

Then for odd positive integers a;, we have



(4)
Z (a1 + az)(as + as)(as + ag)(ar + ag)(ag + aio)(a11 + a12)

24 _
g ai=2l

a; odd
X (a13 + a14)(a15 + a16) (@17 + a1s) (a9 + a20)(a21 + a22)(azs + aza)
x (a1 + az + ag + a4 — 2)(as + ag + a7 + ag — 2)(ag + a0 + @11 + a12 — 2)
X (a13 + a14 + a15 + a16 — 2)(a17 + a1s + a9 + azo — 2)(az1 + azs + azs + azs — 2)
x (a1 +as+ag+as+as+as+ar+as—7)
x (a1 +as + a3+ ag+ a5 + ag + ar + ag — 6)
x (ag + aio + ai1 + a2 + aiz + a1 + ass + aie — 6)
x (

a7 + a1g + a9 + a0 + ag1 + asg + ags + agy — 6)

X

( . )
a, az,as, aq,as, ag, ar, ag, ag, 1o, i1, @12, @413, a14, ais, @16, @17, 418, 419, 420, @421, A22, A23, 424
% Z(_1)m1+m3+m5+m7+m9+m11+m13+m15+m17+m19+m21+m23

D

m1+mot+mztmygt+mst+mgtmyt+m +77L1+77L2+77L3+77L4
X B 1

—~

_1)

)
x (=1)

mgtmigtmyytmyy  miz+migtmigtmag
1 P

—_

x (—

mytmotmstmet+motmigtmiztmigt+mygtmigtmag +mag
2

1

(m1 +ma)(ms + my)(ms + me)(m7 + mg)(mg + mio)(m11 + mi2)
1

(m1s 4+ maa)(Mmis + mag) (Mar + mas)(Mmag + Mmag) (M1 + Mag)(Maz + maa)
1

(m1 + ma 4+ mg + my)(ms + me + mz + mg)(mg + mig + mi1 + mi2)
1

(m1z + mia + mas + mae) (M7 + mag + mig + mag) (Ma1 + Mmaa + maz + Maa)
1

(mq 4+ mg + ms + my + ms + mg + mz + mg)
1

(mg + mio + mi1 + miz + mig + mig + mis + mas)

X

X

X

24

1
X 1oz (ma)
(m17 4+ mas + mig + maog + ma1 + Moz + maz +mag) -5
“2(20)22N {0321 (N) = 16N 03, _p3(N)} -

2. THE BINOMIAL COMBINATORIAL CONVOLUTION SUMS

To prove the Lemma 2.2 we need the Proposition 2.1.
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Proposition 2.1. [3, p. 112] Let f : Z — C be an even function. Let N € N. Then
we obtain

> (fla=b) = fla+D)

(a,b,z,y)eN*
ax+by=N
a,b odd
* * 1
= FO) (5 (N) ~ o5 (N) — 5 S a2 3 S fo)
deN deN  teN
dN dIN 1<t<d
d even d oddt even
Lemma 2.2. Let k, N € N. Then we have
(a)
k—1 N-1 N
Z Ook—2s—1,1(M;2)025411(N —m;2) = 22 L gopi1 (=)
s=0 <2S + 1> m=1 2
2k 2k+1—j .
2% + 1\ 2k +1 -7\
+r . . .
4k+2 Z Z ) ( j ) ( . )2]BJU2I€+1—J—T,1(N72)-
(b)
k—1 N-1

Y N
: . 9) — 92(k—1) NV
; (25 i 1) Z Moak—2s—1,1(M;2)02541,1(N —m;2) =2 Nogjaa( 5 )

2k 2k+1—j '
Pf2E+1N\ (2E+1—75)\_.
8]<:+4Z Z D ( 1 )( )2]Bj02k+1jr,1(N§2).

] r

Proof. (a) We apply f(z) = 22* in Proposition 2.1. Then the left hand side is

Y (fla=b)—flat+b) = D ((@a=b)*—(a+b)>)

(a,b,z,y)eN* (a,b,z,y)EN*
ax+by=N ax+by=N
a,b odd a,b odd
2k 2k
2k _ 2k _
_ § <§ ( (_l)ra2k THT _ § : a2k THr
T r
(a,b,z,y)eN* \r=0 r=0
az+by=N
a,b odd
(5) 2%

- _9 Z Z <2k) 2k— Ty
(a,b,z,y)eN* 7=0

az+by=N r odd
a,b odd

— Z <23 . 1) Z a2k—2s=1p2s+1

(a,b,z,y)EN*
ax+by=N
a,b odd

Here we can observe that



N—-1

E a2k72571b2s+1 _ E E a2k72571 § b25+1

(a,b,z,y)EN* m=1\ alm b|N—m
ax+by=N a odd b odd
a,b odd

N—
Z Ook—2s—1,1(mM;2)02541,1(N —m;2).
So (5) becomes

N-1

(6) - Z <2S + 1) Tnzz:l U2k—2s—1,1(m; 2)0’25_;'_171(N —m; 2)

And the right hand side of Proposition 2.1 is

(7) _% Z d2kt 9 Z Z 2k

dIN AN 1<t<d
d even d odd t even
Then we have
1 2k+1 1 2k+1 2k 2k+1 2k N
T B ()
dIN 2N
d even
and

—9 Z Z t2k —_9 Z §(2l)2k — _22k+1 Z ilﬂc

dIN 1<t<d d|N =1 d|N =1
d odd t even d odd d odd
_92k+1 Z 2k + 1 — 1\ 2
2k + 1 2
d odd
2k
=Y (-1 a+1(2k+ 1) _ 1)k
=0
! d odd
2k 2k+1—j
k+1) 20 2% +1—j ki
-3 (? )m Sy (M) ) caran
=0 J dN =0
d odd
2k 2k+1 —J .
2k +1\ 2B, 2k+1—
=> (-1 j+1< i ) J ( . j) (—=1)"o2k41-j—r1(N;2)
7=0
2k 2k+1— .
2%+ 1\ (2k+1— 35\ 2B,
= > (—1)””1( )( > Loapr1—j-r1 (N5 2).
= = J T 2k +1
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7
Therefore (7) becomes
? 2h 2L 2k +1\ (2k+1—j\ 29B;
—2% g1 (= +z_: Tz:() ”T“( j ) ( . j) 5% ;1 Ookr1—j—r1(N;2).
Equating (6) and (8), we obtain
(9’)€ 1 N-1
2 (QSQJkr 1) 221021@ 25-1,1(m; 2) 025111 (N — m;2) = 2°F~ U2k+1(]§)
2% 2k+1- ‘
4k +2 2} Z X S (%; 1) <2k +r1 ) j>2ij02k“”’l(N; ?)
(b) We have
k—

1
( ) Z Moak—2s—1,1(M; 2)02511,1 (N — m;2)
=0

N -1 N-1
5 Z <25 + 1) Z O—Qk—Zs—l,l(N —m; 2)0’25+171(m;2)’

5= m=1

S

since

N-1
Z mozk—2s—1,1(m; 2)02541,1 (N — m;2)

3

N-1
Z N —m)oag—2s—1,1(N —m;2)09s41,1(m;2).

H

Therefore, we use the Lemma 2.2 (a).

Lemma 2.3. Let k, N € N. Then we have

(a)
k—1 2]{7 N—-1
; (25 N 1> mzﬂ Ook—25—1,0(M; 2)02541,0(N —m;2)
2k +3 N k N N
— 22](‘, o o (=
{4k+202k+1( )T (6 2)02’“ 1(5)

k
1 2% + 1 N
) Bajons1-2j(—
+2k+1j—2< 2j ) 27204124




k—1 2%k N—-1
s— 2)o2s N —m;2
s=0 (25 + 1) Mmo2k—2s—1 O(m )0'2 +1, 0( m; )
_ 2k+3 N k N N
:22k 1]\/’ 4k+202k+1(?)+ (6 2> O—Qk_l(g)
k
2k+ 1 N
Z ( )32]0'2164—1 2 (= 5 )
Jj=2

Proof. (a) From (2) we obtain

N-1

— < 2% )
Z Z ‘72k—25—1,0(m; 2)02s+1,0(N —m; 2)
= 2s+1
k—1
N-—m

— 2k 25—1 2s5+1
= 2

(25+ 1) Z O2k-25-1( 2) 02s+1( )

2
k—1 N-1
2k N
= 22k g <2$+1> g Ook—2s—1(M)02511( —m).

2
m=1

So we use the Proposition 1.1.
(b) We obtain

k—1 N-1
( ) Z mUzkfzsto(m;2)02s+1,0(N—m§2)

s=0 m=1
k—1 N-1
N
2

Z Ook—25—1,0(N —m;2)02541,0(m; 2),
<2s + 1) =

s=0

since

N-1
Z Mo2k—2s-1,0(M; 2)02511,0(N — m; 2)

3

N-1
Z (N —m)oog—2s—1,0(N —m;2)o2s11,0(m; 2).

m=1

Therefore, we refer to the Lemma 2.3 (a).

Corollary 2.4. Let k, N € N. Then we have
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(a)

k—1

Z (23+ > Z O2k—2s—1(m)T2s41,0(N — m;2)

s=0
1

=i [(Qk +1)(k — 6N)ooe_1(N) + 45 (2k + 1) (k — 3N)o—2k,l(g)

N
+3 {22k+102]€+1(2) + (2]€ + 3)02k+1(N)

k k
2k +1 N 2k +1
+ 92k+1 E < 9 >32j02k+1—2j(2)+2 E < 9 >sz02k+1—2j(N)

Jj=2 Jj=2

2k 2k+1—j

2 1 2b— 7+ 1
—Z Z 1)7*721 B; ( k;— )( b=t >U2k+1jr,1(N§2)

r

k

1 2 N-1
(28 + 1> Z O2k—25-1,1(M; 2)02541,0(N —m; 2)

m=1

cn
O

k—1 N-1

Z Z Ook—25—1,0(m;2)02541,1(N —m;2)
s= <2S + 1) m=1

1

=S [(Qk +1)(k — 6N)ogk_1(N) — 4F(2k + 1) (k — 3N)02k,_1(g)

N
-3 {22(k+1)(k + 1)02k+1(5) — (2k + 3)oak+1(N)

k
2% +1 N 2k +1
4 92k+1 Z ( y )32j02k+12j(2) — 22 < 9 >B230'2k+1 2 (N)

Jj=2 Jj=2
2k 2k+1—j .
(21 2k —j+1
+Z Z J+ QJB < j ) < , >02k+1—j—r,1(N;2)

Proof. (a) From (1), we can write



E

N-1

-1
2k
<2s + 1) Z Oak—25—1,1(M; 2)02s11,1(N —m;2)

(]

S

Il
}vo

:(2s+1> Z{sz 2s—1(m) — Tap_2s—1.0(m;2)}

X {Uzs+1(N m) — 02s41,0(N —m;2)}

S=

k-1 B
; (25+ 1) Z O2k—2s—1(m)o2541 (N — m)
k—
Z (28—|- 1> Z 02k—2s— 1 025+1,0(N7m; 2)
=0 m=1

1
+ (25+ 1) Z Ook—25-1,0(mM;2)02511,0(N —m;2),

S=

since

k-1
52(25+1) 20219 25—1(M)o2s41,0(N —m; 2)

N-1
B Z (23 + 1> Z O2k—25—1,0(m; 2)02541(N —m).
s=0 m=1
Thus we use the Proposition 1.1, the Lemma 2.2 (a), and the Lemma
2.3 (a).
(b) Since

el

-1 U N-1
<2s N 1) Z:l Ook—25—1.1(m; 2)02511,0(N —m;2)

| ‘ﬁM
m ;;.O

-1
(28+ 1) Z O2k—2s— 1 0‘23+1}0(N —m; 2)
N-1

- Z Z O2k—25—1,0(mM;2)02541,0(N — m;2),
(23 + 1) =

s=0

therefore we refer to the Lemma 2.3 (a) and the Corollary 2.4 (a).
O

Remark 2.5. We can rewrite the Corollary 2.4 (a) and (b) as follows :
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=1, g\ Vo1
Z <23+ 1) 2 O2k—25—1(M)02541,0(N —m;2)

s=0 =1
k—1 N-1
2k . N—m
(10 B Z (25 +1 Oak—2s—1(m) - 22T oge i ( ) )
s=0 m=1
k—1 9%
= 22S+1 (2 N 1> Z UQk—Qs—l(N — 2m)025+1(m).
s=0 & m<%
Similarly,
k—1 U N-1
(25 4 1) Z O2k—2s—1,1(M; 2)02541,0(N —m;2)
s=0 m=1
1

—~
—
—
~
I
bl

2k
22s+1<2 1> Z O2k—2s—1,1(N — 2m; 2)og541(m).
s+ e

2

s=0

Corollary 2.6. Let k, N € N. Then we have

(a)
k—
25-‘,—1 .
ZO (25 N 1) ;N O2k—25—1,0(N — 2m; 2) 02541 (m)
22k—1 N N
k
2k +1 N
+6j§2 < 9 )sz02k+1—2j(2)
(b)

k=1
222‘““1 (23 N 1) Z Ook—25—1,0(N — 2m;2)09541,0(m; 2)
s=0

k
= Ml:lﬁ [(2kz +1)(k - 3N)02k—1(§) + 472k + 1) (k — SN)U%*l(g)

N N
+ 3 {22k+102k+1(4) + (2]€ + 3)0’2;@+1(5)

. k
2k +1 N 2k +1 N
+ 92k+1 g < 9 )sz02k+1—2j(4) + ZZ < 2j >B2jg2k+1_2j(2)
i=2 =2

2k 2k+1—j

2k 4+ 1\ (2k —j + N
_Z Z J+TQJB< ; )( J )Uzkﬂj Tl(E 2)

r

11



()

k-1
D ot (25 N 1) Z Ook—25—1,0(N — 2m; 2)0241,1(m; 2)
s=0

N
_ k _ _ AL2
= BT [16 {2k(3N 1)+ 3N — 4k }azk,1(4)

N N N
+ 22+ {(2k 1k = 38N)ooe-1(5) = 8- 2 onn () +3(2k + 3oz ()

2k +1 N 2k +1 N
_3. 22k+1z( % >B2302k+1 2j( 62< 9 >ngazk+1 23(2)

2k 2k+1—j

2k +1\ (2k—j5+1 N
NG e () (T oG

J

Proof. (a) We can see that

k-
25-‘,—1 .
ZO (28+1) Z Ook—25—1,0(N — 2m;2)o2511(m)
k—
_Z 2541 (2$+1> Z 02k —25— 1 —2m)025+1(m)

s=0

k—
25+1 .
z% (28 + 1) %:N 0—21672571,1(]\[ - 2m7 2)025+1(m).
m<z

Thus we refer to (10) and (11).

(b) Since
k—
Z 25-‘1—1 <28 N 1) Z 0’2]672371’0(]\/' — 2m, 2)028+1’0(m; 2)
s=0 m<%

k—1
N m
o2k 2s+1
=2 55202 (25+1) E Ook—25—1( m)025+1(2)

k—1 2% N
= 22k7 Z 228+1 (2 N 1) Z 0—2]672571(5 — 2m)0—25+1(m),
s=0 § m<%

therefore we use (10).
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(¢c) We note that
k—1
SZZ:O 2%+l (25 N 1> Z Ook—25—1,0(N — 2m; 2)02541,1(m; 2)
_ Z 92s+1 (28 N 1) ZN UQk—Zs—l,O(N — 2m; 2)Ugs+1(m)
m< 5
k—1
2s+1 . .
- ;2 <2s N 1) Z O2k—25s—1,0(N — 2m;2)02541,0(m; 2).
So we apply the Corollary 2.6 (a) and (b).
O
3. THE MULTINOMIAL COMBINATORIAL CONVOLUTION SUMS
Proof of the Theorem 1.2. Let us consider
(12)
20+ 1 ML g
S @@y T Cmtaimemorn)
a+b+c=21+1 0 mi+mo+mz=N
a,b,c odd ms even
o — 1le! 1p!
b (a+b—1)l!  ald!
a,b,c odd
x> ( > (=ymtor(m)og (m2)> c(N —2M)
M<& \mi+me=2M
B Z (20 +1)!
o — 1le!
a+b+e=21+1 (@+b-1)l
a,b,c odd
k—1 of O\ 2M1
< D (Z (28+ 1) > <—1>"“+1o;k251<m1>a;s+l<2M—m1>> oL(N —2M),
]\/[<% s=0 mi=1

where we put a + b = 2k and b = 2s + 1. Note that k¥ > 1. Since

k—

1 2N—-1
1) 3 (574 ) X 0" e s (2N — ) = Noj,(20)
=0

s m=1

in [1, (16)], so by (3) we can write (12) as



(14)

(21 + 1
2k+c=2l+1 ]\/ <Xy
c odd 2

l
21 N
—Z(%_l)(m"'l Z M - 22k~ 10% (M) - 221 2k02l+1 2k(2

M)
k=1 M<i

I
N
2221(2“‘1)2(%1) > Moy, 02l+172k(5_M)'

M<X
Then
! 2 N
S (1) 3 Moma (0 aly - 20
k=1 M<Z
(15) N2 ) N
Z(Zk—l) Z 031 (M)og - 2k(2 M)
k=1
because

* * N
> MO'Qkfl(M>U2l+172k(? - M)

M<Z
N . (N .
= Z (5 - M)Uqu(? = M)o3 410k (M).
M<Z

Thus, by the above fact and

-1

(16) Z(2k+1> ZUzz ok—1(m)os 1 (N —m)

k=
=3 {a§l+1(N) —Nog_(N)}

n [1, (10)], we have (14) as

N -1

N
!
22(20+1) - T ];J <2k+ 1) Z O3kt ( 02171721@(5 - M)

225(2l+1)N 1{ N N* N}
4 2

§l+1( B ) — 502171(5)
Thus
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3 <a+b>(”“) S (™ot m)og (ma)ot (ms)

a+b+c=21+1 @, b7 ¢ mi+mo+ms=N
a,b,c odd m3 even
QI+1)N .
T 16 {021+1(N) _2NU2171(N)}~

And noting that

3 <a+b>(2”1) S ()™ (ma)og (ma)o (ms)

a, b, c
a+b+c=21+1 ’ mi+mo+ms=N
a,b,c odd ms3 even

- ¥ w7 % comtamimeon)

a+b+c=21+1 mi+mo+ms=N
a,b,c odd ms even

so, finally, we have

Z a@l,;;i) Z (—1)™* ok (ma)og (ma)os (ms)

a+b+c=21+1 mi+mo+ms=N
a,b,c odd ms even

= <2l—§7;>N {o5141(N) —2No5,_1(N)}.

Proof of the Theorem 1.3. First since 4| N, we have % iseven. Let a+b := 2k,
c+d:=2ks, and e+ f := 2k3. And from the conditions 2|(mq + ms), 2|(m3 +my4),
and 4|(ms—+mg), we can write mq+mso = 2N1, mz+my4 = 2Ny, and ms+mg = 2N3,
respectively. Note that N3 is even. Then using these facts and (13), the problem
can be written as



(17)

> (a+b1)(a+b)(c+d)(e+f)< 2! )

a,b,c,d,e
a+b+ctd+e+f=21 b,¢c.dye, f
a,b,c,de,f odd

my4+mo
-1 +mi+ms+ms+4
<y g
mi+ma+mz+ma+ms+me=N (ml + mg)(mg, + m4)(m5 + mﬁ)
2[(m1+ma2)
2[(ma+ma)
4|(ms+me)
x o, (ma)oy (me)oy (ms)oy(ma)or (ms)os(me)
_ 3 (a+0b—1)(20)! (a+d)! (c+d)! (e+f)
iprelater sy @t b=Dlctd=Dlle+ -1l albl cld! elfl
ab,e,dye, f odd
)™M
: > T
mi+mat+mg+mgt+ms+me=N (ml + m2)<m3 + m4)(m5 + mG)
2[(m1+ma2)
2|(ma+my)
4|(ms+me)

X (=1)™H gy (my)oy (me) - (=1)™ o (mg)og(ma) - (1) o (ms)o} (me)
(2k; — 1)(20)!
| (@1 — 1)1(2ky — 1)1(2k; — 1)!

ki+ko+ks=
k1,k2,k3>1
(_1)N1+1 * * *
X > mN102k1—1(2N1) - Naogy,, 1(2N2) - N3ogy,, 1 (2Ns)
Ni+Na+Nz=4

N3 even

N
5 even

Then, by using the fact (3), we have (17) as

20—-3
22=6(91V(21 — 1)(21 — 2 2k —1
@)@ -1 -2) Y 2k )<2k1—1,2k‘2—172k‘3—1>
k1+ka+kz=l
kka ks >1

18 * * *
(18) S ()Mo (M) od s (N2)of 1 (V).
N1+Nz+Nz=%

N3 even

N
5 even

So we can apply the Theorem 1.2 directly in (18) by replacing I — | — 2 and
N — % Thus we have
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> (a+b1)(a+b)(c+d)(e+f)< 21 )

a,b,c,d,e
a+b+ctd+e+f=21 b,¢c.dye, f
a,b,c,d,e,f odd

x >
mi+ma+mz+ma+ms+me=N
2[(m1+ma2)
2|[(mg+ma)
4|(ms—+me)
X oy (ma)oy (me)oy (ms)oy(ma)or (ms)os(me)
— 279(20)(20 — 1)(21 — 2)(21 — 3)N {oy_5(N) — ANa§y_5(N)}
2

(204N {03 _3(N) —4No5_5(N)},

(_1)%+m1+m3+m5+4

(m1 4+ ma)(ms + ma)(ms + mg)

where we use the definition of (a)y. O

Proof of the Theorem 1.4. First since 8| N, we can know that 4|% Let a1 +
az = 2l€1, as + aq = 2k2, as + ag ‘= ng, ay + ag ‘= 2k4, ag + aig = 2k5, and
a11 + a1z := 2kg. And the condition

12
C:= {(ml,mg, --my1,mag) € N Zmi =N, 2[(m1+m2), 2|(m3+ma),
i=1
2[(ms +mg), 2[(m7r+mg), 2|(mg+mi), 2|(m11 +mi2),
4|(m1 —l—m2+m3—|—m4), 4|(m5+m6+m7+mg),
8|(m9 +mig +mq1 + mlg)}

tells us that

m1 +mg =2N1, m3z+mg=2Nz, ms+mg=2N3,
mry +mg = 2Ny, mg +mig=2N5, mi1 +miz = 2Ns

and these facts and the leaving conditions of C' show that

(19) 2|(N1 + Na),  2[(N3+ Ni), 4[(N5 + Ne).

Considering (19), we investigate the given problem as follows :



(20)
Z (a1 + az)(as + as)(as + ag)(ar + ag)(ag + aio)(a11 + a12)

71i1 a;=21
a; odd

X (a1 4+ a2 + as + ag — 3)(a1 + az + az + a4 — 2)(as + ag + a7 + ag — 2)

21
X (ag + aio +an +a12—2)(
ai, az, as, a4, as, g, a7, ag, ag, 410, @411, A12

(_1)m1+m3+m5+m7+m9+m11

x Z (m1 4+ ma)(ms + my)(ms + mg)(my + mg)(mg + mig)(mi1 + mi2)

c
(1)
(m1 4+ mg +mg + myq)(ms + mg + mz + mg)(mg + mig + mi1 + ma2)

12
< [z, (ma)
=1

= Z (a1 +as+az+as—3)(ay +as +az + aq — 2)
12 a;=21

=1 "7
a; odd
X (a5+a6—|—a7+a8 —2)(a9+a10—|—a11 + a2 —2)
x (a1 + az)(as + as)(as + ag)(ar + as)(ag + aio)(a11 + ai2)
" 21!

(a1 + a2)!(as + aq)!(as + as)! (a7 + ag)!(ag + a10)!(a11 + a12)!

(a1 + ag)! ) (az + aq)! ) (a5 + ag)! ) (a7 + ag)! ) (ag + a1p)! ) (a11 + a12)!
|

mitmotmztmy | mitmg | mgtmg | mgtmig
4 + 2 + 2 + 2

a1!a2! 0,3!0,4! a5!a6! a7!a8! ag!alo! 0,11!0,12.
—1)ymtl (1 yma+l(_q1yms+1l(_1)ym7r+1l(_1)me+1l_1)ymu+l
" > (D)™ (DT ()™ (D)™ (=)™ (1)
2N; - 2Ns - 2N5 - 2N, - 2N5 - 2Ng
N1+N2+N3+N4+N5+N6:%
2|(N1+Nz)
2|(N3+Na)
4|(N5+Ns)

(~1) TR ()N ()Nt (- Vet B
2(N1 + Na) - 2(Ns + Na) - 2(N5 + No) :10% (m;).

K3

Then applying the Eq. (13) as the following form

(]

k— N— m * *
(26 O\ R~ (S oy i (m)os 1N —m) ON
Z 25 + 1 N = 03,—1(2N)

")

m=

into (20), we have



THE BINOMIAL AND MULTINOMIAL COMBINATORIAL CONVOLUTION SUMS

(21)
> 2k:1+2k2—3)(2k;1+2k:2—2)(2k:3+2k4—2)(2k5+2k6—2)
97 ki=
“z
x 2ky - 2ky - 2k - 2ky - 2ks - 2k ¥ 20!
Lo a2 AR T AR T ARS T ERE R  1 2kol - 2kg) - 2kl - 2k ! - 2kg)
y )3 () SR e gy
29(N; + Ny)(N3 + Ny)(Ns + N,
Ni1+N2+N3z+Ng+Ns+Ne=4 ( 1+ 2)( st 4)( * 6)
2|(N1+N2)
2|(N3+N4)
4|(N5+Ng)
6
x Hagkiq(QNi)
1=1

= 20(21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 — 5) - 215

19

X Z (2(k1 + k2 — 1) = 1) (2(k12k2 — 1)) (2(ks + ka — 1)) (2(ks + ke — 1))

E?:l ki=

ki >1
y 2l —
2k — 1,2ky — 1,2k3 — 1,2ky — 1,2ks — 1,2k — 1

Cy N2 1 YN L) Na (1) N+l
o > (=1) (=DM (= )) (-1)

29(N7 + N3)(N3 + Ny)(Ns + N,
N1+N2+N3+N4+N5+N6:% ( ! 2)( 3 4( g 6)

2|(N1+N2)
2|(N3+Na)
4|(N5+Ng)

6
x [T ook, -1 (Vo)
i=1

So we insert I - [—3 and N — % in the Theorem 1.3 and we apply this induced
formula into (21), thus (21) becomes

22115 91(21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 — 5)
x279.2(1-3)(2(1—3) —1)(2(1 —3) —2) (2(1 — 3) — 3)

N . N . N
oY {02(13)3(2) - 2N02(13)5(2)}

=27165(21)(21 — 1)(21 — 2)(21 — 3)(21 — 4)(2] — 5)(2] — 6)(2] — 7)
x (21 - 8)(2! N{Uzz o(IV) — 8NU§1711(N)}
2” 16(21 10N {021 o(N) *8N021—11(N)}7

(

where we use (3) and the definition of (a)y-.

(]

Proof of the Theorem 1.5. 1t is similar to the Theorem 1.4. From 16|N, we
have 8\% Let ay + as := 2kq, a3 + a4 := 2ks, a5 + ag := 2k3, a7 + ag = 2ky4,



ag+aig = 2ks, a11+aie = 2ks, a1z +aiy 1= 2k, a15+aie 1= 2ks, ar7+aig = 2k,
aig + agg 1= 2]4510, a91 + agg = 2/{511, a23 + Qo4 1= 2]€12. And the condition

24
D = {(m13m27"‘m23,mz4)€N24|ZmiN’ 2|(m1 +m2), 2|(m3+m4),
i=1
2|(ms +mg), 2|(m7+msg), 2[(mg +mio), 2[(ma1 +mi2),
2|(myz +mua),  2[(mis +mag),  2[(mai7 +mag), 2|(m1g + mao),
2[(ma1 +ma2),  2[(maz +ma4), 4](m1 +mo +ms3 + my),
4(
(
(

4|(mag +mig + mis +mas),  4|(mi7 + mig + mig + map),

ms 4+ me +my +mg),  4|(mg +mig + mi1 +miz),

4|(ma1 + maz + mag + maa), 8|(m1 + ma + mg + ma + ms + me + my + mg),
8|(mg + mig + mi1 + miz + miz + mig + mis + mas),

16](ma7 + mas + mig + mag + Ma1 + Mag + Moz + maa)}

shows us that

my +mg = 2Ny, mg+myg=2N3, ms5+me=2N3,
my +mg = 2Ny4, mg+myio=2N5, mi1 +miz = 2N,
mi3 +mig = 2Nz,  mys +mig = 2Ng, mi7 + mig = 2Ny,

Mmig + Moo = 2N19, Ma1 + Moz = 2N11, Moz + Moy = 2N12

and these facts and the leaving conditions of D lead that

(22)
12 N
FE = {(Nl,Ng,-”Nll,NlQ) € N12’ ZN1 = 5, 2|(-]\71 +N2); 2|(N3 +N4),
i=1
2|(N5 + Ng), 2|(N7+ Ng), 2[(Ng+ Nig), 2[(N11+ Ni2),
4[(N1+ Ny + N3 + Ny),  4|(Ns + Ng + N7 + Ny),
8|(Ng + N1g + Ni1 + Ni2)} .

Considering (22), we can write (4) as follows :
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(23)
> (a1 +a2)(as + as)(as + ag)(ar + as)(ag + aro)(an + a12)

?il a; =2l
a; odd

X (a13 + a14)(a1s + ai6)(a17 + aig)(aig + ago) (a1 + azz)(az3 + azs)
X (a1 4+ as + as + ag — 2)(as + ag + a7 + ag — 2)(ag + a10 + a11 + a12 — 2)
X (a13 4 a14 + a15 + a16 — 2)(a17 + a1s + a9 + a0 — 2)(az1 + azs + azs + azs — 2)
X (a1 +as+az+as+as+ag+ar+ag—7)
X (a1 + az + ag + a4 + as + ag + a7 + ag — 6)
X (ag + aip + a1 + ayz + a1z + a4 + ays + a6 — 6)
X (@17 + a18 + a19 + az0 + a1 + a2z + ass + agy — 6)
21!
8 (a1 + a2)!(az + ag)!(as + ag)!(a7 + ag)(ag + a10)!(a11 + ai2)!
1
(a13 + a14)!(a15 + a6)!(a17 + a1g)!(a19 + az0)!(az1 + a22)!(a23 + az4)!
(a1 +a2)! (a3 +a4)! (a5 +ae)! (a7 +as)! (ag+aiw)! (a11 + are)!

X

a1!a2! a3!a4! a5!a6! a7!a8! aglalo! a11!a12!
(a13 + a1a)! (a15 +a16)! (a7 +ais)! (@19 +az0)! (az1 +az)! (azs + az)!
ai3'aq4! aislare! ayrlagg! a19'ag! az'ags! ag3lagy!

y Z (_1)m1+1 (_1)m3+1 (_1)m5+1 ' (_1)m7+1 (_1)7719+1 (_1)m11+1

5 (m1 + ma) . (mg + my) . (ms 4+mg) (m7 +mg) ' (mg + mao) . (ma1 +maz2)

(,1)m13+1 (,1)m15+1 (,1)m17+1 (71)m19+1 (71)m21+1 (71)m23+1

miz +mia) (mas +mig) (miz+mag) (mig +mao) (Mo +maz) Moz + Mo
'm,l+'m,2+m,3+m,4-§m,5+m,6+m,7+m,8+m/1+m/21—ms+m4

mgotmigtmyytmyo + my7tmigt+migtmag
1 1

mi1+motmst+mgtmgt+migt+miz+migt+miyrt+migtmor+mos
2

1

(m1 + ma + ms3 + my)(ms + me + my7 + mg)(mg + mig + mi1 + mi2)
1

(mag + maa + mas + mag) (M7 + mag + mig + mag) (Ma1 + Mmaz + Maz + Maa)
1

(my + mg + m3 + myg + ms + mg + m7 + mg)
1

(mg + myg + m11 + miz + mag + mig + mis + mag)
1

o’ (m;).
(m17 + mig + mig + Mmoo + Ma1 + Moz + Moz + May) };[1 o (ms)

X

X

24

Then applying the Eq. (13) as the following form



- s 1( 1)m+102k 95-1(M)03, 1 (2N —m) o« N
Z 25 + 1 > N = o2k-1(2N)
s= m=1

into (23), we obtain

(24)
> 2k ko + ks ks —2) = 3) (2(ky + ko + ks + ks —2) — 2)
SI2 kit
ki >1

X (2(ks + ke + k7 + ks —2) — 2) (2(ko + k1o + k11 + k12 — 2) — 2)

X 2(k1+ ke —1)-2(ks+ kg —1)-2(ks + k¢ — 1) - 2(ky + ks — 1)

X 2(k9 —+ klO — 1) . Q(kll + klg — 1)

X 2]€1 . 2k}2 . 2k}3 : 2k’4 . 2k’5 : 2k’6 : 2k‘7 . 2k‘8 . 2]459 : 2]@‘10 . 2]<)11 . 2k12

21!
' . 2]{:2' . 2]€3' . 2]{:4' . 2]€5' 2]{:6' 2]€7' 2]{58' 2]€9' 2]{510' . 2k11' . 2](512'
( 1)N1+N3+N 5+N7+Ng+N11
221 Z (N1 4+ N2)(N3 + Ny)(Ns + Ng)(N7 + Ng)(Ng + Nig)(Ni1 + Ni2)
(_1) N1+N21»N3+N4+N1#2»N2+N «;N6+N9+2N10

X
(Nl + NQ + N3 + N4)(N5 + N(,' + N7 + Ns)(Ng + Nlo + Nll + ng)
12

X HJZ%FI(QN)
i=1

1

= 5 (20)(21 = 1)(21 = 2)(21 = 3)(21 = 4)(2L = 5)(2L — 6)

x (20 —7)(21 — 8)(21 — 9)(21 — 10)(2] — 11)
XY 2ky 4k — 1) 2(ks + kg — 1) - 2(ks + kg — 1)

SiZy k=l
ki>1
X 2(ky 4+ kg — 1) - 2(kg + k19 — 1) - 2(k11 + k12 — 1)
X (2(k1 + ko + ks + kg —2) —3) (2(k1 + ko + k3 + ks —2) —2)
x (2(ks + ke + k7 + ks — 2) — 2) (2(ko + k10 + k11 + k12 — 2) — 2)
y 2(1 —6) )
21 — 1,2k — 1,2k —1,2ks — 1, ..., 2k11 — 1,2k10 — 1

( 1)N1+N3+N5+N7+N9+N11
ZE: N1 + N2)(N3 + Ny)(Ns + Ng)(N7 + Ng)(Ng + Nio) (N1 + Ni2)

Ny +No+N3+Ny | Ny+Ny | N5s+Ng |, No+Njg
(71) 1 t—a =t + 2

X
(N1 + Nao+ N3+ Ny)(Ns + Ng + N7+ Ng)(Ng + N1g + Ni1 + Nio)

12
201—12 *
X 2 Hamﬂ(m).
=1

X
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So we insert [ — [ —6 and N — % in the Theorem 1.4 and we apply this induced
formula into (24), thus (24) becomes

9-21(21)(21 — 1)(21 — 2)(2L — 3)(21 — 4)(2] — 5)(2l — 6)
x (21 — 7)(21 — 8)(21 — 9)(21 — 10) (2] — 11)

)
x2710.2(1-6) (2(1 —6) — 1) (2(1 — 6) — 2) (2(1 — 6) — 3)
x (2(1 —6) —4) (2(1 — 6) —5) (2(I — 6) — 6)
x (2(1—6) —7) (2(1 — 6) — 8) (2(1 — 6) — 9)

12 N[ . N N , N
x 22712 {02(16)9(2) -8 2‘72(16)11(2)}

= 272(20)22N {0351 (N) = 16No3;,_o3(N)},

where we use (3) and the definition of (a)y
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