SEMIGROUPS CONNECTED WITH PARAMETER-ELLIPTIC
DOUGLIS-NIRENBERG SYSTEMS

ABSTRACT. It was shown by Seeley that associated with a parameter-elliptic
boundary problem involving a system of differential operators of homogeneous
type there was associated an analytic semigroup. This result was extended by
Dreher to a Douglis-Nirenberg system of mono-order type, i.e., the diagonal
operators are all of the same order. In this paper we again discuss the prob-
lem considered by Dreher, but use a different approach. We also extend the
results for mono-order systems to a certain class of Douglis-Nirenberg systems
of multi-order type, i.e., the diagonal operators are not all of the same order.

1. INTRODUCTION

Several decades ago Seeley [14] considered a boundary problem for a ¢ X ¢
parameter-elliptic system of differential operators of homogeneous type defined over
a compact manifold G with boundary. He denoted by Ap the operator on L,(G)?
induced by the boundary problem under null boundary conditions. Then with the
implicit use of a priori estimates, he proceeded to show that, after a possible rota-
tion and a shift in the spectral parameter, the fractional powers of Agl formed an
analytic semigroup.

Recently an extension of Seeley’s work was undertaken by Dreher [7]. He con-
sidered a boundary problem for a parameter-elliptic mono-order Douglis-Nirenberg
system of differential operators over a bounded region 2 C R™, where by mono-
order we mean that the diagonal operators are all of the same order. Then, like
Seeley, Dreher poses the problem in a suitable Sobolev space setting based on L, (£2)
and denotes by A the operator acting in the Sobolev space just cited induced by
the boundary problem under null boundary conditions. He then points out that in
the mono-order case, the use of a priori estimates do not suffice in allowing one to
establish that the negative powers of the operator A form an analytic semigroup;
and hence in order to achieve this end he proceeds in an indirect manner. This
involves in particular the use of his Lemma 3.1 wherein certain inequalities are pre-
sented which he claims follow from the results given in a certain reference. However
an inspection of this and other references show that there are no such results, and
hence since Lemma 3.1 is instrumental for the proof of the semigroup prperty of A
(see his Theorem 2.4), one is led to question the validity of Drehers’ results.

Accordingly, it is our opinion that the problems just cited which arise in Dreher’s
approach to the multi-order boundary problem are due to the fact that the problem
is posed in a Lebesgue-Sobolev space setting. Thus, motivated by the paper [14], we
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feel that if one adequately chooses the space in which the boundary problem should
be posed, then the a priori estimates for solutions should suffice in establishing
the semigroup property. Hence the first objective of this paper is to present this
new approach to the multi-order boundary problem. And this will be achieved by
posing the problem in both a Bessel-potential and Sobolev space setting and then by
appealing to a priori estimates for solutions of the boundary problem in this setting.
These a priori estimate are proved in Theorem 3.6 and to our knowledge such
kinds of estimates have not hitherto been established. The second objective of this
paper will be to extend the foregoing works to a certain class of parameter-elliptic
multi-order Douglis-Nirenberg systems defined over a bounded region 2 C R™, i.e.,
where now the diagonal operators are not all of the same order. The class under
investigation will be that class which was the subject of investigation in [5]. And
it is precisely the a priori estimates that were established there which will allow
us to arrive, after a possible rotation and a shift in the spectral parameter, at the
required semigroup property.

Accordingly, with these objectives in mind, let N € N with N > 1 and let
{5; ¥V, {t; }VV, and { g, }7° be sequences of integers , where with m; = s; 4 t; for
j=1,...,N,Ng = % Zf;l m;, and where in the sequel we will impose conditions

which will ensure that Zjvzl my; is even. Then we shall be concerned here with the
boundary problem

(1.1) A(z, D) u(x) — Au(z) = f(z) in Q,
(1.2) Bj(z,D)u(x) = gj(xz) on T for j =1,..., No,

where ) is a bounded region in R™,n > 2, with boundary I', u(z) = (u1(z),. ..,
un(z))", and f(z) = (f1(x), ..., fx(z))" are N x 1 matrix functions defined on €,

denotes transpose, the g;(z) are scalar functions defined onI', A(z, D) isan N x N
matrix operator whose entries A;,(x, D) are linear operators defined on € of order
not exceeding s; + t; and defined to be 0 if s; + ¢, < 0, and B;(z,D),1 < j < Ny
is a 1 x N matrix operator whose entries are linear differential operators defined
on I' of order not exceeding o; + ¢, and defined to be zero if o; + ¢, < 0. Our
assumptions concerning the boundary problem (1.1), (1.2), which will depend upon
each of the aformentioned boundary problems under consideration, will be made
precise in the sequel.

2. PRELIMIMARIES

In this section we are now going to introduce some terminology, definitions, and
assumptions concerning the boundary problem (1.1), (1.2) which we require for our
work.

Accordingly, we let x = (z1,...,2,) = (2/,z,) denote a generic point of R"
and use the notation D; = ( —id/0z;,D = (Ds,...,D,),D* = D{"* --- Do =
D'Y'Don and €* = 2.6 for £ = (&,...,6,) = (€/,&) € R™, where
a = (ar,...,ap) = (/,ay) is a multi-index whose length Y°7 | a; is denoted
by |«|. Differentiation with respect to another variable, say y € R™, instead of z,
will be indicated by replacing D7DD‘7D'O‘/, and Do by Dy,D;,D’y?‘l, and Dy,
respectively. For 1 < p < 00,5 € Ng = NU{0}, and G an open set in R*, ¢ € N, we
let W7 (G) the Sobolev space of order s related to L, (G) and denote the norm in this
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1/p
space by | - [lspc where | u . = (S Jo IDou(@)P ) " for u e Wi (G).
In addition we shall at times equip W (G) with norms depending upon a parameter
A €C\ {0}, namely for 1 < j < N, the norms
ullly 6 = lullap.c + N ullopc for ue W(G).
We also let W (G) denote the closure of C5°(G) in W3 (G).

In the sequel we shall also at times deal with the Bessel-potential space H; ©)
for s € Z and equipped with either its ordinary norm || - ||s p,¢ or with norms
] - \||£{;’G,j = 1,..., N, depending upon the parameter \. We recall from [11,
Section 1] and [15, pp.177 and 310] that if u € H;(G) and G = R", then || u[s p rn =
| F=€) Fullo e and [[[ull| 2 = 1| F~* (€, X5 Fullo,pe, while if G # K™, then
()
s],p,G
over all v € Hy(R") for which u = v’ o I denotes the Fourier transformation on

R (z — £),(&) = (J€* + 1)1/2, and (&, \); = (|¢* + |)\\2/m1)1/2. Note also from
[15, p.316] that when s € Ny, G is bounded, and the boundary of G is sufficiently
smooth (as will always be supposed in our work below), then H;(G) and W (G)
coincide (up to equivalent norms), and hence at times in the sequel we will write

S . 5 n >
H3(G) in place of W (G) for such values of s. Lastly welet R} = {x € R ’xn <0},

Ry = {t € R[t < 0}, and denote by I, the £ x ¢ unit matrix.
Assume for the moment that the boundary T" of © (see (1.1), (1.2)) is of class
C* for some k € N, and let s € Z satisfy 1 < s < k. Then for G = Q or G = R%,

the vectors u € W (G) have boundary values v = u‘ac and we denote the space

ulls.p.c = inf | vl]s pze and [[Jul||Y) ; = inf||[v][|?) ., where the infimum is taken

of these boundary values by W,f‘l/”(a G) and denote by || - [ls—1/pp,0¢ the norm
in this space, where ||v|[s_1/ppoc = inf||ulls,q for v e W5 ?(0@G) and the
infimum is taken over all those u € W, (G) for which u’aG = v (see also [3, Section

2], [9, p.20] for further definitions of W, () G)). In addition we shall use norms
depending upon the parameter A € C\ {0}, namely for 1 < j < N,

101 06 = I0llsmt/ppoc + INCTYP/ M5 v)lg 06 for v e W3—YP(0G),

where || - |lo,p,0 ¢ denotes the norm in L, (9 G).

In the sequel we shall make use of the following three results (here we suppose
that 1 < j < N and that |[A| > 1. Firstly from [3, Proposition 2.2] we have:
(1) If k,s € Nwith 1 <k < s, then

2.1) AR 1] [|9) < Culllull|9)

for every u € W (G), where the constant C; does not depend upon u and .

(2) Suppose that the boundary of € is of class C" for some r € N and let s € N
satisfy 1 < s < r. Then for G = Q or G =R’} and for all u € W;(G), we have

()

5,p,G?

(2.2) 1y ulll) ) poc < Calllull

where v u denotes the trace of u on 9 G and the constant Cy does not depend upon
u and .



Secondly, the following result is an immediate consequence of the duality argu-
ments given in [5, Proof of Proposition 4.1].
(3) Suppose that u € H5(G),0 > s € Z, and ¢ € Cy*(R™). Then

(2.3) NpulllY) & < Csllfulll¥) &,

where the constant C3 does not depend upon u and .
Finally turning to the boundary problem (1.1), (1.2), we henceforth write

Ajp(z,D) = Z a?¥(2)D® for x € Qand 1 < j, k < N,
|(X‘S8j+tk
(24) Bj(z, D)= > bf@)D*forzelandk=1,...,N,j=1,..., Np.
lal<oj+ty
Also for £ € R™ we let

o N .
A(z,§) = <Ajk: (%f)) for z € Q,
Gk=1
é (2,8) = <Bjk ($,§)> , forz eT,
j=1,...,No
k=1,...N
where Aojk (x,€) ( resp. B(;k (x,€)) consists of those terms in Ajx(x,§) (resp.

o

Bji(z,§)) whose orders are exactly s; + t (resp. o; +t;). We denote by B; (x,§)
the j-th row of B (x,8).

3. THE MONO-ORDER CASE

In this section we are going to deal with the first of our objectives stated in
Section 1, i.e., the mono-order case wherein all the m; are equal. We will denote by

m the common value of the m;, and as in 7], suppose that m > 0 and max{ o, }i\fo <

m. We will also put of = 14+ max{o; }1° and write (£, \), ||| - [|ls.p.c; and ||| -
I[ls=1/pp,0c in place of (£, \);, ||| - |||\(SJI)7G’ and ||| - |||§J21/p,p,8G7 respectively, for
j =1,...,N since now all the m; are equal. Furthermore, by interchanging the

rows and columns of A(z, D) and by adding and subtracting constants, there is no
loss of generality in making the following assumption.
Assumption 3.1. We will henceforth suppose that
O<t1 >tyg>--->ty=0andm >s1 <s3<---< sy =m.
Then motivated by the fact that {5y = 0 and by the requirement of parameter-

ellipticity which will be defined below, we are also led to make the following as-
sumption.

Assumption 3.2. It will henceforth be supposed that of > 1.

3.1. The case of < s;. In this subsection we restrict ourselves to the case o < s7.
Then let us fix our attention again upon the boundary problem (1.1), (1.2).
Assumption 3.3. It will henceforth be supposed that : (1) I' is of class co'+t (2)
for each pair j, k, al¥ € Clo' =il for |a| < s;+tif ol —s; #0, while if o —5; = 0,
the a/F € Loo(Q) for |a| < s;j+t, and alf € C(Q) for |a| = s; + t; and (3)
for each pair 7, k, b7* € co'=o (I) for |of < o + t.
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Definition 3.4. Let £ be a closed sector in the complex plane with vertex at the
origin.Then the boundary problem (1.1), (1.2) will be called parameter-elliptic in
L if the following conditions are satisfied.
(1) det (A(J:,g) —Ay) #0 for (z,§) € QxR and X € L if |¢] + [A] # 0.
(2) Let 2° € I'. Assume that the boundary problem (1.1), (1.2) is rewritten in a
local coordinate system associated with x0; it is obtained from the original
one by means of an affine transformation after which 2z — 0 and v — e,,,
where v denote the interior normal to I' at 2° and (ey,...,e,) denotes the
standard basis in R”. Then for ¢ € R"~! and A € £ the boundary problem
on the half-line

A0, D)olt) — Ao(t) = 0 for t = @, > 0,

B; (0, Dy)u(t) =0att =0forj=1,..., No,
[v(t)] = 0tot — oo,

has only the trivial solution for |&| + |A| # 0.

Remark 3.5. It follows from [4, Proposition 2.2] that when Condition (1) of Defi-
nition 3.4 is satisfied, then mN is even.

Theorem 3.6. Suppose that the boundary problem (1.1), (1.2) is parameter- elliptic
in L. Then there exists a Ao = Ao(p) > 0 such that for X € L with |A\| > Ao,

ol L,
the boundary problem has a unique solution u &€ H;vzl Wy + (Q) for any f €
t_, t g
H;,V:l Hy ~¥(Q) and g € H;V:Ol W,y ~% 1/p(F), and the a priori estimate

N N No
(31) Z|||uj|||af+tj7p,ﬂ < C Z|||fj”|07—s]'7p7ﬂ+Z|||gj”|alf—aj—1/p7p7l—‘
j=1 j=1 j=1

holds, where the constant C' does not depend upon the f;,g;, and X. Conversely,

the estimate (3.1) also holds if u € H;vzl W;utj (Q), X € L with |A] > Ao and f
and the g; are defined by (1.1). (1.2).

Remark 3.7. Tt is also important to note that the estimate (3.1) is 2-sided, i.e., an
estimate reverse to (3.1) holds. We will elaborate on this point in the proof of the
theorem.

Proof of Theorem 3.6. Comparing the assertions of the theorem with analogous
ones made in other papers dealing with parameter-elliptic boundary problems (e.g.
[3], [4], [6], and [10]), we see that the problem considered here is non-standard in
that for at least one j, we have of — s; < 0. For this reason we will briefly outline
its proof; and in this endeavour we will suppose henceforth that the hypothesis of
the theorem holds and will proceed in several steps. Furthermore, by employing a
standard extension proceedure we can henceforth suppose that the a?*(x) and b7F ()
of (2.4) are defined on all of R™, are compactly supported, and satisfy the same
smoothness assumptions as asserted in Assumption 3.3 for Q and I, respectively.
Step 1. Let 2° € Q and let us fix out attention upon the differential equation

(3.2) A (2°, D)u(z) — Au(z) = f(z) forz € R and A € £\ {0}.



Then observing that for £ € R” and A € £ with [A\| > A for a fixed \° > 0, we may
write

(4 (2%6) = A y) = diag (£, 1), .., (6, 1)) x
(A 607 = A& N T Iy ) ding (€07, (6, )™)
it follows from Definition 3.4 that
|det (?1 (2°,6) — )\IN) | > C (g, )2,

where here and below C' denotes a generic constant which may vary from inequality
to inequality, but in all cases it does not upon x, £, A\, and the variables u, f, and

the g; which will appear below. Furthermore, if we put (A(mo,i) — )\IN)_I =

(@;x (&, )\));\,szl, then it is clear that the a@;i(&, A) are rational functions of their
arguments, while it is also not difficult to verify that for any multi-index a whose
entries are either 0 or 1, |£aD?djk(§,)\)| < C{E N7k for all € € R™ whose
components are all non-zero. Hence if in (3.2) we denote by u; and f;, 1 <j < N,
the components of u and f , respectively, then arguments completely analogous to
those used in the proofs of [5, Propositions 3.1-2] give the following two results:

(1) Suppose that u € vazl W;futj (R™) and (3.2) holds. Then

N

N N
.
fe H Hg K (Rn) and Z |Hfj|HU'T7$]‘,p,R" < OZ |||uj|||af+tj,p,]R"-

j=1 Jj=1 Jj=1

(2) If f € vazl ng_sj (R™), then there exists the constant AT > A\ such that
for A € £ with |A\] > AT, the differential equation (3.2) has a unique solution
we [15, Wy T ®™) and 3230, gl ot 14, pmn < O 501 L illlot—s; pen-

Step 2. For 2° € Q and 6 > 0, let Bs(z°) denote the open ball in R™ with centre
20 and radius 6. Also let supp denote support. Then we can appeal to (2.1) and
argue in a manner similar to the way we did in the proofs of [5, Propositions 4.1-2]
to obtain the following two results.

(1) For any € > 0 and 2° > 0 there exists a 6, 0 < § < dist{2°, '}, and a A’ >0
such that for A € £ with |A| > \°

N

N N
DD (Ajk(l‘,D)— Aj (IO,D)> uklllot—; p.0 < € Y luglllot e, p0
k=1

Jj=1 = j=1

for every u € vazl W;TH'j () such that suppu C Bs(z?).

(2) For any € > 0 and z° € Q there exists a §, 0 < § < dist{z" '}, and a \° > 0
such that if supp (af¥(z) — ai¥(2°)) C Bs(a®) for |a| = s; + tg, j,k =1,....,N,
and A € £ with |[A\| > A% then the estimate

N

N N
SN (Ajk (z, D)~ Ajk (xO,D)) ukllot—s; prn <€ D ltslllot4e, pmn

j=1k=1 j=1

holds for every u € H;\;l W;’T“f (R™).
Step 3. Suppose next that z° € T' and that the boundary problem (1.1), (1.2)
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has been rewritten in terms of the local coordinates at 2" as explained in Definition
3.4. Let us now fix our attention upon the problem in the half-space

(3.3) A0, Dyu(z) — Au(x) = f(z) forz € R” and A € £\ {0}.

Then in light of what was said in Step 1 above we can now argue as in the proofs
of Propositions 3.3-4 of [5] to deduce the following two results.

(1) Suppose that u € H;V=1 W;utj (R%) and that (3.3) holds. Then f €

N UTfsj n N N
Hj:l Hp, 7 (R}) and Zj:l |||fj‘|‘UTfsj,p,Ri < Czj:1 H|UjmoT+tj,p,R1-
2) Suppose that f € N H'=si(R"). Then there exists a A’ > 0 such that for
j=1 +

A € L with |[A| > AY the differential equation (3.3) has a solution u € H;\Ll W;TH" (R%)

and Z;\Izl Hlu‘jH‘UT"l‘tj pR" < CZJ 1 |||fjH|a”r sj pR"'

Step 4. Suppose again that z° € I'. Then in order to use some results from
[5] pertaining to this case, we are now going to rewrite the boundary problem
(1.1), (1.2) in terms of the local coordinates at 2° as specified there. Accordingly
let {U,¢} be a chart on I' such that 2° € U,¢(z°) = 0, and ¢ is a diffeomor-
phism of class Cco'+t mapping U onto an open set in R™ with ¢ (UNQ) C R}
and ¢(UNT) C R" 1. Then by means of the mapping ¢ we can now pass to

local coordinates at 2° and in terms of these local coordinates each of the opera-
tors Ay, (x, D) and Bjy(z, D) can be written as Ay (y, D,) = Z\a|<s 1, all (y) Dy

and Bj(y, D) = Zla\<aj+tk bk (y )Dyy, repectively, for y € ¢(U). We denote by

121]»;~C (y, Dy) and Bjk (y, Dy) the principal parts of fljk(y,Dy) and Ejk(y,Dy), re-
spectively. Then arguments completely analogous to those used in the proofs of [5,
Propositions 4.1 and 4.3] give the following two results.

(1) For j,k =1,..., N, let A;1.(y, D,) be extended to all of R by putting a/*(y) = 0
for y € R"\ ¢(U) and |a| < s; + t. Then for any e > 0 there exists a § > 0 and a
A% > 0 such that for A € £ with |\ > \°,

N

N o
Sl Z( 19 Dy)— Ay <o,Dy>> wklllor oy pn < € Mtsllorse,

Jj=1 k=1 Jj=1

for every u € vazl W;THJ (R")) such that suppu C Bs(0) C Bs(0) € ¢(U).

(2) For j,k=1,..., N, let A}, (y, D,) be extended to all of R by putting a/*(y) =
@’k (0) for y € R\ ¢(U) and |a| = s; +t. Then for any € > 0 there exists a 6, 0 <
§ < dist{0,0¢(U) }, and a A° > 0 such that if supp (aZ*(y) — ai¥(0)) C B;(0) for
la| = sj +t, 5.k =1,...,N and X € £ with |[A| > A%, then the estimate

N N o o N
531 (Ase (0D A 0.0,) Yl s < € Y- lslovse, e
=1

j=1k=1

y
holds for every u € vazl Wy R7).

Step 5. Suppose still that 2° € T and that the boundary problem (1.1), (1.2)
has been rewritten in terms of the local coordinates at 29 (see Definition 3.4). Let



us now turn to the problem in the half-space

o

(3.4) A (0,D)u(x) — Au(x) =0forz € R} and A € L\ {0},

(3.5) B; (0, D)u(z) = g;(z) at z, = 0,5 =1,..., No.

Then the following two results are standard and follow from (2.2) and minor mod-
ifications of the arguments given in any of the following works: [4, Section 6], [5,
Section 3], [6, Section 2], and [16, Section 3].

toe
(1) Suppose that u € vazl Wy % (R%) and that (3.5) holds. Then g =
(91 -2gn0)" € T2 W7 -7~ /P(RY) and

No N
Z H‘gj|||JT—GJ'—1/p,p,]R"*1 < CZ |Huj|||(7f+tj,p,R7jr"
j=1 j=1

(2) There exists a A’ > 0 such that for A € £ with |[A\| > A, the boundary problem
(3.4), (3.5) has a unique solution u = (uy,...,ux)? € vazl W;TH" (R?) for every

fg
g=1(91,.-.,9n,)T € H;V;)l W, % 1/I)(R"’l) and the a priori estimate

N No
Z |||Uj‘||af+tj,p,m) < CZ |ng|||o'lffo'j71/p,p,R"*1

j=1 j=1

holds.

Step 6. If we refer to Step 4 for notation and appeal to (2.1), (2.2), the results
of Step 5, and to arguments similar to those given in the references cited in Step 5,
then it is not difficult to establish the following two results.
(1) forj=1,...,Ng,and k=1,...,N, let Bjk(y,D) be extended to all of R™ by
putting 5% (y) = 0 for y € R" \ ¢(U) and |a| < o, + t. Then for any € > 0 there
exists a § > 0 and a A\° > 0 such that for A € £ with [A\| > \°

No N, o
Sy (Bjkm D)~ By (0, Dy>> klllot oyt ppint <

j=1 k=1
N
GZ \Hujmowtj,p,m
j=1

for every u € H;VZI Wy t (R}) such that suppu C Bs(0) C Bs(0) C ¢(U), where
~ denotes the trace operator.

(2) For j = 1,...,No, k = 1,...,N, let Bjk (y,Dy) be extended to all of R"
by putting b%(y) = b2*(0) for y € R" \ ¢(U) and |a| = oj + t5. Then for
any € > 0 there exists a 6,0 < § < dist{0,0¢(U) }, and a \° > 0 such that if
supp (l;ff(y) - I;Zlk(O)) C B;(0) for || = 05 +ty,j=1,...,No,k=1,...,N and
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A\ € £ with || > A", then the estimate
N o o
Z m <Bjk (y’Dy)_ Bjk (OvDy)> ’Yuk|||affaj71/p,p7R"_l <

N
62 |Huj|||aT+tj,p,Rn

Jj=1

holds for every u € vazl W;TH" (R™).

Step 7. Finally, the proof of the theorem follows directly from (2.1)-(2.3), the
results of Steps 1-6, and from the arguments use in the proofs of Lemma 4.1, Propo-
sitions 5.1 and 5.2, and Theorems 4.1 and 5.1 of [4]. Furthermore, The assertions
made in Remark 3.7 can be proved in exactly the same way. Indeed we know from
[4] that we can cover Q by a finite number of open sets { Uy }1*, where U, NT" # () for
k <ng <nq,and Uy C Q for k > ng. If { ¢ }7* denotes a partition of unity subor-
dinate to the covering { Uy }7* such that supp ¢, NT # @ for k < ny and supp ¢y N
' = () otherwise, then a norm equivalent to the norm ||| f;[||ot_s, p.o defined above
iS given by 220:1 H‘(b.] fj | ‘ |0'Tfsj ,p,Ri + ZZI:nOH H‘gbk fj | ‘ |O'Tfsfj,p,lR”7 Where lt lb to
be understood that in the first summation the norms |[|¢x fi]|[o—s, Ry are taken

in local coordinates. Since similar statements can be made for both ||[u;||st 1+, p.o

and |[|g;|ot —o, —1/p,p,r» the assertion of Remark 3.7 follows directly from (2.1)-(2.3)
and the results of Steps 1-6. ([l

Notation. (1) We have so far equipped the spaces W (€2) for s € Ng and H,; ()
for s € Z with either their ordinary norms or norms depending upon the parameter
A. To distinguish between these two cases let us henceforth denote these spaces by
Wy L) and H b 1 (82), respectively, when they are equipped with their A dependent
norms, so that the notation W;(Q2) and Hy;(€) will from now on mean that these
two spaces are equipped with their ordinary norms. We also let

—

N
ot ol j of of j
W]E +t,)\)(Q) W ))\th (Q), WIS +t)(Q) _ H Wp +t; (),
j=1

<.
Il
-

[
=
i@m
> ‘_"

K

N
of—s ol — ot —s.
H7 =5 (Q) H () = [[HS (9.
j=1

<.
Il
i

(2) In the sequel we will require the following notation. If X = H;:1 X, where the
X; denote Banach spaces equipped with norms || - || x;, and f = (f1,..., fr) € X,
then we let || f||x = >_7_, || f;[Ix, (note that at times in the sequel we will replace
the norms ||-||x, and [|-|x by the norms |[|[-[||x, and [|[-[|| x, respectively, to indicate
that we are now considering the parameter dependent norms introduced above). In
addition, if X and Y denote Banach spaces and T' a continuous linear operator from
X into Y, then then we will use the notation || T ||x—y (or |||T]||x-y) to denote
the norm of this operator.

For the remainder of this subsection we will suppose that the hypothesis of

Theorem 3.6 holds and denote by A, the operator on HI(,UT_S)(Q) that acts as



A(zx, D) and has domain

(3.6) D(A,) = {u e W'(Q)|B; (2, Dyu(z) = 0forz € T, j = 1,...., N, }
As a consequence of Theorem 3.6 it follows that if A\ € £ with |A\| > X¢ and if
D(A,) is equipped with the norm ||| |‘|W<”+"v*>(g)’ then the mapping (4, —AIn):

ot— A . . .
D(Ap) — — H” 7*M(Q) is an isomorphism and |4, — )\INH|D(Ap)—>H1(,"T_S’M(Q) <

C. Thus we see that as an operator in Hy (o _g)(Q), Ap has a non-empty resolvent
set. Furthermore, if we let R,(\) denote its resolvent, then it follows that for

Fe HY' Q) and A € £ with |A| > Ao, we have
B Byt gy < Oty < CLF et o

Proposition 3.8. Suppose that A € L with |A| > Xo. Then as an operator from

JT—S . . .
HI(, )(Q) into itself, Ry(\) is compact and ||| Rp(N) ||Héatis)(ﬂ)~>Héafis)(Q) <C.
Proof. Let X and Y be Banach spaces such that X C Y, with continuous em-
bedding, and let Ix_,y denote the corresponding embedding operator. Then for
1 <j <N, we have

s =1 aT_. I ottt

1 UT-H ;
w, (@) Lp(Q)— ) W, Q=L ()

o T (Q)—H,

and it is clear that I C,Ht is bounded in norm by C|A|=('+t)/m while a

()= Ly(Q)

duality argument also shows that I ot—s. __is bounded in norm by C|A|
LP(Q)‘)HP (@)

Since the mapping I U¢+,J (@) Lo(@) is compact and since we can write (Rp()\)f)j =

(Rp(N)f), for f € HY' ~(9), where (R,(A)f), denotes the j-th

o

IW A (=L (@)
component of Ry(A)f, all the assertions of the proposition follow from these results
and (3.7). O

It follows from the foregoing results that A, is a closed, densely defined operator

on HI(,UT_S)(Q). Furthermore, we have just seen that A, has a compact resolvent,
and hence a discrete spectrum, so that at most a finite number of eigenvalues of
A, lie in £. Thus by a shift in the spectral parameter if necessary, we see that
there is no loss of generality in supposing henceforth that 0 lies in the resolvent
set of A,. Next for 0 < 8 < 7 let Ly denote the closed sector in the A-plane with
vertex at the origin defined by the inequalities 6 < |argA| < w. Then it is clear that
all the assumptions and results presented so far for the boundary problem (1.1),
(1.2) remain perfectly valid for the boundary problem (1.1)",(1.2), where (1.1)" is
obtained from (1.1) by replacing A(z, D) by p A(z, D) and X by p A\, where p denotes
a constant satisfying |p| = 1. Thus we see that by an appropriate choice of 6, we
are led to the following asumption.

Assumption 3.9. We henceforth supose that the sector £ of Theorem 3.6 coincides
with the sector Ly introduced above and that Ly U Bsc(0) is contained in the
resolvent set of A, for some € > 0, where By = { A € C ’ Al < 2€}.

Next let v denote the contour in the A-plane consisting of the segment 7 e

with 7 running from oo to e, the arc ee’® with ¢ running from 6 to —@, and the

(ot —s;)/m_
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segment 7 e? with 7 running from e to co. Then we come to the main result of this
subsection.

Theorem 3.10. Suppose that the hypothesis of Theorem 3.6 as well as Assumption
3.9 hold. Then the boundary problem (1.1), (1.2) generates a semigroup of operators

on H,gaf_s)(Q), namely Ayt = —(2mi)~! fv AT'R,(N) dA, t > 0. Furthermore, At
is analytic in the half-space Ret > 0.

Proof. Bearing in mind Proposition 3.8 and the fact that the contour v can be
suitably deformed (see [3, Subsection 6.2]), the assertions of the theorem follow
directly from the results given in [13, Subsection 14.2, p.280]. |

3.2. The case of > s;. In this subsection we restrict ourselves to the case o > s;.
Then for this case we have o7 — s; > 0 and of — sy < 0, and we henceforth let k;
=max{k | 1<k<N,of—s;>0}. It would be tempting to treat this case in the
same way as we treated the case of < s;. Indeed, if for this case we also suppose
as in Theorem 3.6 that the boundary problem (1.1).(1.2) is parameter-elliptic in
L, then we could argue as we did in the proof of Theorem 3.6 to show that all the
assertions of that theorem remain valid. Furthermore, if we now define A, in an
analogous fashion to that in Subsection 3.1 and employ the terminology introduced
there, then we can also show that if A € £ with |A\| > A and D(A4,) is equipped with

Wi+ ) then the mapping A, — A Iy : D(4,) — HI(,JLS’)‘)(Q) is

an isomorphism and R,(\) satisfies the first inequality of (3.7), but not the second,
since ot — s; > 0 for 1 < j < k;. Thus unlike the case ot < s1, we can no longer

the norm ||| - |||

t_

take HZ(,U S)(Q) as the basic space ( i.e., a space that is equipped with a norm not
depending upon A) on which to construct an analytic semigroup of operators. To
overcome this problem we are led to consider the boundary problem

(3.8) A(z, D)u(z) — Au(x) = f(x) in Q,
(3.9) Bj(z,D) =g;onT forj=1,...,(No — Np),

- Neki =
where A(z, D) = (A 4jn(2, D) N5 By (e, D) = (BNW,M, o By, j}N),
and NO = mk1/2 (we will impose conditions below which will ensure that mk; is

even).

Assumption 3.11. It will henceforth be supposed that: (1) I is of class Co ' Hth
(2) Condition (2) of Assumption 3.3 holds for k1 +1 < j,k < N, while for other
values of j, k, ajy € Loo(2) and ajy € C(Q) for |a| = sj+ty, 1 <4,k <ki; and
(3) Condition (3) of Assumption 3.3 holds for Ny < j < Ng and k; < k < N, while
for other values of j, k, bi¥ € L. (T).

For £ € R™ let us now put

of o k1 " a
A (z,8) = (Ajk (ﬁc,f))j’k:1 orx € ),

9 o N—ky _
A (1‘,6) = (Ak1+j,k1+k (x7£))j,k:1 for z € Q7

o

Bj (z,§) = (BNo+j,k1+1 (,€), - BRysiN (x,f)) forx € I and
j=1,...,(No— No).



Definition 3.12. Let £ be a closed sector in the complex plane with vertex at the
origin. Then the boundary problem (3.8), (3.9) will be called parameter-elliptic in
L if the following conditions are satisfied.

(1) det( (z,6) — /\Ik.1> # 0 and det (ffi (x,f)—/\IN_k1> £ 0 for (z,€) €

Q xR™ and X € L if || + |\ # 0.

(2) Let z° € T and assume that the boundary problem (3.8), (3.9) is rewritten
in a local coordinate system associated with z0 as explained in Definition
3.4. Then for ¢ € R" ! and )\ € £ the boundary problem on the half-line

A0, ,D,)o(t) —Av(t) =0fort =z, >0,

B; (0, ,Dy)v(t) =0att=0forj=1,...,Ng— Ny,
|v(t)] = 0ast — oo,

has only the trivial solution for |£| + |A] # 0.

Remark 3.13. Bearing in mind Remark 3.5, it follows from the arguments of [4]
that if Condition (1) of Definition 3.12 is satisfied, then mk; is even.

Arguments analogous to those used in the proof of Theorem 3.6 give the following
result.

Theorem 3.14. Suppose that the boundary problem (3.8), (3.9) is parameter-

elliptic in L. Then there exists a A\g = Ao(p) > 0 such that for A E L with

|A| > Ao, the boundary problem has a unique solutzon u € HN My Tt Q)
of—s —O5 —1

for any f € HN MUY TMQ) and g € H NO Wp No+s /p(F), and the a

priori estzmate

N—kl N— kl NU

Y Muglllot e, 0 SC | D filllot—spyys e + Z Ngilllot—og, . ,~1/ppr

j=1 j=1

holds.

Note that in the above theorem C denotes the generic constant introduced in
the text following (3.2).

Next, bearing in mind the notation following the proof of Theorem 3.6, let us
now put

N—Fk1 N—k
W(UT—H,)\) H W” +tk1+y Q) (o +t) 1‘[1 Wff +tk1+a ()
p ) )
N—k1 N—k1
(ot —s ol —sk J (ot —s of—s ]
i = T e, A = T .

Also for the remainder of this subsection we will suppose that the hypothesis of

Theorem 3.14 holds and denote by A, the operator in fI,(,UT_s) (Q) which acts as
A(z, D) and has domain

D(Ay) = {ue W' ()| B, (2, D)u(x) = 0on Tfor j =1,..., No — No }.
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Then as a consequence of Theorem 3.14, it follows that if A € £ with |A\] >

Ao and D(flp) is equipped with the norm || - , then the mapping

|HV~VZ§0T+LA)(Q)
(flp - )\IN,kl) :D(A,) — I{IISGT_S’)‘)(Q) is an isomorphism and

Ay, = My, o) < €. Thus we see that as an operator on

|||D(Ap)aﬁ[(a’ffs,k)(
I?Z(,ULS) (Q), A, has a non-empty resolvent set. Furthermore, if we let R,()\) denote

its resolvent, then it follows that for f € fl,(,gf_s)(Q) and A € £ with [A] > Xo, we
have

O Al ot gy < Ol oty < CIF gty
In addition we can argue as in the proof of Proposition 3.8 to show that for A € £
” [ fos Frof—s .
with |[A| > Ao, the operator R,()\) : HI(,J )(Q) — H, )(Q) is compact and

\A|HRP(A)|\HI(JC,T,S>(QHFI;T,S>(Q) <C.

As a consequence of the foregoing results it follows that flp is a closed, densely

ot

defined operator in HZ(,U s (Q) with compact resolvent, and hence a discrete spec-
trum. Then for reasons made in the text preceding Assumption 3.9, we are led to
make the following assumption.

Assumption 3.15. We henceforth suppose that the sector £ of Theorem 3.14
coincided with the sector Ly defined in the text preceding Assumption 3.9 and that
Ly U By (0) is contained in the resolvent set of A4,.

Finally, with v denoting the contour defined in the text preceding Theorem 3.10,
we can argue as in the proof of that theorem to obtain the following result.

Theorem 3.16. Suppose that the hypothesis of Theorem 3.1/ as well as Assump-

tion 8.15 hold. Then the boundary problem (3.8), (3.9), which is associated with the

(ot —s
boundary problem (1.1), (1.2), generates a semigroup of operators on H1§ )(Q),

namely A" = —(2mi)~" [ AT R,(N)d, t > 0. Furthermore, AS' is analytic in
the half-plane Ret > 0.

3.3. An example. Let us now consider a boundary problem arising in quantum
hydrodynamics that was discussed in [7] and which is covered by the theory ex-
pounded in Subsection 3.2. Here we have the boundary problem (1.1), (1.2) with
Q a bounded region in R? with smooth boundary I', N = 3,

—Z/()A —iDl —iDQ
A(z,D) = z’%DlA —A 0 |,

Z%DQA 0 71/0A
Bi(x,D) =9/0v,Bs(x,D) =1, and Bz(x,D) =1 for x € T, where A denotes the
Laplacian in R?, v and € denote positive constants, and 9/9 v denote differentiation
along the interior normal to I'. For this problem we take t; = 1,5 =t3 =0,51 =

1,80 = 53 =2, of =2, and thus sj+tj=m=2for j =1,2,3 and ot —s1 =1.

Let us now take £ = Ly for 0 < 8 < w. Then direct calculations show that Con-
ditions (1) and (2) of definition 3.12 hold. Thus if we let A, denote the operator

in L,(Q)? that acts as
—V()A 0
0 _VOA



1 2
and has domain (Wg(Q)ﬂ I/i)/p (Q)) , then we know from the results given in

Subsection 3.2 that flp is a densely defined, closed operator in L,(€)? with compact
resolvent Rp()\), and hence a discrete spectrum.

We now assert that for some € > 0, Ly U B.(0) is contained in the resolvent set
of flp. To see this let us fix our attention upon the boundary problem

(3.10) —vpAu(z) — Au(x) =0forxz € Q,
(3.11) u(z) =0forx €T.

It is easy to verify that this boundary problem falls into the class of parameter-
elliptic boundary studied in [3], and so it follows from [3, Theorem 2.1] that if we let

ol

A, denote the operator in L,(€2) that acts as —1pA and has domain W7 ()N W,

(), then A, is a closed, densely defined opertor with compact resolvent, and hence

has a discrete spectrum, and that for some A = A%(p) > 0, the set { X € Lo | |A| >
A%} is contained in the resolvent set of A,.

Now let us fix our attention upon the case p = 2. Then associated with the

boundary problem (3.10), (3.11) is the sesquilinear form B(u,v) on Lo(£2) with

1

domain D(B) :I/?/2 (Q), where B(u,v) = g Z?Zl(Dju,Djv), and (-,-) denotes
the inner product in Lo(€2). It is a simple matter to verify that B is a densely
defined, symmetric, closed form which is bounded from below by 0 (see [12, p.310
and Theorem 2.1, p.322]). Furthermore we must have B(u,u) > ¢ > 0 for u € D(B)
with || u||o,2,0 = 1, since otherwise there would exist a u € D(B), | ullo,2,0 = 1 such
that B(u,u) = 0, which leads to the contradiction that v = 0. Hence if we let A
denote the selfadjoint operator associated with the form B ( see [12, Theorem 2.6,
p.223]), then Ay > &, which implies that the spectrum of Aj is contained in [4, 00).
On the other hand we can argue as in [2, pp.107-112] to show that Ay = Ay; and
since we know from [1] and [10] that the spectrum of A, does not depend upon p,
it follows that the spectrum of A, is contained in [d, c0). As a consequence of this
last result it follows that the assertion that Lo U BQE(O) lies in the reolvent set of
A, is certainly true if we take € < §/2.

In light of the foregoing results and Theorem 3.16, we conclude that the operators
fl;t,t > 0, form a semigroup in L,(2)? and that flgt is analytic in the half-space
t>0.

4. THE MULTI-ORDER CASE

In this section we fix our attention again upon the boundary problem (1.1),
(1.2), but we now suppose that s1 > so > ... > sy, 1 > to > ... >ty > 0,
and let m; = s; +t; for j = 1,...,N. We also suppose that m; = my = ... =

Mpy > Mgyl = oo = ..My, > Mpy 41 = ... =My, > 0, where kg = N, put
m; =my, for j =1,...d, and let I, denote the (kr — kr—1) x (kr — kp—1) identity
matrix for r = 1, ..., d, where kg = 0. In the sequel we will impose conditions which
will ensure that for r = 1,...,d, the sum Z?;l m; is even and henceforth denote

this sum by 2N,.. Lastly, we suppose that max { o; }2° < sx. Then as indicated in
[5], there is no loss of generality in making the following assumption.

Assumption 4.1. It will henceforth be supposed that t; > 0 and s; > 0 for j =
1,...N, and that 0; <0 for 5 =1,..., Np.
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Assumption 4.2. Tt will henceforth be supposed that : (1) T is of class C*oNC*?,
where ko = max{t;, max{ —o; }o }; (2) for each pair j, k, aiF € C*/(Q) for |a| <
s; 4ty if s; > 0, while if s; = 0, then a* € Loo(Q) if |a| < s; +t and a?* € C(Q)
for || = s; + tg: (3) for each pair j,k, bk € C=% (T) for |a| < s;j + t.

In the sequel we shall also require the following notation. For z € Q,¢ € R”,

0 k.
and 1< 7 < d, let A (z,6) = (Ajk (x,§)> . while for 2 € T, € R”, and
Jk=
1< 6,0 < dowe let B (2.6) = (B (5:€)) oy, 16, 41,00 Where 8y

k=1,....k¢,
denotes the Kronecker delta. In addition we let 1:1’0 =T 1 and fr,o =
diag(th . ,Ofr,ljr) forr=2,...,d.

Note that when z° € T’ we can rewrite the boundary problem (1.1), (1.2) in
terms of the local coordinates at z¥ as explained in Definition 3.4. Then suppoing
that this has been done, we shall in the sequel be concerned with the boundary
problem

o

A (0, D)u(z) — Au(z) = f(x) for x € R,
éj (0, D)u(z) = gj(z') at &, =0 for j =1,..., N,

and corresponding to this boundary problem we define the matrices A;Z) (0,9),

BZ’Z) (0,€) in precisely the same way as their analogues were define in the original
coordinate system.

Definition 4.3. Let £ be a closed sector in the complex plane with vertex at the
origin. Then the operator A(x, D) — AIx will be called parameter-elliptic in £ if

det (qu)(:c,g) - )\j'r,O) #£0forz € Q, £ €R*"\ {0}, and N e L, r=1,...,d.
In the sequel we let CL = {z € C, Imz 2 0}.

Definition 4.4. Suppose that the operator A(z, D) — A Iy is parameter-elliptic in
the sector £ introduced above. Let 2° be an arbitrary point of I and assume that
the boundary problem (1.1), (1.2) has been rewritten in a local coordinate system
associated with 20 in the manner just explained. Then the operator A(z, D) —
A Iy will be called properly parameter-elliptic in £ if the following conditions are
satisfied.

(1) The polynomial det (A?P(of, z) — )\INno) has precisely N, zeros lying in
Cy for ¢ e R\ {0} and NeL,r=1,...,d
(2) The polynomial det (Aﬁ) (0,0,z2) — )\fr,o) has precisely N, — N,_1 zeros
lying in C4 for A € L\ {0}, r=2,...,d.
Remark 4.5. Referring to Condition (1) of Definition 4.4, we know from [4, Section
2] that det (qu) (0,¢,2) — )\fT,()) has precisely N, zerosin C, if r =1orifr > 1
and n > 2. In the sequel, when proper parameter-ellipticity is supposed, it will be
assumed that this is also the case when r > 1 and n = 2. Turning next to Condition
(2) of the definition, it is clear that the number of zeros of the determinant in C

(resp. C_) does not depend upon A. Hence it follows from an expansion of the
determinant in powers of z and A that Condition (2) always holds if . is even or if



m, is odd, k. —k,_1 is even, and there is a A € £\ {0} such that —\ € L. Lastly we
mention at this point that it is also clear from what was said above that Condition
(2) is always satisfied if the operator A(x, D) is essentially upper triangular at x°
(see Definition 4.8 below)

Definition 4.6. Let £ denote the sector introduced in Definition 4.3 above. Then
we say that the boundary problem (1.1), (1.2) is parameter-elliptic in £ if A(z, D)—
A1y is properly parameter-elliptic in £ and the following conditions are satisfied.
Let 2° be an arbitrary point of I" and suppose that the boundary problem (1.1), (1.2)
has been rewritten in a local coordinate system associated with x°, as explained
above. Then

(1) the boundary problem on the half-line

AD(0,€', Dy)o(wn) — My ov(zn) = 0 for z, > 0,
B0, Dy)o(zy,) =0 at @, =0,
(4.1) [v(zy)] — 0 as z, — oo,

has only the trivial solution for & € R*™'\ {0}, A€ £ and 1<7r <d;
(2) the boundary problem on the half-line

Aﬁ)(070, Dy)v(x,) — My ov(x,) = 0forz, >0,
Bér’z)(0,0, D,)v(x,) =0atz, =0,

|v(a,)| = 0asxz, — oo,
has only the trivial solution for A € £\ {0}, 1 <r <dand r < ¢ <d.

Remark 4.7. Fixing our attention again upon the boundary problem (1.1), (1.2),
suppose that there exists the monotonic decreasing sequence of positive integers
{t HY such that s; = t; = t for j = 1,..., N and that the boundary conditions

(1.2) are those of Dirichlet. Suppose in addition that ,(21 (z,€) is positive definite
at each point of Q x §"~! where S"7! = {¢ € R"|[{| = 1}. Lastly suppose that
A(z, D) — My is properly parameter-elliptic in £ and that £ intersects Ry only
at the origin. Then we know from [8] that the boundary problem (1.1), (1.2) is

parameter-elliptic in £. On the other hand, if we only suppose that ;4)1 (x,8) is
symmetric at each point of Q x S"~! and that £ intersects R only at the origin,
then it was pointed out in [8] that the boundary problem (1.1), (1.2) is parameter-
elliptic in £ provided that the boundary problem (4.1) has only the trivial solution
when A=0forr=1,...,d.

Definition 4.8. Let #° € I'. Then we say that the operator A(z, D) is essentially
upper triangular at 20 if af¥ (2°) = 0 for |a| = sj+tx, ke—1 < j < ke, 1 <k < kp_q,

¢ =2,...,d. Likewise we say that the operator B(z,D) = (Bjx(z,D))j=1,...,No
k=1,..,N

is essentially upper triangular at 20 if b2%(20) = 0 for |a| = o + tg, Ne—1 < j <
Npy1<k<kpq1,0=2,...,d.

From [5] we now have the following result. Here, for 1 < j < Ny, we put
m(j)=1if0<j<Nyand n(j)=rif N,_; <j < N,andr > 1.
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Theorem 4.9. Suppose that the boundary problem (1.1), (1.2) is parameter-elliptic
in L. Suppose also that at least one of the following conditions hold: (1) the bound-
ary conditions (1.2) are of Dirichlet type at every point of I'; (2) the operators
A(z, D) and B(z, D) are both essentially upper triangular at every point of T'. Then
there exists the constant Ao = Ao(p) > 0 such that for X € L with |[A| > Ao,
the boundary problem (1.1), (1.2) has a unique solution u = (uy,...,uy)" €
12, W' (Q) for every f = (1., fn)" € TIIL, Hy ¥(Q) andg = (91,...,gn,)" €
HND W, 7T 1/p( T'), and the a priori estimate

Ny
(4.2) Z|||UJH\tJ,p,Q < Z|\|fg|||_sj,p,sz+Z|||91|||8ng_1/p,p,
j=1

holds, where the constant C' does not depend upon the f;,g;, and \.

Remark 4.10. As was shown in [5] the estimate (4.2) is 2-sided, i.e., an estimate
reverse to (4.2) holds.

We return again to the paragraph starting with “Notation” following the proof
of Theorem 3.6 and introduce the new spaces

N N

WM Q) =[] W (), wi(@Q) =[] Wy (@),
j=1 Jj=1
N N

N @) = [T #,5@). H7(@) = [T (@)
j=1 j=1

We will also suppose for the remainder of this section that the hypotheses of Theo-
rem 4.9 hold and denote by A, the operator on H,(fs)(ﬂ) that acts as A(z, D) and
has domain

D(A,) ={ue Wzgt)(ﬂ) | Bj(#,D)u(x) =0onT forj=1,...,Ng }.

Then as a consequence of Theoerem 4.9 it follows that if A € £ with |A] > Ao and
D(A,) is equipped with the norm ||| - |‘|W(t,>\)(g), then the mapping A, — Ay :
D(A,) — HZ(,_S’A)(Q) is an isomorphism and |||4, — )\INH|D oS (@) < C,
where here, and for the remainder of this section, C denotes the generic con-
stant introduced in the text following (3.2). Thus we see that as an operator on
Hz(fs)(Q), A, has an non-empty resolvent set. Furthermore, if we let R,(\) denote
its resolvent, then it follows that for f € HI(,_S)(Q) and A € £ with |A| > Ao, we
have
H‘Rp()‘)ﬂ”WISLM(Q) < C|||f|||HI(;S~*>(Q) < CH f ||Hé’s)(ﬂ)'

In addition we can argue as in the proof of Proposition 3.8 to show that for A €
L with |A| > Ao, the mapping R,(\) : HS (Q) — HS *(Q) is compact and
‘)"H RP()‘) ”HI()*S)(Q)_)HI()*S)(Q) <C.

As a consequence of the foregoing results it follows that A, is a closed, densely

defined operator on Hz(,fs)(Q) with compact resolvent, and hence a discrete spec-
trum. Thus for reasons made in the text preceding Assumption 3.9, we are led to
make the following assumption.



Assumption 4.11. We henceforth suppose that the sector L of Theorem 4.9 co-
incides with the sector Ly defined in the text preceding Assumption 3.9 and that
Ly U B (0) is contained in the resolvent set of A,.

Finally, with v denoting the contour defined in the text preceding Theorem 3.10,
we can argue as in the proof of that theorem to obtain the following result.

Theorem 4.12. Suppose that the hypotheses of Theorem 4.9 as well as Assumption
4.11 hold. Then the boundary problem (1.1), (1.2) generates a semigroup of oper-

ators on HI(,*S)(Q), namely A;" = —(2mi)~! f,y AER,(N)dN, t > 0. Furthermore,
Ayt is analytic in the half-plane Ret > 0.
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