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THE CONVOLUTION SUM Y., . s 05(m)os(n — 8m)

ABSTRACT. The convolution sum -, ., /s 03(m)os(n — 8m) is evaluated for
all n € N. This evaluation is used to determine the formulae of the convolution
sums Zm<% 03,0(m; 2)o3,0(n — 8m;2), Zm<% o3(m)os,1(n — 8m;2), etc.,
and the number of representations of n through the sum of eight triangular
numbers.

1. INTRODUCTION

The study of arithmetical identities is classical in number theory and such in-
vestigations have been carried out by several mathematicians including the legend
Srinivasa Ramanujan.

Forn € N, s,7 € NU {0}, ¢ € C with |¢| < 1, we define some necessary divisor
functions for later use, which also appear in many areas of number theory:

os(n) = Zd‘s, osr(nym) = Z d®,
d|n

d|n
d=r mod m

T(n)g" =q [J(1 -4,

>
S

1
hE

1

B(g) =Y b(n)g" = (A(q)A(¢?)7 =¢

n=1 n

3
Il

3

(1—q¢")®1—¢*)"

In general, it is satisfied that
(2) b(n) = —8b(3)

for even n (see [4, Remark 4.3]). We note that
(3) os(n) = 051(n;2) + 050(n; 2)

(4) 0s1(2n;2) = 051(n;2), 05,0(2n;2) = 2%0,4(n).
Let ¢ € C be such that |¢| < 1. The Eisenstein series L(q), M(q), and N(q) are

(5) L(g)=1-24) o1(n)q",
n=1
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(6) M(q) =1+240)  o3(n)q",

n=1

(7) N(g) =1-504_ o5(n)q",
n=1
see [1, p. 318]. It was shown that

®) Afg) = ooz (M(0)® ~ N(g))

by Ramanujan. And he gave in his notebook the following formulae, which are
proved in [2, p. 126-129] :

(9) L(g) = (1 — 52)w?* 4+ 12z(1 — 3:)11}623—1;}7
(10) M(q) = (1 + l4a + 2w,
(11) N(q) = (14 z)(1 — 34z + z?)wb.

From (8), (10), and (11), we obtain

(1 — )42
(12) ag) = T2

Applying the principle of duplication (see [2, p. 125])
1—\/1—:5)2 (1+\/1—x)
, w— | —————— |w

2
—q°, - | —=
I 2
to (10) and (12), we deduce that

(13) M(q*) = (1 -z +a*)uw',
22(1 —z)2w12.

28
Again applying the principle of duplication to (13) and (14), we obtain

(14) Alg?) =

(15) M) = (1~ 2+ oat)ut,

(1 — 2)w!?

(16) Al =g

Lastly, applying the principle of duplication to (15), we have
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17 17 1 15 15
M) =(— - Loy — 22+ 21—z — 2avI—2)w!
a7 (@)= (35~ 3%+ 356" 33 6" z)w
I T R |- , 15 .
= 32M(q)+16M(q)+32\/1 Tw” = =T 1 —zw®.

And from the above information K. S. Williams finds that

, 1 2 16

(18) w' = 7=M(q) = EM(d*) + BM(Q4),
(19) vt = S M(g) — M),
(20) 2wt = %M((f) — 1—2M(q4)7

in [5, p. 392]. In this paper, we can use the Ramanujan and Williams’ results so
that we obtain some various formulae related to

> o3(m)os(n — 8m)

n
m<§

(see Theorem 3.2), for example, we obtain the formulae of the convolution sums,

Z o3,0(m;2)os0(n — 8m; 2),

m<yg
> o3(m)os(n — 8m;2),

n
’I’TL<§

Z 03,1(m;2)o3,0(n — 8m;2)

n
m<g

for n € N in Theorem 3.3. As an application of Zm<% o3(m)os(n — 8m), we
evaluate in Section 4 the number

1 1
T(n) = card {(xl, ...,xm) € N(1)6|n = 51’1(.%1 + 1) + -+ §$8($8 + ].)

1 1
+4 (2x9(x9 1)+ gaie(zie + 1)> } ;
for n € Ny (see Theorem 4.2).

2. PREPARATIONS TO FIND Zm<% oz(m)os(n — 8m)

In order to calculate the convolution sum ) <z o3(m)os(n —8m) we introduce
the constants g(n) and h(n) for n € N defined by

o 2111\ &
(21) G(q) == Zg(n)q" = (A(ﬁ‘f)qiﬂi(q)‘l) =21 — zw®

n=1



and

- .- n _ ol Agh)? éf 3
(22) H(q) .—;h(n)q =2 2<A(q2)> = 231 — zw®.
Corollary 2.1. We have
(a)
1+ q 2(1—qgm)'s
24 H +q2n)
(b)

H(q) — 212q3 H(l + q2n)4(1 _ q4n)16.

n=1

Proof. (a) By (1), (12), (14), (21), and (16), we obtain that

A 2\11 %
Gla) =avT=au” =21 (A<q4(f3i(q>4)

=94 ( (q2 Hzozl(]_ — an)24)11 ) 1
(T, (1= g*m)20)3 (g [T, (1 — ¢m)2h)*

o, TT (=) ot T1 (1—¢™)

= 24q;£[1 (1 — g*n)12(1 — gn)16 - 2%};{1 (1 — q2)12(1 4 g2n)12(1 — gn)16
o1 T A= o pr (A=a)P(0+4")
=2l aea e =~ 2 remma— e

_ 24q IO—O[ (1 4 qn)32(1 _ qn)lﬁ
(1 +q2n)12

(b) It is similar to Corollary 2.1 (a).

The first eighteen values of b(n) are given in the Table 1
bn) | n | bn) || n| b(n)
1 7 | 1016 || 13| 1382
-8 8 | —512 || 14 | —8128
12 9 | —2043 || 15 | —2520
64 10 | 1680 || 16 | 4096
—210 || 11 | 1092 || 17 | 14706
—-96 || 12| 768 18 | 16344

TABLE 1. b(n) for n (1 <n < 18)
and g(n) are in the Table 2

| Y x| W DN =3
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n| g | n| gn) ||n| g

1] 16 || 7 [ —25728 [ 13| 233056
2| 256 || 8 [ —49152 | 14 | 260096
3 1728 | 9 [ —44976 | 15 | 398976
4] 6144 || 10| —53760 | 16 | 393216
5 | 10976 || 11 | —55744 | 17 | —301280
6 [ 3072 |12 73728 |18 —523008

TABLE 2. g(n) for n (1 <n <18)
and h(n) are given in the Table 3.

1 0 7 | —24576 || 13| 540672
2 0 8 0 14 0
3| 4096 || 9 | —163840 || 15 | 385024
4 0 10 0 16 0
516384 || 11 | —20480 || 17 | —163840
6 0 12 0 18 0

TABLE 3. h(n) for n (1 <n < 18)

We can see Proposition 2.2 in the wide area of [3].

Proposition 2.2. We obtain

(a) (See[3, (2.5)])

M?*(q)=1+2°-3-5% or(n)q".

n=1

(b) (See [3, Theorm 5.1 (ii)])

1 16 3600
M(Q)M(¢?) = —M? M?(¢?) + =—B(q).
(@)M(q7) 7 (q) + T, (¢%) + T, (q)
(¢) (See [3, Theorm 5.1 (v)])
1 15 16 4050 64800
N ) 19 a2 9 10,2 4 2
M(q)M(q") = 55 M (q) + 57a M (¢7) + M (¢") + T B(q) + T B(q%).
Lemma 2.3. We have
(a)
1 2 256 512 8192
8:7M2 —7M2 2 7M2 4 7B 73 2.
W= e (q) 5EE (q)+255 (¢") + 1 (q) + 1 (¢°)
(b)
1 1 240
8 L aro v L 4009 43y 2
W = oer (9) 5ee M (¢°) + 17 B(q) + 256B(q”).
(c)
1 1 32
28:7M2 _7M2 2_7B .
W= o (q) 5EE (¢°) T (q)
(d)
32

1
B8 = — M2(q) — — M?(q?) — 2 B(q) — 256B(¢?).
W = o (q) 555 (a°) 17 (q) —256B(q”)

Proof. The proofs are similar, so we prove only Lemma 2.3 (a) and (b).



(a) From (18) we can calculate

0 = (W) = (5M06) = M) + 120"

) {M?(q) +4M?(¢®) + 256 M*(q*) — 4M (q)M (¢°)

—64M (¢%) M (¢*) + 32M (q) M (¢*)}

(%
( > q) + 4M?(q?) + 256 M2 (¢*)

—4{117M2< )+ ) + B0 |

—64{17M2( )+1$M2( )—1—3‘13203( )}

4050 64800
2 1o 4 2 2
s { 0@ + 2P + 1R + B + P B }.

where we insert Proposition 2.2 (b) and (c). So we obtain

Wt = M) — M)+ (") + D2 Blg) + 2 B,
(b) From (18) and (19), we can observe that
1"[1)8 = ’11}4 . xw4
= (115M(q) - %M(qQ) = ﬁM(q“)> (115M( ) - BM( ))
- ( i ) {M2(q) — BM(q)M(¢?) +2M(q?) + 16M(q) M (¢*) — 16M(¢*) M (q")}
~ () |r@-s{gare+ 1?M?( )+ 2B+ 20 ()
+16 {2172M2(q) + %MZ( ) (q4) 4050 ( ) 64187OOB(q2)}
—16{117M2(q2)+1$M2( 4) 3600 H
= 2;)—5M2(q) — 2—;)5M2(q2) + %B( ) + 256 B(q?),

where we use Proposition 2.2 (b) and (c).

Lemma 2.4. We have
(a)

1
22V/1 — zw® = 8192B(q*) + 256 B(¢?) + 5H(q).
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(b)
e = Bzt + 220 - 28 g2
70656

- P2 B(¢") + 2Gla) - {Ha)

Proof. (a) First we apply the principle of duplication to B(g) in (1) :

V1= zuw®

o o 2 8
2\ _ 2n _ N n_ 2 a1/3 _ 2o (l—z)w
(23)  B(¢%) = ;b(n)q = ;b(g)q = (A@AWG) "=
Again applying the principle of duplication to (23), we have
4 - P L N 4 8\ 1/3
B(g") =) _b(n)g" =Y _b()a" = (Alg)A (")
(24) n=1 n=1

—2z2w® 4 223w + 222/1 — zw® — 231 — zw®
214 :

This leads to

1
221 — 2w® = 2B B(¢") + 2%w® — 23w® + 51'3 1 —zuw®
1
= 8192B(q") + 256 B(¢*) + S H (@),

where we use Lemma 2.3 (c), (d), and the definition of H(g) in (22).
(b) By Lemma 2.3 (a) and (b), we can calculate (1 — z)w® as follows :
1

256 3840

25) (1—2)w® = w® —zw® = ——M?*(¢°) + =—-M?(¢") + 16B ——B(¢*).
(25) (1-2)w® =w’ —aw 5es M7 (¢7) + 5 M7 (q7) +165(q) + ———B(¢")
Applying the principle of duplication to (25), we have
1wB + 1\/1 —zw® — zw® — §x\/l —zw® + szwg
2 2 4 32
(26) + gxz 1—zw® — i:v?’wg - ix?’ 1—zuw®
32 32 64
1 256 3840
:—7M2 4 7M2 8 168 2 =B 4.
5es M7(¢7) + 5= M7 (") +16B(¢7) + ———B(q")
Using Lemma 2.3 (a), (b), (¢), (d) and Lemma 2.4 (a) into (26), we
obtain
1 3 1 43 256
7/1_ 8 v 1— 8:7M2 2_7M2 4 7M2 8
pVI—ww’ = qavl—aw’ = mpMA) = geMAG) + 555 M)
1104 35328 1
_ B 2\ B 4\ _ .3 1— 8'
7 Bl@) = ——B(¢") - g2 Tw

Inserting the definitions of G(g) and H(q) into the above equation, we
conclude that



1 86 512 2208
1— 8:7 27 2 7M 4 i 8 _73
Vimow =g M) — g5 ()+255 @) = T B
70656 3
—TB( ) §G(Q)_*H()
(]
3. THE FORMULA OF Zm<% oz(m)os(n — 8m)
Theorem 3.1. We have
15 15 16 17325
M(q)M(q®) = ——M? —M*(¢*) + o M? M? ——B
OM() = s M20) + oo M) + oos M26") + 10M(6) + o Big)
23175 424800 225 225
=B ————B(¢* ~—H(q).
+ 7 B(¢*) = —=—Bld") + 35Ga) - T5gH (@)
Proof. By (17), we observe that
(27)
9
M<q>M<q8>=M<q>{—32M< )+ 3EMU) + VTt~ eV =zt
9
= Lvu M (q)M(q*
SM@)M(?) + 1M (@) M(c)
—|—M(q)< V1= zw? 6—435 1—xw4>
Then, by (10), the third term of (27) can be written as
15 15
M —V1—zw* - =2v1 - zw?
(q) (32 zw’ — 1w xw >
= (1 + lda 4+ zH)w! ( V1= zw? —6—496 1—xw>
45 g 15 4 3
—\/1— +—4x\/1 —Ex 1—z2w —@x 1—2aw
1 oo 120 16, o 13275, 424800
- i) Ve 2Mg®) — 222 Bg?) - B
e M @) = 55 M) + 5 M) = 7= B(¢7) — ——B(d")
225 225
6 - 2H
35 C(a) — 155 H (@),

where we use Lemma 2.4 (a), (b) and the definitions of G(¢) and H(q). Therefore,
by the help of Proposition 2.2 (b) and (c), Eq. (27) is

16

15 15
8\ _ 2/ 2 19 50 g 10,9 8
M(q)M(q°) = 4352M (Q)+4352M (°) + 57 M (4 (¢°) + M (¢°) + 136 B(q)
23175 5. 424800  , 225 225
TB(Q ) 17 B(q ) G( ) TQSH( )



CONVOLUTIONS SUMS

Theorem 3.2. Let n € N. Then we have

> o3(m)os(n — 8m)

n
m<§

= 8355840

1
{1602(n) + 24002(5) + 384007(7) + 6553607(%)
— 3481603(n) — 3481603(g) + 18480b(n) + 197760b(%)

—36249601)(%) + 1020g(n) — 255h(n)} .

Proof. To prove we expand M (q)M (¢®) in Theorem 3.1 with (6) :

M(q)M(q®) = {1 + 240 i Ug(m)qm} {1 + 240 i Ug(n)qsn}

m=1 n=1
oo o0 n
={ 14240 m L 41+ 240 —)q"™
{ -2003 ot }{ N ;ag<8>q}
o0 o0 n
=1+ 240 ™ 4240 —)q"™
+ ;as(m)q + ;as(s)q
o0 o0 7’L
24072 g™t
+ ;;agm)ag(g)q

This leads to

N=1 m<%

o {M(q)M(cﬁ) 12003 (o) + os() qN} ,
S Y oatmios(Ha™ = 3 3 oslmos(C
m=1n=1 N=2m<N

= Z o3(N —8m)as(m) | ¢
N=1 m<%

by letting m + n := N. Finally, by using Proposition 2.2 (a), the proof is

complete.
|

Now we will find some convolution formulae based on Theorem 3.1 and Theorem
3.2.
Theorem 3.3. Let n € N. Then we have



Z Jg’o(m; 2)0370(71 — 8m; 2)
m<g

_ 1
130560

— 34816073

n n
5 + 6553607 (15)
)

{1607( )+ 24007(2) + 384007 (

n
g)
n n n n
) — 3481 — 184 — 1 —
5) — 3481605 ({¢) + 18480b(55) + 1977606( )
n n n
~36249600( ) + 10209(3) — 255h(§)} :

Z o3(m)os 1(n —8m;2)
m<g

1
"~ 8355840

— 3481603

n
1
) + 2437120—3(%) + 18480b(n)

{1607(n) —180807(%) — 2688007(2) — 45875207(%)

Sl 3

—~

n) + 27852805

—~
~ DN

—78720b(=) — 8048640b(~ ) + 1020g(n) —255h(n)}.

N3
~13

Z o3,1(m;2)o30(n — 8m;2)

m<g
1

]
130560 { Goz

+ 3046405

—~

) + 24007 (~ ) + 435207(= ) — 655360+

n

16
)

)
)

N
®| 3
al=

2
)

— 435203(=) + 3481603 (— ) — 14160b(

©| 3
|3

|3
|3 ~—

—128640b(~ ) + 3624960b

—~

) — 1020g(2) + 255h(%)} :

~1 3
|3

Proof. (a) By (4), we note that

m n
> o50(m;2)o50(n —8m;2) = > 2303(5) : 2303(5 —4m)

n n
m<3g m<g

Thus we refer to Theorem 3.2.
(b) First we can expand (6) as



CONVOLUTIONS SUMS 11

M(q) =1+ 240 Z o3(n)g" =1+ 240 Z (03,1(n;2) + 03,0(n;2)) ¢"

n=1 n=1
=1+240) o31(n;2)g" +240 803(g)q”
n=1 n=1

oo oo
=1+240 Z o31(n;2)¢" +8-240 Z o3(n)g*™

n=1 n=1

oo o0
=8 (1 + 240 Z ag(n)q2”> — 74240 Z o3.1(n;2)¢"

n=1 n=1

=8M(q*) —7+240 Y 031(n;2)q".
n=1

This shows that

3 — 2
(28) Z 03.1(n;2)¢" = M(q) ii\g(q )+ 7.

Second, by (6), we have

(29) > os(n)g™" = %

Multiplying (28) by (29) we obtain

<Z o3,1(n; 2)qn> <Z 03(m)q8m>
1

- 510z (M(0) =8M(*) +7) (M(q") - 1)

= ﬁ {M(Q)M(qs) - SM(q2)M(q8) + 7M(q8) . M(q) i 8M(q2) B 7} -

Then the left hand side of (30) is

(Z 0_3’1(,’1; 2)(]”) <Z o3 (m)q&n) — Z 0_3’1(,”‘; 2)03 (m)qn+8m

m=1

— Z Z 03.1(N — 8m;2)os(m) (IN

N=1 m<%

by letting n + 8m := N. And for the right hand side of (30) we use (6),
Proposition 2.2 (a), (¢), and Theorem 3.1.
(¢) We note that



Z os3(m)os(n — 8m)

m<g
= Z {03,1(m; 2) + U3ﬁo(m; 2)} {03,1(n — 8m; 2) + 03’0(’17‘ — 8m; 2)}
m<g
= Z 03,1(m; 2)03,1(n — 8m, 2) + Z Ugwo(m; 2)0’3’1(71 - 8m, 2)
m<g m<g
—+ Z 03’1(777,; 2)0’370(”& — 8m, 2) —+ Z 0370(777,; 2)0’370(71 — 8m; 2)
m<y m<g
= Z o3(m)os1(n —8m;2) + Z 03,1(m;2)03,0(n — 8m; 2)
m<g m<g
+ Z 03,0(m;2)os,0(n — 8m; 2).
m<g

Thus we refer to Theorem 3.2, Theorem 3.3 (a), and (b).
O

4. THE NUMBER OF REPRESENTATIONS OF n THROUGH THE SUM OF EIGHT
TRIANGULAR NUMBERS

The triangular numbers are the nonnegative integers

1
Ti= 3h(k+1), k€N,

so that

To=0, Th=1 Tp=3, T3=6 Ty=10, T5=15,...

A={TkeNg}={0, 1, 3, 6, 10, 15,..}.

Let k be a positive integer. We denote the number of representations of n (€ Np)
as a sum of k triangular numbers by tx(n), that is,

1 1
ti(n) := card {(ml7 M) € N(’j|n = §m1(m1 +0)+---+ §mk(mk + 1)} .
Obviously, t5(0) =1 for all k € N.

Proposition 4.1. Let n € Ny. Then we have
(a) (See [6, Theorem 16.1])

4
tg(n) = % (d) .
d|(4n+1)
(b) (See [6, Theorem 16.7])
ta(n) =o01(2n +1).
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(¢) (See [6, Theorem 16.12])

(d) (See [6, Theorem 16.13])

n+1
tg(n) = 0’3(’11 + 1) — 0'3( B )
Theorem 4.2. Let n € Ng. Then we have
1 5 5
T(n) = o {16a7(n +5) — 1607(22) 4 1072b(n + 5) + 23936b(22)

+278528b(nT+5) — 68g(n +5) + 1Th(n + 5)} .
Proof. First we note that
T(n)= > ts(l)ts(m)= ts(n — 4m)ts(m).

(1,m)eNg 0<m<
l+4m=n

ISE]

By Proposition 4.1 (d), the above equation can be written as

S te(m)ts(n — 4m)

0<m<n
m+1 n—4m+1
= {03(m+1)—03( B) )}{ag(n—4m+1)—03(2)}
0<m<7%
n+1
= oz3(m+ Doz(n —4m+1) — Z o3(m+ 1)os( —2m)
0<m<% 0<m<#%
m+1 m+1 n+1
— > os( 5 )oa(n —dm+ 1) + > 03(—5—)os(—5— —2m)
0<m<7% 0<m<7%
n+1
= > os(mos(n—4(m—-1)+1)— Y os(m)os( o~ 2(m—1))
1<m< g+l 1<m< 241
m
- > o3(5)os(n — 4(m —1) +1)
1<m< 241
m n+1
+ Z 0’3(5)03( D) —2(m—1))
1<m<Z+1
n+5
= Z oz(m)os(n+5—4m) — Z oz(m)os( 5 —2m)
lsm< g+l 1<m< nd3
n+5
_ Z os(m)os(n+5—8m) + Z o3(m)os( 5 —4m).
I<m< 1<m< s

Therefore, we refer to



m<%
2 n 1 1 n 1
= _ —_) — — [ _ 7()
202077+ 55577(5) — 5557807 — 5578(5) + 55 b(n),
in [3, Theorem 5.2 (ii)],
S oa(m)os(n —4m) = ——o7(n) + ——02(2) + = 2(2)
—~, 32640 2176727 T 25577\ 4
m<7y
1 1 n 9 9 n

- %03(“) - %03(1) + 721761)(”) + ﬁb(*%
in [3, Theorem 5.2 (v)], and Theorem 3.2.

Example 4.3. The values of T(n) forn =1,2,...,10 are as follows :

n 112]3]| 4 ) 6 7 8 9 10
T(n) | 8128 |64 | 134 | 288 | 568 | 1024 | 1793 | 3024 | 4868

TABLE 4. T(n) forn (1<n <10)
Theorem 4.4. Let n € N. Then we have

b(n) = 207(2n) — 207(n) (mod 17).

In particular, if n is odd, then

b(n) = o7(n) (mod 17).

Proof. First for n = 1,2, it is obvious that b(1) = 207(2) — 207(1) (mod 17) and
b(2) = 207(4) — 207(2) (mod 17) by the Table 1.
Second for n > 3, let us consider Theorem 4.2 as follows :

5 5
POy L 1072b(n + 5) + 23936b( "

557056 T (n) = 1607(n + 5) — 1607(

)
(31) (n+5

+ 278528b ) — 68g(n +5) + 17h(n + 5).

For N € N, we can put n = 2N — 1 in (31) so we obtain

2% 17T (2N — 1) = 1607(2N +4) — 1607(N + 2) + 1072b(2N + 4)

N
+27 .11 - 17b(N + 2) + 2M. 17b(5 +1) = 22.17g(2N + 4)
+ 17h(2N + 4).

This leads us that

0= —07(2N +4) + 07(N +2) + b(2N +4)
= —07(2(N +2)) + 07(N +2) —8(N +2) (mod 17),

where we use (2). Therefore we have
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(32) 86(N +2) = —07(2(N +2)) + 07(N +2) (mod 17).
Since (15,17) = 1, (32) can be written as

15 - 8b(N + 2) = —1507(2(N + 2)) + 1507(N + 2)

207(2(N +2)) — 207(N 4+ 2) (mod 17)

and so

b(N +2) =207(2(N +2)) —207(N +2) (mod 17) for N eN.

Thus we conclude that

(33) b(n) = 207(2n) — 207(n) (mod 17) for n € N.

In particular, if n is odd, then (33) becomes

b(n) = 2(1 +2")o7(n) — 207(n) = o7(n) (mod 17),

and this special case is also seen in [4, Lemma 4.6].
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