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Research paper

THE BINOMIAL AND MULTINOMIAL COMBINATORIAL
CONVOLUTION SUMS

ABSTRACT. In [1] and [3] we can find some formulas of binomial combinato-
rial convolution sums. And starting from these formulas, we obtain various
binomial and multinomial combinatorial convolution sums.

1. INTRODUCTION

Let N denote the set of positive integers. Further, let N,d € N, where 5,7,k €
N U {0}. Throughout this paper. we define

0s(N) =) _d° ou (Nik):= Y. d°,

djN

le d=r mod k
op(N):= > d, (a)n:=(a)a—1)-(a—N+1).
N/‘filNodd
We note that
(1) 05(N) = 051(N;2) + 05,0(N;2)
and
(2) 05,1(2N;2) = 0,,1(N;2), 040(2N;2) = 2°04(N).

Moreover we can deduce that the property

(3) 75(2N) = 2°0(N).

For example, we can see that

N-1
# Ll 1 * *

> ai(m)oi(N —m) = 7 (a5(N) ~ Noi(V)

m=1
and

N-1 1

> ai(m)as(N —m) = 7=(05(N) = No3(N)

m=1
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in [2]. We introduce the very important Proposition 1.1, which is the starting
point of our paper.

Proposition 1.1. { See [3, Theorem 12.3]) Let k, N € N. Then

k—1 2% (N—l )
O2k—-25—1(m)o2s41(N —m)
> (are1) [ Z onesesmones

m=1
_ 2k+3 k 1 2k +1
T 202k+1(N)+ (E = N) O2k-1(N) + —— 1 Z( 9 )Bzgﬂ'zkﬂ 2;(N).

In Section 2 we obtain some results about the binomial combinatoric convolution
sums similar to the Proposition 1.1. For instance we have

k—
2} 23+1(23+1) > o1 (N = 2m)ozgia(m)
m<i

k=1

2223+1(23+1) Z Oak—2s—1.1(N — 2m; 2)00e41(m)

s=0

L%, Theovom3 ]

(10) and (11)). Similarly, getting an idea from the Proposition 1.1, we obtain
multinomial combinatorial convolution sums as follows :

Theorem 1.
a,b, ¢ we have

?f&?osﬂ"ﬂb‘r’\ . Let N be an even integer with | € N. Then for odd positive integers

20+ 1
Z a( ; ) Z (=)™ g’ (my)of (ma)al (ms)
a+b+e=21+1 Gyt my+mp+ma=N
\ a,be odd My even
20+ 1)
L L* T L,gorem Q] (—g— {031:1(N) = 2Na3_1(N)}.

Pvtir')osmmzph?'em 1.3 Let I, N € N with 4|N. Then for odd positive integers a,b,c,d, e, f,
we have

—

(a+b_1){a+b)(c+d)(€+f)(a b czfie f)

a+btetd+et f=21
a,bede f odd

(_1)11#z+m|+m3+rn5
x >
m ma){ms + mgq)(ms + me
my+me+ma+myt+ms+mg=N ( 1L + 2)( & 4)( = b)
2{{(myi+ma2)
2|{ma+my)
4|{mg+me)

x ag(my)og(me)a, (ma)og(ma)o; (ms)or(me)
= 27%(20)4N {03,_3(N) — 4Noj_5(N)} .
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Frc i;as'l-'r-[m “Theorem 1.4. Let I, N € N with 8|N and let the condition

12
Bl {(ml,mg, Seempp,Mag) € N12| ng =N, 2|(my+ma), 2|(mg+my),

=1
2[(ms +mg), 2|(mz+msg), 2|(mg+mig), 2|(myy +mia),
4|(my +mo +mz +myq),  4|(ms + me + my + ms),

8|(mg +myg + my1 + my2)}.

Then for odd positive integers a;, we have

Z (a1 + az)(as + as)(as + ag)(ar + as)(ag + aro)(ar; + a12)

12 a,=21
a; odd

X (a1 +az+as +ag — 3)(ay; +ay +az +ag — 2)(a; +ag + a7 + az — 2)

21
x (ag + ayg + a1 + aya — 2)
ay, az, as, a4, as, de, 47, 4g, dg, G410, 211, @12

( o l)ml +ma+ms+my+mg+my;

X
Zc: (m1 +ma)(ma + ma)(ms + me)(mr + ms)(mg + m10)(m11 + maa)

[~

X
(m1 + ma + mz + my)(ms + me + my + mg)(me + mig + myy + mis)

12
x [T es (ma)
i=1

= 271(20)10N {051_o(N) — 8Nag_1, (N)}.

ml+!n2-:-rn3+:1l4+n|1-‘:m2+m5;n\5+mgf2ﬂ|]ﬂ

Theorem 1.5. Let I, N € N with 16|N and let the condition

24
e {(ml,mg, ©+MMag, Mag) € NZ"[Zmi =N, 2/(m+m2), 2|(m3+my),
i=1
2|(ms +mg), 2|(mr+mg), 2|(mg+my), 2|(my; +maa),
2|(mag + maa),  2|(mis +mae),  2|[(maz +mas),  2|(mig + mag),
2|(ma1 +maz),  2|(mas +may), 4|(my +ma +ms+my),
4(ms +me + my +mg), 4(mg + myg +mi + mi2),
4|(mag + mug +mys + mag),  4|(mar +mig + myg + mag),

4|{m21 + Moo + o3 + mgq), 8|(m1 +mg + my + my +ms + mg + m7 + 'mg)

8[(mg +m1o + M1 + myg + mas + Mg + mys + myg),
16|(ma7 + myg + My + Mag + Moy + Mas + Mg + Mag)} .

Then for odd pesitive integers a;, we have

3
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(4)
Z (a1 + az)(as + as)(as + as)(a7 + as)(ag + ajo)(ay; + aiz)
211 ay=21
o mdd

X (a13 + a14)(a15 + aig)(a17 + a1s)(arg + azo)(az + aga)(ass + az)

X (61 +az + a3+ aq —2)(a5+aﬁ+a?+ag —2}(ag+am +ay +ae —2)

X (@13 + @14 + @15 + ars — 2)(a17 + @18 + @19 + az0 — 2)(an1 + aze + azs + az — 2)
X (a1 + a2 + a3 +aq +as +ag +ary +as —7)

x (a1 + a2 + a3 + ag + a5 + ag + a7 + ag — 6)

X (ag + @10 + @11 + a12 + a13 + a1 + ays + a6 — 6)

X (@17 + @18 + @19 + azo + a1 + aza + ags + azg — 6)

2]
X
ay, az,4s, 44, as, g, A7, 4, dg, 410, 411, @12, 13, A14, A15, 16, 217, 18, A19, A20, 421, A22, 23, 024
% E (_1)m1+m-3 +Mp My Mg M1+ +my s+ M s+ mig+may +Mey

D

x (1)

mytmygtmygtmya myytmigtmigtman
x (=1) a kS B

m]t+matmatmygt+mstmgtmytmg +ml+m2+”‘3+""4
[} 4

mytmatmptmgtmgtmigtmigtmig+mig+myg+ma)+may
]

x (1)
g 1
(m1 + mg)(ms + myg)(ms + me)(my + mg)(mg + myg)(miy +my2)
1

x
(ma3 + mag)(mas + mig)(mi7 + maig)(mag + mag)(ma1 + maz){mas + maq)
1
X
(my + ma + ma + ma)(ms + mg + my + mg)(mg + mig + myy + Mmia)
1

" (mas + mya + mas + mi6)(maz + mis + Mg + Maop)(ma1 + Moz + Moz + mayg)
1
(my 4+ ma + mg + my + m5 + mg + my + mg)
1
(mg + migp +mi1 + mig + myz + myg + Mz + Myg)
1
(ma7 + mas + mag + mao + ma1 + maz + mas +ma4)

= 27%(2)22N {031_5 (N) = 16N 03 _p3(N)} .

X

24
g, (mi)
=1

KZ{M oﬁ_*"f_t ¥ §c(ijW\J

L

2. THE BINOMIAL COMBINATORIAL CONVOLUTION SUMS

" To prove the Lemma 2.2 we need the Proposition 2.1.

0 a2l paf Lofelo

l‘,
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(¢} We note that

k-
Z L (23 - 1) Zﬁ O2k-2s-1,0(N — 27 2)02541.1(m; 2)
TR

—0
k—
2.s+1 P
Z:E:) (23 & l) Z;V Ook—2s—1,0(N — 2m;2)a95, 1 (m)

=7

= Z 23“(28 +1) > T2k-20-1,0(N — 2m;2)02011,0(m; 2).
m(‘;’—

So we apply the Corollary 2.6 (a) and (b).

:'.. . PVW)( o{ ﬁe orém / £

ﬁ,‘y. FTHE MULTINOMIAL COMBINATORIAL CONVOLUTION SUMS™
Proof of the Theorem 1.2. Let us consider

.

) (2)
- S @iyl X comtismemorm)

a+b+e=21+1 my+moa+mg=N
a,b,c odd my even

- ¥ @+1)! (a+b)!

— 1\l 1H!
at+bte=21+1 (@+o-1)l aldt
a,bye odd

. x > ( I *(ml)%(mz)) os(N —2M)
M<l \mit+my=2M
- Z (2t +1)!
a+be=21+1 (a+b-1)l!
ab,e odd

2M-1

=1
x Y. (Z (zfi 1) mgl (—1)™F o5 _gg_1(m1)os, (2M — ml)) oo (N —2M),

M<d \s=0
where we put @ +b = 2k and b = 25 + 1. Note that & > 1. Since

k-1

2N =1
2%k . . )
19 3 (511) X 008 s (i 2N = m) = Nejs (23)
8= m=1

in [1, (16)], so by (3) we can write (12) as
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(14)
(20 +1)!
S m z Mo,_ (2M)a? (N — 2M)
2ktc;ﬂ'+l
14
21 N
—Z(% )(2z+1 )N MR s (MY ¥t a5 = M)

M<4
i

21 " . N
=401 41}y (Qk B 1) ¥ Mo’zk—l(M)Uth—zk(E - M).
k=1

Ml
Then
L 21 N
2(2&_1) Z Mag_((M)o3 2k(2 M)
k=1
(15) ;
Z(gk_l) > osk-a(M)og 2:.( - M)
M<
because

* * N
E MUzk—l(M)szH-zk(E - M)
M<¥

N + N *
= Z [E = M)5'2k_1(? = M)os 1 _on(M).
M<¥

Thus, by the above fact and

-1

Z (2k+ I) Z 031—2k—1(M) 031 (N —m)

5 {UEm(N) — Noj 1 (N)}

in [1, (10)], we have (14) as

(16)

-1

N 21
2(21+1)- 1 Z (Zk + 1) > sk (M)os 2;.( M)

M<

22‘(2£+1)N 1 N N, N
} 74 5 2I+1( 2“2:-1(?) .

Thus
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/

_,/'/ > (a+b)(2al,:,i) > (=)™ (ma)oy(ma)o; (ma)

S atbte=20+1 mi+mo+myg=N
/ ab.c odd My even

1
w{ 21+1(N) - 2No3,_ 1(N)}

f

And noting that

Y @3 Y comomieimering

a+b+o=214+1 my+me+mz=N
ab.e odd Ty even

- 3 23(?:;_;) Y (cy™o(ma)o; (ma)or(mg),

atbte=2{+1 my+ma+my=N
a.b,c odd g even

so, finally, we have

Z a(ij;—i) z (=1)™*1g2 (my)op (ma)o (m3)

a+b+e=2{+1 my+me+mag=N
“a.b,c odd my even

O N\ B (o ()~ 2No3, ()}

Proof of the Theorem 1.3. First since 4| N, we have % is even. Let a+b := 2k,
c+d:= 2ks, and e + f := 2k3. And from the conditions 2|(my + m2), 2|(ms +m4),
and 4|(ms+mg), we can write mi+mo = 2N, ma+my = 2N, and mz+mg = 2N3,
respectively. Note that Nj is even. Then using these facts and (13), the problem
can be written as

()
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7)
' 5 (a+b—1)(a+b)(c+d)(e+f)(a,b,jii,e,f)

at+b+et+dtedf=21
a,b,ed,e, f odd

(Ll)—l—l'“ T2 fmy mgdms 44

x P
my+metmat+my+ms+mg=N (ml + mg)('nlg + m4)(m5 + mﬁ)
2|(my+mz)
2|(mg+my)
4|(ms+mg)
x og(mi)og(ma)og(ma)og(my)a;(ms)oy(me)
. Z (a+b—1](2l)! (a+b)! (C+d)! (e + f)!
- T e —0 el adt el
W (a+b—1)c+d 1),(8 + f=1)! alb! cld! el f!
a,b.ed.e, f odd
_qymdme g
x > o
my+matmy+my+msgt+mg=N (ml ¥ mg)[m;; ¥ ?‘?14){’.’?‘15 b mﬁ)
2|{(mi+ma)
2|(ma+rnyg)
4|(ms+me)

x (=1)™F o] (m1)oy (ma) - (~1)™F o} (ma)oi(ma) - (—1)™F 1o} (ms5) o} (me)
B (2k; — 1)(21)!
= ¥, (2k; — 1)1(2ky — 1)1(2k3 — 1)

ki +ka+ka=l
kq ko ks >1

(-1

% PR B
Z 2Ny - 2N - 2N,
Ny +N2+N3=%
N3 even

N
5 even

N10gy, -1(2N1) - Naogy.,_1(2N2) - Naogy,, 1 (2N3)

Then, by using the fact (3), we have (17) as

. 2l -3
2% -1@i-2) > (2k - 1)( )
e 2ky — 1,2kg — 1,2k3 — 1

kika k=1
18} S 1)Mi*lgr (N3 1Nk, (N
X (-1) J2k1—1( I)Jng—l( 2)Uzk3—1( a)-
N1+N2+N3=%
N3 even
JI%5even

So we can apply the Theorem 1.2 directly in (18) by replacing [ — [ — 2 and
JNy— &, Thus we have

»\
N\

.!\
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/ 9
;J, Z (a-HJ—1)(a+b)(f3+d)(e+n(a,b,fi.d,esf)

/

a+b+c+dtet f=21
a,bede, f odd

[_1)m¥z+m1+m3+m5+4

x i,
my+ma+my+mat+ms+mg=N (ml ¥ mQ)(mJ + mi)(ma + mﬁ)
2[(my+m2)
2|(mg+my)
4|(ms+mg)

X ag(mi)og(ma)or(ms)og(ma)o; (ms)os(me)
— 279(20)(21 — 1)(21 — 2)(2l — BN {o31_5(N) — ANG3_(N)}
=2~ {o51_3(N) —4Nog_5(N)},

where we use the definition of (a) . B

~Proof of the Theorem 1.4. First since 8N, we can know that 4|%. Let a; +
ag = 2ky, az + ag = 2ko, az + ag := 2k3, a7 + ag := 2k4, a9 + a1 = 2k;, and
a1 + ai2 := 2kg. And the condition

12
Gl {(ml,mz,"'mlhmlz) € N12| Zm" =N, 2/(m1 +ma),  2|(ms +ma),
i=1
2|(ms +mg), 2|(m7+ms), 2|(me+mi), 2[(mi11+mi2),
4| (my + ma +mz +myq), 4|(ms + me + mr + ms),
8|(mg + mip + m11 + ma2)}

tells us that

my + mog = 2N}_, Mg + My = 2N2, ms + Mg = 2N_5,

me +mg = 2Ng, mg+mig=2Ns, my +mi2 = 2N

and these facts and the leaving conditions of C' show that

(19) 2|(N1 +N2), 2|(N3+N4), 4|(N5+N6).

,
/ Considering (19), we investigate the given problem as follows :
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(20)
> (a1 +a2)(as +as)(as + ag)(ar + as)(ag + aro)(ars + a1a)

12, a=2l
a; odd

x (ay +az+az+ag—3)(a; +az+as+ay—2)(az +ag +ar +ag —2)

21
x (ag +ai + any + a2 — 2)
ai, az,as3, 04,05, A6, A7, A8, Ag, A1p, 11, 312

(_ ].)m' Mg TS Ty Mg+

X
; (m1 +ma)(m3 + my)(ms + mg)(mz + ms)(mg + mig) (M1 +miz)

m]+m2+m31m’ mi+""2 m5+m5 mg+myg
(—1) 1 e T S

(m1 + mg + m3 + ma)(ms + mg + mz + mg)(mg + mip + m1; + mig)
12

X Ha;k(mi)
i=1

= Z (a1+a2+a3+a4—3}(a1+a2+a3+a4—2)

Eilil a; =21
a; odd

X (a5+a5+a7+a3 — 2)((19 +ajg + a1 + a1z -—2)
x (a1 + az)(as +a4)(as + ag)(ar + ag)(ag + aro)(ai1 + ai2)
5 20!
(a1 + az)l(as + aq){as + ag)!(ar + ag)!(ag + a1g)!(ar; + a;z)!
(a1 +a2)! (a3 +a4)! (as+ae)! (ar+as)! (ag+aw)! (ann+a)!
alasg! aslay! a5!a5! arlag! ag!am! ay1lags!
-1 my+1 —1yms+1(_1yms+1 . me+1lf  1ymo+1 e my+1
« Z (=1} (—1) 1=1] (-1) (=1} (-1)
2Ny -2Ns - 2N3 - 2Ny - 2N5 - 2Ng

Ni+No+Ny+Ny+ Ns+Ne= %
2[( Ny +Nz)
2|(N3+Nyg)
4|(Ns+Ng)

) I o Vi 0 Vi GV &
2(Ny + V) -2(N3 + Na) - 2(N5 + Ng) 217 (ma).

Then applying the Eq. (13) as the following form

Z ( 2% ) & ()™ ogy (M), (2N —m)
3=0 m=1

26 +1 N =Tz-i(2N)

nto (20), we have
.\\

N\

i
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(21)
3" (2ks + 2k — 3)(2ky + 2k — 2)(2ks + 2ks — 2)(2ks + 2ke — 2)
Z?:l k=l

k=1
20
2k1! - 2ko! - 2kg! - 2ky! - 2K5! - 2kg!
y Z (_1)£1J;—N2+1(_1)N1+1(_1)N3+1(_1)N5+1
v 29(Ny + N2)(N3 + Ny )(Ns + Ne)
2|(N1+Na)

2|(Na+Ng)
4| (N5 +Ng)

6
= Hﬂ'gk.—l(QNi)
i=1

= 20(21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 - 5) - 920-15

x 3 @k +ka = 1) = 1) (2(k12k2 — 1)) (2(ks + ka — 1)) (2(ks + k6 — 1))
E?=1 ké:i
ko>1

X le 'ng '2k3 % 2k4 : 2k5 * ka x

21— 6
x (le =19k — 1,9k — 1, Ty — 1, ks — 1, 9ks — 1)
N Z (_1)—1—“ ;N +1(_1)N1+1(_1)N3+1(_1)N5+1
9 g 5
N1+N2+N3+N4+N5+Na=% ) (Nl + NQ)(NJ 8 N4}(Na i Nﬁ)
2|{Ny+N2)

2[(Ng+Nq)
4|(Ns+Ne)

G
x [ [ oae, -1 (V)
=1

Soweinsert [ -+ {—3and N — % in the Theorem 1.3 and we apply this induced
formula into (21), thus (21) becomes

22-15 . 91(21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 - 5)
x279.2(1-3)(2(1-3)-1) (21 —3) - 2) (2(1 - 3) —

N N N
X = B {Uzu gy 3( ) —2Noj;_3)- 0(2)}

__-/ \ “16090) (21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 — 5)(2l — 6)(20 — T)
x (20 - 8)(20 - 9)N {Uzt o(NV) _8N‘721—11(N)}
i =271%(20) 10N {031 _o(N) — 8Nog_1(N)},
<) whexe we use (3) and the definition of (a)n.
O
/ Proof of the Theorem 1.5. It is similar to the Theorem 1.4. From 16|N, we

/ have 8|% Let a; + as 1= 2ky, a3 + aq = 2ks, a5 + ag := 2kz, a7 + ag 1= 2ky,
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Soweinsert { - [—6 and N — % in the Theorem 1.4 and we apply this induced
formula into (24), thus (24) becomes

221 (20)(21 — 1)(21 - 2)(21 - 3)(21 — 4)(2 — 5)(21 — 6)

x (20— 7)(20 — 8)(21 — 9)(21 — 10)(2L — 11)

x 2716 2(1 — 6) (2(1 — 6) — 1) (2(1 — 6) — 2) (2(1 — 6) — 3)

x (2(1—6) —4) (2(1 - 6) — 5) (2(l — 6) — 6)

x (2(1 —6) —7) (2(1 — 6) — 8) (2(I — 6) — 9)

N N

x 2H-12, % {05(;—5)—9(%) = 30'5(1-6)—11(3)}

=272(2)2aN {055 (N) — 16N a3 _o3(N)},

where we use (3} and the definition of (a)y.
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