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BERNOULLI POLYNOMIALS AND CONVOLUTION SUMS

ABSTRACT. In this paper, we study the summations Z (a,b,c) N3 (fla+d)+ fb+¢)+ flc+a))
a.+b+cwn
and Z(a bro.d)end (flatb+c)+ flb+c+d)+ f(c+d+a)). Especially, for

a+b+ct+d=n
the first summation we obtain some relations related to Bernoulh polynomial.

1. INTRODUCTION

The study of arithmetical identities is classical in number theory and such in-
vestigations have been carried cut by several mathematicians including the legend
Srinivasa Ramanujan.

The Bernoulli polynomials B,,{x), which are usually defined by the exponential
generating function

e* -] Z
Vave Gu.g
play an important role in different areas of mathematics, including number the-
ory and the theory of finite differences. The Bernoulli polynomials satisfy the
following well-known identities :

m(T+ 1)~ Bp(z) =ma™ —m21l (n < NB

and

(1) Zn:j.m. = Bm+1(n+ 1) — m+l( ) > ] CW( o Q\\

whwe N c‘\&u&m e At v%f 08\&\\!‘&— L\{t&%&vg .

We set B, = Bp,(0). Tt is obvi rom the way the polynomials B,,(z) are
constructed that all the B,, are rational numbers. It can be shown that Bo,11 =0
for m > 1, and is alternatively positive and negative for even m.

For n € N with k € NU {0}, we define a summation, which also appear in many
areas of number theory:

In 2000 Huard, Ou, Spearman and Williams proved a far reaching generalization

f Liouville’s Identity.
ﬂ ensIY N feed 4o add ow exad- VQ%VJQ‘*UL k
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Proposition 1.1. [3, Theorem 13.1] Let f : Z* — C be such that

(2) f(CL, b,m,y) - f(m!yaaa b) = f(—CL, 76: T, y) - f('I;& Y, —a, _b)
for all integers a,b,z and y. Let n € N. Then

Z (f(aab;fﬁﬁ—y)—f(f%*b:ﬂ%y)"'f(aaa*b:f‘f‘yay)

(a,b.z,y)eN?
az+by=n

—f(aa+by—a:,y)+f(bﬁa,b,zc,a:+y)—f(ca+b,b,a:,a:-y))
-ZZ f(o, ,a:d +f( O,d,:c)+f(%,%,d—m,f$)

deN zeN
dln z<d

n n 7 n
- f($,$ - d: aa 3) - f(x,d,(), E) - f(dﬂ_x? E:O))'
In this paper we will find a special formula of the summation

Z (fla+b)+ f(b+c)+ flc+a))
3
(@baeN” . pregewt
and so using this, we will shew some relations related to Bernoulli polynomial and
the generalized Riemann zeta function :

Lemma 1.2. Let n > 3 be a positive integer. Let f : Z — C be a function. Then

S (fla+b)+ fb+o)+ fle+a) =3 (n—k—1)f(n—k).
k=1

(a,b,c)eN?
a+btc=n

Lemma 1.3. Let n > 4 be a positive integer. Let f : Z — C be a function. Then

n—1

Y (flatbto+f+etd+fle+d+a)= 32(&-1)(}@—2)3“(1%).

(a,b,c,d)eN* k=1
a-+b+ct+d=n

Theorem 1.4. Let ] € N. Then we have

- £ ()5 reetrer E v

1=

—_— ] -\ = . . . .
- (l+1 2+])Bm Z(n—k)ﬁﬂ(nffc—l)“’l—*ﬂ_m

L k=1
_ (1 +1) (Big2(n) — Biga) — (1 +2) (Biya(n) — Bita)
(+2)(+1) ‘

Furthermore, if | € NU {0}, then we oblain

A(l,n) = S;+1(7’1) = S,:(?’L)
Corollary 1.5. Lett,l € NU{0}. Then we have
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> A(l,n) = Si41(n) — So(n).
=0

(b) Let A(l,n) = Siy1(n) + Si(n). So

> AL )AQL ) = 531(n) — S3(n).
=0

2. PrROOF OF THE LEMMA 1.2, THEOREM 1.4 AND COROLLARY 1.5

Using the four basic theta functions, one is legd to the formula (see [3, p. 14]) Lf@f
kyne W),

(3) 3 ((@+0)F —(a-p*) =Y 2*p2, (§ NB .

(a,b,a:,y)EN4 meN
axz+by=2n n'm|”
a,b,z,y odd 7= odd

There are several arithmetical formulae due to Liouville. A classical one of Liou-
ville very often used in elementary number theory (completely avoiding the hard

analysis) is that (see [1, p. 144]) : For n € N and for f : Z — C an even function,
the identity

(4) Y. (fla+b)—fla=b)= > (fem)-f(0))
(a,b,z,y)eN? meN 5
S5 o & o os follows (see T2 © )
holds.

An another important classical formula of Licuville is| 2+p—247]—~ For n € N
and(foy f : Z — C an even function, the identity

> (fla—b) —fla+b))

(a,b,x,'y)EN4
ar+by=n
(5) d
7(0) (o1(m) — oo(m)) + 3 ( 2. g —d) fd)-2Y (Zf(v)) .
dEN deN \v=1

\mcm "clhayradu<s— Vi ol
Proof of Lemma 1.2. We niote thal

> (fla+b)+ fb+0) + flc+a)

(a,b,c)eN?

a+bte=n

=3 > fla+b)=3> fk) > 1
a-+bt+e=n k>1 at+btc=n

a+b=k

=3{n-2)f(n-1)+(n-3)f(n-2)+ - +(n—(n—-1)) f(2)}
:Bi(n—k—l)f(n—k).
k=1



e =

We can see the arithmetic function Fi(n) given by

1, 1|n,
Hilm) = {O l’ifn
? 1

for I,n € N in [3, p. 32]. Using this function we introduce Eg;ample 2.1 and
Example 2.2.

Example 2.1. Let us consider the function f(z) = Fa(z) i Qﬁ;mma 1.2. Ifn
is even, then the left hand side of@ Lemma 1.2 s
' ()

Y (flat+b)+ flo+e) + fle+a))

(ab,c)end

a+b+c=n

n even

=3 Y FR@+bh)=3 Y 1
a+b+ec=2n a+b+c=2n

2[(a+b)

and the right hand side of of -the—_@w is

w
2n—2 2n—2
3) (@n—-k-1)f@n—k)=3) (2n-k-1)F@2n—k)
k=1 k=1
2n—2 2n—2
=3 Z 2n—-k-1)=3Y (2n—k—1)
|(2n k) ETS

‘Z (2n — 2k — 1) = 3(n — 1),
k=1

where we use Y p_, k= 22 These facts show that

(6) > 1=(n-1)

a+b+c=2n
2[(a+b)

Also, if n is odd, then we obtain
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> (fla+b)+fb+e)+ flet+a)

fa.,b,c)EN3
a+b+c=n
n odd
=3 > F+b)=3 3 1
a+b+ec=2n—1 a+b+c=2n—1
2{(a+b)
2n—3 2n—3
=3) @n-2-k)FREen-1-k=3 Y (2n-2-k)
(7) k=1 k=1
2[(2n—1—k)
2n—3 2n—3 2n—3
=3Y (2n-2-k)=3¢) (2n-2-k) - > (2n-2-k)
k=1 k=1 k=1
Ak 2]k

2n—3 n—2
_3{ > (en—-2-k) —Z(Qn—Q—Qk)} = 3(n—1)2
k=1 k=1

Therefore, by (6) and (7), we conclude that

@ Y 1=(n-1)>

a+btc=n
2|(a+b)

WA
We can prove@% Lemma 1.3/b3’; the similar manner to-the Lemma 1.2 as follows

&s/i\n“ﬂ& proe€ ofy

o

Proof of the Lemma 1.3. We observe that

> (flatbto)+ flb+e+d) + fle+d+a))

(a,b,c,d)EN®
a+btetd=n
=3 > fla+b+a=33 f 3 1

a+b+ct+d=n k>1 a+b+ct+d=n

a+b+c=k
n—1 n—1
(k—1)(k—-2)
= i — = (k) ~——""~——
3k§f(k){1fz+ + (k—2)} S;f\k) -

= 33— k- 250
k=1
|

Example 2.2. We apply the function f(z) = Fy(z) in the Lemma 1.5. If n is
even, then the left hand side of the Lemma 1.3 is

k



> (f(a+b+c)+f(b+c+d)+f(c+d+a))

(a,b,c,d)eN*
a+b+ct+d=n
1 even
=3 Y FRle+bte=3 Y 1
a+b+ctd=2n a+b+ec+d=2n

2|{a+b+c)

and the right hand side of of the Lemma 1.5 is

2n—1 2n—1 f
Y k- DE-DfE =5 3 (k- D DB
k=1 k=1
3 2n—1 3 n—1
=52 (k-1)(k-2)= 52(% i)k — )
k=1 k=1
2|k
g = 1
=g {4k2—6k+2}:5{4n3—15n2+17n—6},

ol

=1

where we use Y p_; k% = w. These facts lead us to

PR
(8) » L=z {4n® — 150 + 17n — 6} .
a+b4ct+d=2n
2|(a+b+c)

Similarly, if n is odd, then we have

> (flatb+e)+ fo+c+d) + fle+d+a)

(a,b,c,d)eN*
a+b+c+d=n
n odd
=i Z Fla+b+c)=3 Z 1
a+b+e+d=2n—1 a+b+c+d=2n—1
(g) 2|(@+b+(’-)
3 2n—2 3 2n—2
=5 2 k- Dk-2FREk) =5 > (k- 1)k -2)
k=1 k=1
2k
350, o Lias e 2 .
=3 (2k - 1)(2k - 2) = §{zm —15n% +17Tn — 6} .

s
Il

1

Therefore, by (8) and (9), we conclude that
\/@
> 1:%{4n3—15n2+17n—6}.

a+btet+d=n
2|(e+b+c)
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Proof of (thé Theorem 1.4. Let | € NU{0}. We apply f(z) = #' in Lemma 1.2,
Then the left hand side is

Y (flat+d)+ fB+o)+ fleta)

(a,b,c)eN3
a+b+c=n
=3 Z fla+b)=3 Z (a+b)
(10) atbte=n a+btc=n
—s 3 3 (e
a+b+ec=n =0
I .
=3Z(-) S i,
=0 . a-+b+c=n
Here, we can observe that
Z al—-ibicﬂ
at+bte=n
(1) _ Z aipi10 4 Z P Z a=ibi(n — 2)°
a+b=n—1 a+b=n—2 ) a+t+b=2
= > dT+ Y a4+ Y &t
a+b=n—1 a+b=n—2 a+b=2

Then we can calculate the first term of (11) %_’_\
—@o\. owWs
n—2

Z ol i = Z a=t{(n—-1)—a}*

a«l»b*n 1

—Zal Z() 1) (1)

7=0

J'=.0 — N | |

X Bm(n o 2)I+1—2+3—-m

T L—itg % 0
3 1 it L — g
_Jzo()lﬂzﬂz( . J( m )Bm
x (n — 1) (n — 2)iFt-iHi—m,

where we use the Faulhaber’s sum as

i WP — Ep: (p i 1) BjnP+1=s

k=1 J=O



with the Bernoulli number B;. And we can apply the same method into the
other terms of (11). So (11) becomes

Z al—’abico

a+b+c=n
I—i+j K :
U+l -2+
— 2yt m+7 Bm
Z()l+1%+g ;0( ) ( m )

x {(n—1)*" i(p — ) I—H—m o (n — 2)tF(n — g)iH1-t+i-—m
4 (mm (= 2) (- (o= )
) 5 I—i+j ; .
i 1 l+1—i+j
[ — 1ym+7
(3)1-1—1 t+jz( ) ( m )Bm

3=0

n—2

x Z(n _ k}w—j(n . 1)£+1~i+jfm_
k=1
So (10) can be written as

Y (fla+b)+ fb+o)+ fle+a)

(a,b,c)eN?
a+b+c=n
i /2 I—i+g
@ (S ()ram S e
3 P n—2
! — o 2y
v ( +1 m’é + ])Bm Z(n _ k‘)l—‘?(’ﬂ — e 1)l+l—z+g—m.
k=1

And the right hand side of Lemma 1.2 is

n—2

SZ(n—k—lj(n—kl

k=

_ 32 {(TL )H-l k)l}

=3Hm—u”“—n—m}+{m—2W4—w—m@
SR {3H—1 _ 3!} o {2I+1 . 21}]

n—1 n—1
_S{Zkl+l_zkl}n
k=1 k=1

Equating (12) and (13), we obtain

i

(13)
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l
=0 J m=0

O E et v

. s n—2
(14) " (l + 1?;?: G j) B, Z(n k) -k — 1)HH1ziHi-m
k=1

n—1 n—1
=D HHT 3R
k=1 k=1

For [ € NU {0}, we can write A(l,n) = S;11(n) — S(n).
Now, let [ € N. Then, by (1) and B; = B;(0), the right hand side of (14) is

n—1 n—1
Z k1+1 o kl
2
(15) _ Biya(n) — Bito(0)  Biyi(n) — Bi41(0)

[+2 I+1
_ (0+1)(Biya(n) — Biya) = (1 + 2){Bi11(n) — Biyy)
N (I+2)1+1) !

so that we have

_ (+1) (Biya(n) — Biya) — (1 +2) (Biya(n) — Bis1)

A(l,
() (+20+1)
O
We 1= ol
Remark 2.3. Ii-is-well-known-that the Riemann zeta function ((s) = 377 ; X and

the generalized Riemany zeta function Claa) =i m We can change Eq.

(13) 25 (or [Au’mﬁjfg)

3%@- k—1){n— k)
k=1

16 n—2
i =3) {(n-k)"* - (n -k}

=3{{(=tn) — (=1 - 1,n) — () + (-1 - 1)},

since

ni: {(n _ k_).!+1 _ (n_ k)l}
k=1

:{Il+1+2€+l+3l+1+l_l+(n72)1+1+(n_1)l+l}
{42 +3 4+ (n—2) + (n - 1)1}



with

== 1— L~ —1n) = ‘an > (k+n)t?
k=0

_ {1.z+1 Lol Ly (n_l)hLl + bt 4 (n+1)l+1+"'}
— P4 A D) (42T (3T )
=1 o gt (=2 - (n - 1)

and
=8 = C(=ln)= Zn —Z(k—!—n)i
k=0
=142'+3 +---+(n— 2 4 (n—1).

Thus we can rewrite (14) as

Exampie 2.4. Ifl =3 in Theorem 1.4, then we have

1
A(3,n) = ik 12n —45n% 4+ 50n® — 15n —

Proof of the Corollary 1.5. (a) From(th¢ Theorem 1.4, we obtain

t n—1 ¢t
Saum =3 {Sen-Fx] S5
=0 =0 k=1 k=1 =0

n—1
=S {k— 1)+ (B — k) + (K = k2) 4o+ (B = k) + (K — k)]

= ﬁi {kH—l — l} = St+1 (‘F’l) == SU(?’L)

(b) By the definition of A(l,n) = Si11(n) + Si(n), we have
1

t
N AQ@nAln) =)

=0 =0
~Z{(Sl(ﬂ — 83(n)) + (S3(n) — S7(n)) + (S3(n) — S3(n)) +

+(SF(n) = 871 (n)) + (821 (n) — 57 (n))}

Z i (n) — S§(n)}.

=0

(n) = Si(n)}




