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Abstract

In this paper we generate a new family of odd point ternary non-stationary
interpolating subdivision schemes by using Lagrange identities. It is to be
observed that the limiting ellipse, generated by proposed schemes compared
to the existing non-stationary interpolating schemes, has less deviation from
being an exact ellipse. The proposed non-stationary schemes are asymptot-
ically equivalent to converging stationary schemes [1, 3, 9, 11, 13, 14]. The
performance and comparison of the schemes are verified by examples.

Keywords: Subdivision; Interpolation; Non-stationary; Smoothness; Tension
control; Conics reproduction

1 Introduction

Subdivision defines a curve or surface from an initial control mesh by recursive
refinement. Starting with the coarse control points FO = {f°|n € Z%}, recursive
application of the subdivision rule Sy defines a new set of points F* = { f*|n € Z¢}
which can be written as

FF=8,...8F° kecZ,. (1.1)

Here, a subdivision scheme is said to be stationary if Sy is the same regardless of
k; otherwise it is called non-stationary [4]. The important schemes for applications
should allow to control the shape of the limit curve and be capable of reproducing
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families of curves widely used in Computer Graphics, such as conic sections and
polynomials. Effectiveness of subdivision algorithms, their flexibility and ease
make them appropriate for many relative computer graphics applications.

Here we present brief survey of existing literature. Jena et al. [4] proposed a
4-point binary non-stationary interpolating scheme. This scheme reproduces el-
ements of the linear space spanned by {1,sin(ax),cos(ax)}. Beccari et al. [6]
proposed a non-stationary uniform tension controlled interpolating 4-point scheme
with a single tension parameter having C'* continuity. Daniel and Shunmugaraj [8]
presented 3-point C! stationary and non-stationary schemes. They also proposed
C? non-stationary approximating scheme in [10] and 4-point ternary interpolating
non-stationary scheme [12] spanned by {1,sin(ax), cos(az)}. Beccari et al. [15]
proposed 4-point ternary non-stationary interpolating scheme with tension con-
trol. They proposed the shape controlled ternary interpolatory subdivision in [16].
Further they presented the interpolating and approximating univariate subdivision
by a unified framework [17]. Conti et al. [18] proposed approximating to inter-
polatory non-stationary subdivision schemes with the same generation properties.
In [19], they also design interpolatory subdivision schemes by solving Bezout-like
polynomial equations. Conti and Romani [20] presented algebraic conditions on
non-stationary subdivision symbols for exponential polynomial reproduction. Cha-
rina et al. [21] proposed reproduction of exponential polynomials by multivariate
non-stationary subdivision schemes with a general dilation matrix. Further more,
there are some other well known schemes [2, 5, 7, 12] in the literature suitable for
generating basic shapes in computer graphics.

However the existing non-stationary ternary interpolating schemes are the counter-
part of existing stationary schemes (without parameter) but our proposed schemes
are non-stationary counterpart of existing parametric stationary schemes. This
property give advantage to control the shape of limit curve than the schemes with-
out parameter.

We have compared the existing non-stationary ternary schemes, suitable to gener-
ate ellipse, with proposed schemes. We adopt the following strategy:

e Introduce deviation error function

e Refine initial control polygon with 4, 5 and 6 initial control points by different
non-stationary schemes to generate ellipse

e Compute deviation error and compare the results

We conclude that the limiting ellipse to be an exact ellipse, generated by proposed
scheme, has less deviation error compare to the limiting ellipse produced by the
different non-stationary ternary schemes.

This paper is organized as follows. In Section 2, we construct some results
which are useful for Section 3. In Section 3, we present odd point non-stationary
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ternary interpolating schemes providing the user with a tension parameter that,
when increased within its range of definition, can generate continuous limit curves
showing considerable variations. Section 3 also provides the convergence of pro-
posed interpolating schemes. Section 4 is devoted for comparison and conclusion.

2 Preliminaries

Given a set of control points FO={f? € R : i € Z} at level 0, a ternary subdivi-
sion scheme for designing curves generates recursively a new set of control points
FRHI={fF1:j € Z} at the (k + 1) level by a subdivision rule:

k+1 __ § : k k ;
JEZL

The set of coefficients a*={a¥ : i € Z} determines the subdivision rule at level
k and is termed as the mask at k-th level. If the masks a* is independent of k, the
subdivision scheme S, corresponding to the mask a” is called stationary otherwise
it is called non-stationary.

Theorem 2.1. [2] Two ternary schemes Sqyx and Sy. are asymptotically equivalent

if
D 11Sar = Syel| < o0,
k=1

where
i = {3 bl 3 ol 3 .
i€z i€Z i€Z
The proof of the following theorem is exactly similar by [12] to the proof given
in (Theorem 8, [2]).

Theorem 2.2. Let S, and S, be two asymptotically equivalent subdivision schemes
having finite masks of the same support. Suppose Sy is non-stationary and Sy s
stationary. If S, is C™ and

D 3|8k = Sallee < 00,

k=0
then the non-stationary scheme S . is C™.

Deslauriers and Dubuc [1] presented the idea to construct subdivision schemes
using Lagrange interpolation. Here we also use Lagrange polynomial to construct
non-stationary schemes. First we define Lagrange fundamental polynomials of
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degree 2n — 2 and 2n — 3, for any integer n > 1, corresponding to nodes {a:j}’:i_l)

and {xj}’:f_l) respectively,

n—1
Tr—x;
L2n_2 = : m=—(n—1),— _27"'7 _17
= I o a= D2 )
zj=—(n—1),xm#x;
(2.1)
and
n—1 T T
LQ?’L—3 — Yy ™= — _27_ _3’..., —1).
23 a) I =2 =28 1)
zj=—(n—2),xm#x;
(2.2)

By using algebraic operations, we get following expressions:

(=) 1(3n—2)!

(1 33n=3(1—32m) (n— 1)'
=L (<) = = 2.3

(—=1)""1(3n—4)!

s (1 3305 (1—32m) (n—2)! T1
— L2n 3(2) — = —. 2.4
& & <3> (—)r=2ml(n -z, —D(n+z, —2)! = (24)

Further, for z,,, = —n + 1 in (2.3), we get

oz (1) _ (=17 (3n—3)!
Pa=Lonii (_> ~ 3n3(n—1)1(2n — 2)! (2:5)

Furthermore, we have

(=1 (3n - 3)

m=h=h= 330300 — 1)l(n — 2 — DI+ @ — DI (2.6)
_ B — B2 -\
NS o S (2.7)

For more detail, we may refer to [14]. By perturbing expression (2.4) and (2.7)
with sin function we get

)

- sin (57
= S i) 2.8
mEm = (372 ) ) ( )
A sin (i) (2.9)

N,Tm
sin (

k+)

where z,, = —n 4+ 2,...,n — 1 and n > 1 is any integer.

w
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3

(2n — 1)-point ternary interpolating scheme

In this section, we present general explicit formulae to construct the mask of (2n —
1)-point ternary interpolating subdivision scheme.
Given n > 2, the mask of following (2n — 1)-point ternary interpolating scheme

( n—1
k+1 _ Z k2n—1 pk
3i-1 — —am  Jitamo
m=—(n—1)
k+1 __ k
3 = i (3.1)
k+1 = k2n—1 rk
— n—
3i+1 — ) Nz, T
\ l'm:—(n—l)
can be generated by
k.2n—1 sin( k+1)
Z = w <1,
N -—nt1 Sln(3k1+1)7 (32)
2t = A+ A, T = —n+2,n— 1

where A, ;. and An@m

Examples:

are defined by (2.8) and (2.9).

Substituting n = 2 in (3.1) and (3.2), we get new 3-point ternary interpolating

scheme with free parameter w

?Ifztll = 77];’3 ik—1+770 fk+77 z+1a
k+1 gk
3 - z?
313111 = 77 1 i— 1+770 fk+771 H—l’ (3.3)
where
k,3 _ sm(3 +1)
77 1 SlIl(31+ )7
s = sin (g5t _ sin (s 3%+1)w
’ Sm(31 ) Sm(93l+1)
and
k3 _ Sm(3 3}v+1)
Y S

Substituting n = 3 in (3.1) and (3.2), we get new 5-point ternary interpolating

scheme with free parameter w

k1 k5 ok k5
31 = My fiiotm
k41 k

3i i

k+1 K5k

34l = 7772f7;72+77

ik—l‘*‘??o fk+77 1 z+l+77 2 1]:-27

fz 1+77 f +77 z+1+772 z+27 (34)

5
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nk,5 _
2 s§in (3k1+1) ’
ks Sin (g [—gF — 4w])
7771 - . 1 )
sin 3k+1)
ks _ Sin (g [37 + 6w])
770 - . 1 )
sin (3k+1
ks _ Sin (g (57 — 4w])
m = 1
sin ()
and

ks _ Sin (e [—51 + )
772 - . 1
sin (g77)
Remark 3.1. The sum of weights of the scheme (3.3) tends to one as k — co.
sin (SkMﬁ) sin (33%“) B sin (93%) sin (33++1)

sin () s (k) s (gger) | sin (k)

&=t g+t =

This implies

+w

. w . 2 . 1
g S (3k+1) Sin (3.3k+1) 1 Sin (3,3k+1)
= — T T — T — 2w cos ot |ty W
sin (—3k+1) sin (—3k+1) 9.3 Si 3k+1)
Using the inequalities sina > acosa for 0<a<¥ L >1 for 0<a<l
27 sina a 27
we have
w w 2 2 1 1
=7 COS =771 COS 1 coSs
k+1 k+1 k+1 k+1 k+1 k+1
gk > 3 1(3 ) 4 33 1(3.3 ) —2wcos< k+1> 4 33 1(3.3 ) +w
3k+1 3k:+1 93 3k+1

This implies

ks w 2 2 1 1 1
S_a)cos(W)qL 3 COS W — 2w cos g 3kl + § COS 3 3kl

Thus 5’“ > 1 when k£ — oo.

Again, using inequalities csca < L for 0<a<i sina<afor 0<a<
acosa 2

we have

w 2 1

k+1 k+1 k+1
- 9.3k+1 cos (2
3k+l COs (3k+1) 3k+1 COs (3k+1) . 3k+1 3k+1

This implies
k< d + 2 —2wcos(;>+;+w
= cos (gmr)  3cos (zr) 9.3k+1 3cos (grr) '

Thus ¢¥ < 1 when k£ — co. So &% =1 for k — oo.
Similarly, the sum of weights of the scheme (3.4) tends to one as k — 0.

)+

11
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3.1 Convergence of 3- and 5-point ternary schemes

Here first we prove some lemmas by using following inequalities:-

il i}

zii‘rll‘;z%for 0<a<b<s3, acsca < besch for 0 <a<b< 3 and

cosa < % (or csca < acisa) for 0<a< % Then with the help of these
lemmas we will show that proposed non-stationary schemes are asymptotically

equivalent to existing stationary schemes.

Lemma 3.1.
For 3-point non-stationary scheme (3.3) following inequalities hold:
(1w <0 < %y
C;’Z(gkﬂ)
N 2 2 2w
1) 2 — 2w < ny° < —
T s R =y

(iid) 1 +w < pf* < %)er.

Proof. We present the proof of (i) and the proof of (i7) and (iii) are similar. Note
that

N
.
=
—~
w
[
u
~—
w
S
+
-

Again consider

sin ( 72+ w 1 = w
(3k+1) < SC( >§ EUES

sin (3)@%) — 3k+1 ¢ 3k+1

This proves (i).
From Lemma 3.1, we get following lemma.

Lemma 3.2.
For scheme (3.3) with w = —3 +u, for u € (3,3), we have

_1
(i) — 3 +u <y < 2

(ii)§—2u§7§’3 < S

(iii) u < 4% < +)

Lemma 3.3.
For scheme (3.3) following inequalities also hold:

(i) In = w| < Co (38)

(ii) [t — (3 — 2w)| < C (5)

(iii) [ — (3 + w)| < o ()

where constants Cy, Cy and Cy are independent of k.



Proof. The inequality (i) can be proved by using (i) of Lemma 3.1:

53 1 — cos (Sklﬂ) 2 sin? (%Sklﬂ) (1) 2w
w — — oK e Y .
e [ con ()| = eon () | = \1) {500 )

This implies

I3 —w| < Y < e L :
N — \3% ) \18cos(1) ) — 32k

The proofs of (ii) and (iii) are similar.

From Lemma 3.3, we get following lemma.

Lemma 3.4.
For scheme (3.3) with w = —% 4+ u, for u € (3, 3), following inequalities hold:
k

(i) 0% = (=5 +u) | < Co (3)
(ii) Ino” = (5 — 2u)| < C1 (3)

(iii) [y — ul < Cs (33r)

where constants C’O, Ci and Cy are independent of k.

Remark 3.2. From (i)-(iii) of Lemma 3.4, we observe that

1 4
Uﬁf — ~3 + wu, 775’3 — 37 2u and nlf’?’ —u, as k — oo.
This means that the mask of the scheme (3.3) with w = —% + u, for u € (%, %)

converge to the mask of the scheme [11].

Similarly, it is to be mentioned that for n = 2, w = a where a = b — %, w = —%,

w=—3i+uandw = —31+uin (3.1), (3.2) and by proving/using similar inequalities
like in Lemma 3.1 and Lemma 3.3, we get non-stationary counter part of stationary
schemes of [3, 9, 11, 14] respectively.
Theorem 3.5. The proposed 3-point non-stationary scheme (3.3) with w = —%%—u,
ue (2, 3)is Ch.
Proof. We claim that

D 318,k — Sallee < 00,

k=0

|Sar — Salleo = max {Z |af_3j —a;_3;| 11 €0, 1,2} :

JEZ

where



From scheme S,. defined by (3.3) with w = —3 + u and scheme S, of [11]

o0 o0 4
35St —Salloo = 3’€{ - k’?’—(——Qu)‘+ ’“73—u‘}.
; S =S ; 7 T : ol

1
i (-5+)

From (i) of Lemma 3.4, it follows that

1
23k|77 1 ——+u|<23k00(@)<oo.

Similarly from (ii) and (iii) of Lemma 3.4, we see that other terms are also less
than co. Hence Y2 3%||Sar — Sallc < 00. Since stationary scheme of [11] is C*
therefore by Theorem 2.2, proposed scheme (3.3) with w = —% +uis CL. ]

_l_

Now we will discuss the continuity of 5-point scheme (3.4). For this first we
will prove the following lemmas. Proof of these lemmas are similar to the proof of
Lemmas 3.1-3.4.

Lemma 3.6.

For 5-point non-stationary scheme (3.4), following inequalities hold:

’ ; k . 5 4w
2 4 < n7 < —
/”/) -~ 77 1 81COS(3k6+1) COS(QAISB%)

(
(
(id1) 2 + 6w < py° < —H 7~ 4 — %
(
(

S ey R gy
iv) 38 — dw < n* < 20— dw cos (%)

4 k,5 4
V(g TSRS T

From Lemma 3.6, we get following lemma:

Lemma 3.7.

For scheme (3.4) wzth w= +u foru € (— 108, %2), we have

Lemma 3.8.
For scheme (8.4) following inequalities also hold:



(z')]n’i —w(<go )
(it) 7771 -
ﬁn)

(——4@ < 93 (v

(’U)‘ng’ — (—d+w)| <o ()
where constants go, g1, g2, g3 and g4 are independent of k.

From Lemma 3.8, we get following lemma.

Lemma 3.9.
For scheme (8.4) withw = & +u, foru € (—

(i) | —(wu)\égo(ﬁ
(i) )77 —5 = 4“)‘ <G
(1i1) )77 (2 + Gu)‘ < ¢ (53¢
(iv) [n* — (4 = du) | < ds (5h)

(v) < du (3%)
where constants gy, g1, go, g3 and gy are independent of k.

108, 162) following inequalities hold:

k5
Ny —u

Remark 3.3. It is to be noted that for negative values of w, the trigonometric
inequalities does not affect the proof of our main Lemmas 3.3 and Lemma 3.8.

Remark 3. 4 From (i)-(v ) of Lemma 3.9, we observe that the mask of scheme (3.4)

with w = g5 4+ u, u € (15, —743) converge to the mask of the scheme S, of [11].

28 14
— 4u, 773"5 — — + 6u, 77’f’5 — — —4u

%_
+u, noy 27 81

] 27
and 772’ —u, as kE — oo.

Similarly, forn =3, w = 243, W= ——i—u and w = —+u in (3.1), (3.2) and using
similar inequalities as in Lemma 3. 6 and Lemma 3. 8 the proposed (3.4) scheme
becomes non-stationary counterpart of the 5-point stationary schemes of [9, 11, 14]
respectively.

Theorem 3 10. The proposed 5-point non-stationary scheme (3.4) with w = 84—1—|—u,
foru e (=135, —155) is C*.

Proof. From scheme S, defined by (3.4) with w = & + u, u € (=325, —155) and
scheme S, of [11]

10



2k _ 2% J |,k k
S B8y~ Sule = 303 {n_g—(§+u)\+ = (g =) |+
k=0 k=0
28 14
n§—<ﬁ+6u>‘+ nlf—(a—élu) +|n§—u‘}.

By using inequalities (i)-(v) of Lemma (3.9), we see that Y -, 3%(|Sge — S| s0 < 00.
Since stationary scheme of [11] is C? therefore by Theorem 2.2, proposed scheme
(3.4) is C2.

Remark 3.5. Relation with DD schemes: The proposed non stationary ternary
interpolating schemes are counter part of stationary DD schemes [1].

e From Lemma 3.1 and Lemma 3.3 with w=0 and k£ — oo, we get 2-point
ternary DD interpolating scheme.

e For w=0 and k£ — oo in Lemma 3.6 and Lemma 3.8, we get 4-point ternary
DD interpolating scheme. Similarly, we get other DD ternary schemes.

4 Comparison and conclusion

First we generate conic sections by using proposed schemes then we present com-
parison among proposed and existing non-stationary interpolating schemes. If
the initial control points are chosen as values at equidistant points of a function
f(z) € span{cos(Bx), sin(fx)}, 0 < B < m, then the limit function of the scheme
is the original function. In particular, if the initial control points are equidistance
points and lie on a circle or an ellipse, the scheme generates a circle or an ellipse
respectively.
Numerical Examples: Here we take the set of equidistant points f? = (a cos ( 2’”7”),
bsin (MT”)), 1 €Z,and m=20,1,2,.... N, N > 4, as control points of initial con-
trol polygons of proposed 3-, 5-point non-stationary schemes. For a = 2,b = 1,
limiting curves generated by 3-, 5-point schemes are ellipses shown in Fig 1(a) and
1(b). It is observed that for large values of w limit curves generated by proposed
3-point scheme passes near the initial control polygon whereas for small values of
w limit curves generated by proposed 5-point scheme passes near the initial control
polygon as shown in Fig 1(a) and 1(b).

Analogously, by choosing a set of equidistant points from the parabolic equation
(y* = 4ax) for a = 1 and hyperbolic equation (z—z — Z—j = 1) where a = 3,b = 2
then limit curve is parabola and hyperbola as shown in Figure 2(a) and 2(b).

11
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Comparison:
In following, we numerically compare the exactness of limiting ellipses gener-
ated by different non-stationary subdivision schemes by using following function.

Dy = [[max {f}} — min { £}, (4.1)

where

= -t W=a-@ (1)

where fF are control points generated by subdivision scheme at k-th level of iter-
ation for k > 0. If the initial control points f? lie on the ellipse then of course
Dy will be zero. If Dy = 0 for sufficiently large k£ then its mean scheme produce
exact ellipse. If Dy # 0 then fF do not lie on same ellipse. Since Dj measures the
maximum deviation of limiting ellipse from being an exact ellipse therefore we can
present comparison among different limiting ellipses generated by proposed and
existing non-stationary schemes.

By taking four, five and six initial control points, we first generate limiting ellipses
by proposed 3-, 5-point and existing non-stationary schemes of [4, 6, 7, 12, 15, 16]
then we compute deviation error Dj. Deviation of proposed 3-, 5-point ternary
non-stationary interpolating schemes is calculated at parametric values -0.1122,
0.0228, respectively.

e In case of 4 initial control points: Limiting ellipses produced by different
non-stationary are shown in Figure 3(a-e) while deviation errors in graphical
form are shown in Figure 5(a) and Figure 5(b).

e In case of 5 initial control points: Limiting ellipses are depicted in Figure
3(f-j) while graphical representation of deviation errors are shown in Figure

5(c) and 5(d).

e In case of 6 initial control points: Limiting ellipses are painted in Figure
4(a-e) while graphical representation of deviation errors are shown in Figure

5(e) and 5(f).

Deviation error in limiting ellipses, produced by different schemes with 4, 5 and
6 initial control points, in tabular form are shown in Table 1. From these figures
and tables it is clear that the limiting ellipses to be an exact ellipses, generated by
proposed scheme, have less deviation compare to the limiting ellipses produced by
the schemes of [4, 6, 7, 12, 15, 16].

12
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Effect of parameter in S-point non-
stationary interpolating scheme

Effect of parameter in 3-point non-
stationary interpolating scheme

(a) scheme (3.3) (b) scheme (3.4)

Figure 1: (a) Shows the increase in tightness of the curve with increasing w and
(b) Shows the increase in tightness of the curve with decreasing w.

3-point and 5-point non-stationary 3-point and 5-point non-stationary
interpolating schemes interpolating schemes
2 ] 4
// \3—point scheme 3 . /
1 o~ \ l 2] /
Z— 3-point scheme 3 1 /’
R 02 04 06 08 1 % 4432 0 2kd w
\v 5-point scheme 4 -1 &
1 TN -2 \
. -3 /
5-point scheme
2 \\. {/ _4 P \\

(a) (b)

Figure 2: Represents parabola and hyperbola by proposed 3-, 5-point non-stationary
interpolating schemes after two iterations.

13
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(i) scheme (3.3) (j) scheme (3.4)

Figure 3: (a) Shows the ellipse produced by non-stationary binary schemes of [4,
6, 7, (b), (g9), (c) and (h) show the ellipse produced by non-stationary ternary

schemes of [7, 12], (d), (i), (e) and (j) show the ellipse produced by proposed 3-,
d-point non-stationary interpolating schﬁnes respectively.



(d) scheme (3.3) (e) scheme (3.4)

Figure 4: (a) Shows the ellipse produced by non-stationary binary scheme of [4, 6,
7], (b)-(c) show the ellipse produced by non-stationary ternary scheme of [7, 12],
(e) and (f) show the ellipse produced by proposed 3-, 5-point non-stationary ternary
interpolating schemes respectively.

Table 1: Comparison of deviation error (D. Error) with existing non-stationary
interpolating schemes: Here N represents the number of initial points of control

polygon.

Schemes N | D. Exror | N | D. Error | N | D. Error
4-point binary [4, 6, 7] | 4 | 0.18501 |5 | 0.20398 |6 | 0.05910
3-point ternary [7] 4 1030308 |5 |0.44910 |6 |0.17196
4-point ternary [12] 4 10.20160 |5 |0.20399 |6 | 0.06478
4-point ternary [15] 4 10.19510 |5 | 0.20365 |6 | 0.06219
4-point ternary [16] 4 10.20165 |5 | 0.20409 |6 | 0.06483
3-point proposed 4 10.18957 |5 |0.19579 |6 | 0.05865
5-point proposed 4 10.08104 |5 |0.04937 |6 | 0.01106

15
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Comparison of proposed 3-point interpolating
scheme with existing interpolating schemes

0.301
0.28’ \3-p0int ternary [7]

=026/
£
2 024

s 4-point ternary[12]
=0.221 /
i

0.16+ 4-point binary [4,6,7]
1 2 k3 4

(a) 4 initial points

Comparison of proposed 3-point interpolating
scheme with existing interpolating schemes

Deviation

0.4 3-point ternary [7]
£ 031 A-point binary [4,6,7]
=
=02 /

0.1

i 4-point ternary [12]
proposed 3-point ternary

( )5 1n1t1a1 points

Comparison of proposed 3-point interpolating
scheme with existing interpolating schemes

0.161 N

0.141

0.121 4-point ternary [12]
O 10, 4-point binary [4,6,7]
0.081

0.061
0.04—m

1 2 g 3 4
(e) 6 initial points

3-point ternary [7]

Deviation

Figure 5: Graphs show the deviation of proposed and existing non-stationary in-

terpolating schemes.

Comparison of proposed 5-point interpolating
scheme with existing interpolating schemes

0.30
\3- int ternary [7
0251 point ternary [7]

4-point ternary [12]

=1

=]

£020 /

& 15—t o7

0.101 /oposed S-point ternary

0.05 ‘ ‘ ‘

1 2 k3 4
(b) 4 initial points

Comparison of proposed 5-point interpolating
scheme with existing interpolating schemes

0.41 3-poit ternary [ 7]

/4 -point binary [4,6,7]

=
4-point ternary [12]
i /ﬁsedS -point ternary

k 3 4
(d) 5 initial points

Comparison of proposed 5-point interpolating
scheme with existing interpolating schemes

0.161
0.14- \3-point terary [7]

£ 012 4-point temary [12]

-2 0.10 / 4-point binary[4,6,7]
= 0.084

006 —————————
0.04 proposed S-point ternary

0.02] _—

1 1 g 3 1
(f) 6 initial points




4.1 Conclusions

By using Lagrange identities we construct new families of univariate, ternary, non-
stationary interpolating subdivision schemes for curve design with a single tension
parameter which enable the scheme to produce more precise result. The proposed
schemes are non-stationary counterpart of the stationary schemes [1, 3, 9, 11, 13,
14] so the parametric ranges of continuity of proposed non-stationary schemes are
same as of the counter stationary schemes. Figure 1 illustrates that the proposed
scheme gives great flexibility to geometric designers for the creation of smooth
curves according to their own requirements by choosing appropriate value of pa-
rameter.
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