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Abstract

In this paper we generate a new family of odd point ternary non-stationary
interpolating subdivision schemes by using Lagrange identities. It is to be
observed that the limiting ellipse, generated by proposed schemes compared
to the existing non-stationary interpolating schemes, has less deviation from
being an exact ellipse. The proposed non-stationary schemes are asymptot-
ically equivalent to converging stationary schemes [1, 3, 9, 11, 13, 14]. The
performance and comparison of the schemes are verified by examples.
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1 Introduction

Subdivision defines a curve or surface from an initial control mesh by recursive
refinement. Starting with the coarse control points F 0 = {f 0

n|n ∈ Zd}, recursive
application of the subdivision rule Sk defines a new set of points F k = {fk

n |n ∈ Zd}
which can be written as

F k = Sk . . . S0F
0, k ∈ Z+. (1.1)

Here, a subdivision scheme is said to be stationary if Sk is the same regardless of
k; otherwise it is called non-stationary [4]. The important schemes for applications
should allow to control the shape of the limit curve and be capable of reproducing
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families of curves widely used in Computer Graphics, such as conic sections and
polynomials. Effectiveness of subdivision algorithms, their flexibility and ease
make them appropriate for many relative computer graphics applications.

Here we present brief survey of existing literature. Jena et al. [4] proposed a
4-point binary non-stationary interpolating scheme. This scheme reproduces el-
ements of the linear space spanned by {1, sin(αx), cos(αx)}. Beccari et al. [6]
proposed a non-stationary uniform tension controlled interpolating 4-point scheme
with a single tension parameter having C1 continuity. Daniel and Shunmugaraj [8]
presented 3-point C1 stationary and non-stationary schemes. They also proposed
C2 non-stationary approximating scheme in [10] and 4-point ternary interpolating
non-stationary scheme [12] spanned by {1, sin(αx), cos(αx)}. Beccari et al. [15]
proposed 4-point ternary non-stationary interpolating scheme with tension con-
trol. They proposed the shape controlled ternary interpolatory subdivision in [16].
Further they presented the interpolating and approximating univariate subdivision
by a unified framework [17]. Conti et al. [18] proposed approximating to inter-
polatory non-stationary subdivision schemes with the same generation properties.
In [19], they also design interpolatory subdivision schemes by solving Bezout-like
polynomial equations. Conti and Romani [20] presented algebraic conditions on
non-stationary subdivision symbols for exponential polynomial reproduction. Cha-
rina et al. [21] proposed reproduction of exponential polynomials by multivariate
non-stationary subdivision schemes with a general dilation matrix. Further more,
there are some other well known schemes [2, 5, 7, 12] in the literature suitable for
generating basic shapes in computer graphics.
However the existing non-stationary ternary interpolating schemes are the counter-
part of existing stationary schemes (without parameter) but our proposed schemes
are non-stationary counterpart of existing parametric stationary schemes. This
property give advantage to control the shape of limit curve than the schemes with-
out parameter.
We have compared the existing non-stationary ternary schemes, suitable to gener-
ate ellipse, with proposed schemes. We adopt the following strategy:

• Introduce deviation error function

• Refine initial control polygon with 4, 5 and 6 initial control points by different
non-stationary schemes to generate ellipse

• Compute deviation error and compare the results

We conclude that the limiting ellipse to be an exact ellipse, generated by proposed
scheme, has less deviation error compare to the limiting ellipse produced by the
different non-stationary ternary schemes.

This paper is organized as follows. In Section 2, we construct some results
which are useful for Section 3. In Section 3, we present odd point non-stationary
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ternary interpolating schemes providing the user with a tension parameter that,
when increased within its range of definition, can generate continuous limit curves
showing considerable variations. Section 3 also provides the convergence of pro-
posed interpolating schemes. Section 4 is devoted for comparison and conclusion.

2 Preliminaries

Given a set of control points F 0={f 0
i ∈ R : i ∈ Z} at level 0, a ternary subdivi-

sion scheme for designing curves generates recursively a new set of control points
F k+1={fk+1

i : i ∈ Z} at the (k + 1)th level by a subdivision rule:

fk+1
i =

∑
j∈Z

aki−3jf
k
i , i ∈ Z.

The set of coefficients ak={aki : i ∈ Z} determines the subdivision rule at level
k and is termed as the mask at k-th level. If the masks ak is independent of k, the
subdivision scheme Sak corresponding to the mask ak is called stationary otherwise
it is called non-stationary.

Theorem 2.1. [2] Two ternary schemes Sak and Sbk are asymptotically equivalent
if

∞∑
k=1

∥Sak − Sbk∥ < ∞,

where

∥Sak∥∞ = max

{∑
i∈Z

|ak3i|,
∑
i∈Z

|ak3i+1|,
∑
i∈Z

|ak3i+2|

}
.

The proof of the following theorem is exactly similar by [12] to the proof given
in (Theorem 8, [2]).

Theorem 2.2. Let Sak and Sa be two asymptotically equivalent subdivision schemes
having finite masks of the same support. Suppose Sak is non-stationary and Sa is
stationary. If Sa is Cm and

∞∑
k=0

3mk∥Sak − Sa∥∞ < ∞,

then the non-stationary scheme Sak is Cm.

Deslauriers and Dubuc [1] presented the idea to construct subdivision schemes
using Lagrange interpolation. Here we also use Lagrange polynomial to construct
non-stationary schemes. First we define Lagrange fundamental polynomials of
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degree 2n−2 and 2n−3, for any integer n ≥ 1, corresponding to nodes {xj}n−1
−(n−1)

and {xj}n−2
−(n−1) respectively,

L2n−2
xm

(x) =
n−1∏

xj=−(n−1),xm ̸=xj

x− xj

xm − xj

, xm = −(n− 1),−(n− 2), · · · , (n− 1),

(2.1)
and

L2n−3
xm

(x) =
n−1∏

xj=−(n−2),xm ̸=xj

x− xj

xm − xj

, xm = −(n− 2),−(n− 3), · · · , (n− 1).

(2.2)
By using algebraic operations, we get following expressions:

β1 = L2n−2
xm

(
1

3

)
=

(−1)n−1(3n−2)!
33n−3(1−3xm)(n−1)!

(−1)n−xm−1(n− xm − 1)!(n+ xm − 1)!
, (2.3)

β2 = L2n−3
xm

(
1

3

)
=

(−1)n−1(3n−4)!
33n−5(1−3xm)(n−2)!

(−1)n−xm−1(n− xm − 1)!(n+ xm − 2)!
=

τ1
τ2
. (2.4)

Further, for xm = −n+ 1 in (2.3), we get

β3 = L2n−2
−n+1

(
1

3

)
=

(−1)−n+1(3n− 3)!

33n−3(n− 1)!(2n− 2)!
. (2.5)

Furthermore, we have

τ3 = β1 − β2 =
(−1)xm(3n− 3)!

33n−3(n− 1)!(n− xm − 1)!(n+ xm − 1)!
. (2.6)

Axm =
β1 − β2

β3

=
τ3
β3

. (2.7)

For more detail, we may refer to [14]. By perturbing expression (2.4) and (2.7)
with sin function we get

Ãn,xm =
sin
(

τ1
3k+1

)
sin
(

τ2
3k+1

) , (2.8)

Ân,xm =
sin
(

τ3
3k+1

)
sin
(

β3

3k+1

) , (2.9)

where xm = −n+ 2, ..., n− 1 and n ≥ 1 is any integer.
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3 (2n− 1)-point ternary interpolating scheme

In this section, we present general explicit formulae to construct the mask of (2n−
1)-point ternary interpolating subdivision scheme.
Given n ≥ 2, the mask of following (2n− 1)-point ternary interpolating scheme

fk+1
3i−1 =

n−1∑
xm=−(n−1)

ηk,2n−1
−xm

fk
i+xm

,

fk+1
3i = fk

i ,

fk+1
3i+1 =

n−1∑
xm=−(n−1)

ηk,2n−1
xm

fk
i+xm

,

(3.1)

can be generated by{
ηk,2n−1
−n+1 =

sin( ω

3k+1 )

sin( 1

3k+1 )
, ω < 1,

ηk,2n−1
xm

= Ãn,xm + Ân,xmω, xm = −n+ 2, ..., n− 1,
(3.2)

where Ãn,xm and Ân,xm are defined by (2.8) and (2.9).

Examples:
Substituting n = 2 in (3.1) and (3.2), we get new 3-point ternary interpolating
scheme with free parameter ω

fk+1
3i−1 = ηk,31 fk

i−1 + ηk,30 fk
i + ηk,3−1f

k
i+1,

fk+1
3i = fk

i ,

fk+1
3i+1 = ηk,3−1f

k
i−1 + ηk,30 fk

i + ηk,31 fk
i+1, (3.3)

where

ηk,3−1 =
sin
(

ω
3k+1

)
sin
(

1
3k+1

) ,
ηk,30 =

sin
(

2
3.3k+1

)
sin
(

1
3k+1

) −
sin
(

2
9.3k+1

)
sin
(

1
9.3k+1

)ω
and

ηk,31 =
sin
(

1
3.3k+1

)
sin
(

1
3k+1

) + ω.

Substituting n = 3 in (3.1) and (3.2), we get new 5-point ternary interpolating
scheme with free parameter ω

fk+1
3i−1 = ηk,52 fk

i−2 + ηk,51 fk
i−1 + ηk,50 fk

i + ηk,5−1f
k
i+1 + ηk,5−2f

k
i+2,

fk+1
3i = fk

i ,

fk+1
3i+1 = ηk,5−2f

k
i−2 + ηk,5−1f

k
i−1 + ηk,50 fk

i + ηk,51 fk
i+1 + ηk,52 fk

i+2, (3.4)
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where

ηk,5−2 =
sin
(

ω
3k+1

)
sin
(

1
3k+1

) ,
ηk,5−1 =

sin
(

1
3k+1

[
− 5

81
− 4ω

])
sin
(

1
3k+1

) ,

ηk,50 =
sin
(

1
3k+1

[
20
27

+ 6ω
])

sin
(

1
3k+1

) ,

ηk,51 =
sin
(

1
3k+1

[
10
27

− 4ω
])

sin
(

1
3k+1

)
and

ηk,52 =
sin
(

1
3k+1

[
− 4

81
+ ω

])
sin
(

1
3k+1

) .

Remark 3.1. The sum of weights of the scheme (3.3) tends to one as k → ∞.

ξk = ηk,3−1 + ηk,30 + ηk,31 =
sin
(

ω
3k+1

)
sin
(

1
3k+1

) + sin
(

2
3.3k+1

)
sin
(

1
3k+1

) −
sin
(

2
9.3k+1

)
sin
(

1
9.3k+1

)ω +
sin
(

1
3.3k+1

)
sin
(

1
3k+1

) + ω.

This implies

ξk =
sin
(

ω
3k+1

)
sin
(

1
3k+1

) + sin
(

2
3.3k+1

)
sin
(

1
3k+1

) − 2ω cos

(
1

9.3k+1

)
+

sin
(

1
3.3k+1

)
sin
(

1
3k+1

) + ω.

Using the inequalities sin a ≥ a cos a for 0 ≤ a ≤ Π
2
, 1

sin a
≥ 1

a
for 0 ≤ a ≤ Π

2
,

we have

ξk ≥
ω

3k+1 cos
(

ω
3k+1

)
1

3k+1

+
2

3.3k+1 cos
(

2
3.3k+1

)
1

3k+1

− 2ω cos

(
1

9.3k+1

)
+

1
3.3k+1 cos

(
1

3.3k+1

)
1

3k+1

+ ω.

This implies

ξk ≥ ω cos
( ω

3k+1

)
+

(
2

3

)
cos

(
2

3.3k+1

)
− 2ω cos

(
1

9.3k+1

)
+

(
1

3

)
cos

(
1

3.3k+1

)
+ ω.

Thus ξk ≥ 1 when k → ∞.
Again, using inequalities csc a ≤ 1

a cos a
for 0 ≤ a ≤ Π

2
, sin a ≤ a for 0 ≤ a ≤ Π

2
,

we have

ξk ≤
ω

3k+1

1
3k+1 cos

(
1

3k+1

) + 2
3.3k+1

1
3k+1 cos

(
1

3k+1

) − 2ω cos

(
1

9.3k+1

)
+

1
3.3k+1

1
3k+1 cos

(
1

3k+1

) + ω.

This implies

ξk ≤ ω

cos
(

1
3k+1

) + 2

3 cos
(

1
3k+1

) − 2ω cos

(
1

9.3k+1

)
+

1

3 cos
(

1
3k+1

) + ω.

Thus ξk ≤ 1 when k → ∞. So ξk = 1 for k → ∞.
Similarly, the sum of weights of the scheme (3.4) tends to one as k → ∞.
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3.1 Convergence of 3- and 5-point ternary schemes

Here first we prove some lemmas by using following inequalities:-
sin a
sin b

≥ a
b

for 0 < a ≤ b < Π
2
, a csc a < b csc b for 0 < a < b < Π

2
and

cos a < sin a
a

(
or csc a < 1

a cos a

)
for 0 < a < Π

2
. Then with the help of these

lemmas we will show that proposed non-stationary schemes are asymptotically
equivalent to existing stationary schemes.

Lemma 3.1.
For 3-point non-stationary scheme (3.3) following inequalities hold:
(i)ω ≤ ηk,3−1 ≤ ω

cos( 1

3k+1 )

(ii) 2
3
− 2ω ≤ ηk,30 ≤ 2

3 cos( 1

3k+1 )
− 2ω

cos( 1

9.3k+1 )

(iii) 1
3
+ ω ≤ ηk,31 ≤ 1

3 cos( 1

3k+1 )
+ ω.

Proof. We present the proof of (i) and the proof of (ii) and (iii) are similar. Note
that

sin
(

ω
3k+1

)
sin
(

1
3k+1

) ≥
ω

3k+1

1
3k+1

= ω.

Again consider

sin
(

ω
3k+1

)
sin
(

1
3k+1

) ≤ ω

3k+1
csc

(
1

3k+1

)
≤

ω
3k+1

1
3k+1 cos

(
1

3k+1

) =
ω

cos
(

1
3k+1

) .
This proves (i).

From Lemma 3.1, we get following lemma.

Lemma 3.2.
For scheme (3.3) with ω = −1

3
+ u, for u ∈ (2

9
, 1
3
), we have

(i) − 1
3
+ u ≤ γk,3

−1 ≤ − 1
3
+u

cos( 1

3k+1 )

(ii) 4
3
− 2u ≤ γk,3

0 ≤
4
3
−2u

cos( 1

3k+1 )

(iii)u ≤ γk,3
1 ≤ u

cos( 1

3k+1 )
.

Lemma 3.3.
For scheme (3.3) following inequalities also hold:
(i) |ηk,3−1 − ω| ≤ C0

(
1

32k

)
(ii) |ηk,30 − (2

3
− 2ω)| ≤ C1

(
1

32k

)
(iii) |ηk,31 − (1

3
+ ω)| ≤ C2

(
1

32k

)
where constants C0, C1 and C2 are independent of k.
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Proof. The inequality (i) can be proved by using (i) of Lemma 3.1:

|ηk,3−1 − ω| = ω

[
1− cos

(
1

3k+1

)
cos
(

1
3k+1

) ]
≤ ω

[
2 sin2

(
1
2

1
3k+1

)
cos
(

1
3k+1

) ]
≤
(
1

4

)(
2ω

32k+2 cos
(

1
3k+1

)) .

This implies

|ηk,3−1 − ω| ≤
(

1

32k

)(
ω

18 cos(1)

)
≤ e0

(
1

32k

)
.

The proofs of (ii) and (iii) are similar.

From Lemma 3.3, we get following lemma.

Lemma 3.4.
For scheme (3.3) with ω = −1

3
+ u, for u ∈ (2

9
, 1
3
), following inequalities hold:

(i) |ηk,3−1 −
(
−1

3
+ u
)
| ≤ Ć0

(
1

32k

)
(ii) |ηk,30 − (4

3
− 2u)| ≤ Ć1

(
1

32k

)
(iii) |ηk,31 − u| ≤ Ć2

(
1

32k

)
where constants Ć0, Ć1 and Ć2 are independent of k.

Remark 3.2. From (i)-(iii) of Lemma 3.4, we observe that

ηk,3−1 → −1

3
+ u, ηk,30 → 4

3
− 2u and ηk,31 → u, as k → ∞.

This means that the mask of the scheme (3.3) with ω = −1
3
+ u, for u ∈ (2

9
, 1
3
)

converge to the mask of the scheme [11].

Similarly, it is to be mentioned that for n = 2, ω = a where a = b− 1
3
, ω = −1

9
,

ω = −1
3
+u and ω = −1

3
+u in (3.1), (3.2) and by proving/using similar inequalities

like in Lemma 3.1 and Lemma 3.3, we get non-stationary counter part of stationary
schemes of [3, 9, 11, 14] respectively.

Theorem 3.5. The proposed 3-point non-stationary scheme (3.3) with ω = −1
3
+u,

u ∈ (2
9
, 1
3
) is C1.

Proof. We claim that
∞∑
k=0

3k∥Sak − Sa∥∞ < ∞,

where

∥Sak − Sa∥∞ = max

{∑
j∈Z

|aki−3j − ai−3j| : i ∈ 0, 1, 2

}
.
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From scheme Sak defined by (3.3) with ω = −1
3
+ u and scheme Sa of [11]

∞∑
k=0

3k∥Sak−Sa∥∞ =
∞∑
k=0

3k
{∣∣∣∣ηk,3−1 −

(
−1

3
+ u

)∣∣∣∣+ ∣∣∣∣ηk,30 −
(
4

3
− 2u

)∣∣∣∣+ ∣∣∣ηk,31 − u
∣∣∣} .

From (i) of Lemma 3.4, it follows that

∞∑
k=0

3k|ηk−1 − (−1

3
+ u)| ≤

∞∑
k=0

3kĆ0

(
1

32k

)
< ∞.

Similarly from (ii) and (iii) of Lemma 3.4, we see that other terms are also less
than ∞. Hence

∑∞
k=0 3

k∥Sak − Sa∥∞ < ∞. Since stationary scheme of [11] is C1

therefore by Theorem 2.2, proposed scheme (3.3) with ω = −1
3
+ u is C1.

Now we will discuss the continuity of 5-point scheme (3.4). For this first we
will prove the following lemmas. Proof of these lemmas are similar to the proof of
Lemmas 3.1-3.4.

Lemma 3.6.
For 5-point non-stationary scheme (3.4), following inequalities hold:
(i)ω ≤ ηk,5−2 ≤ ω

cos( 1

3k+1 )

(ii) − 5
81

− 4ω ≤ ηk,5−1 ≤ − 5

81 cos( 6

3k+1 )
− 4ω

cos( 5

243.3k+1 )

(iii) 20
27

+ 6ω ≤ ηk,50 ≤ 20

27 cos( 2

3k+1 )
+ 6ω

cos( 5

243.3k+1 )

(iv) 10
27

− 4ω ≤ ηk,51 ≤ 10
27

− 4ω cos
(

20
243.3k+1

)
(v) − 4

81 cos( 6

3k+1 )
+ ω ≤ ηk,52 ≤ − 4

81
+ ω

From Lemma 3.6, we get following lemma:

Lemma 3.7.
For scheme (3.4) with ω = 4

81
+ u, for u ∈ (− 5

108
,− 7

162
), we have

(i) 4
81

+ u ≤ ηk,5−2 ≤
4
81

+u

cos( 1

3k+1 )

(ii)− 7
27

− 4u ≤ ηk,5−1 ≤ − 7
27

−4u

cos( 1

3k+1 )

(iii) 28
27

+ 6u ≤ ηk,50 ≤
28
27

+6u

cos( 1

3k+1 )

(iv) 14
81

− 4u ≤ ηk,51 ≤
14
81

−4u

cos( 1

3k+1 )

(v) u ≤ ηk,52 ≤ u

cos( 1

3k+1 )

Lemma 3.8.
For scheme (3.4) following inequalities also hold:
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(i)
∣∣∣ηk,5−2 − ω

∣∣∣ ≤ g0
(

1
32k

)
(ii)
∣∣∣ηk,5−1 −

(
− 5

81
− 4ω

)∣∣∣ ≤ g1
(

1
32k

)
(iii)

∣∣∣ηk,50 −
(
20
27

+ 6ω
)∣∣∣ ≤ g2

(
1

32k

)
(iv)

∣∣∣ηk,51 −
(
10
27

− 4ω
)∣∣∣ ≤ g3

(
1

32k

)
(v)
∣∣∣ηk,52 −

(
− 4

81
+ ω

)∣∣∣ ≤ g4
(

1
32k

)
where constants g0, g1, g2, g3 and g4 are independent of k.

From Lemma 3.8, we get following lemma.

Lemma 3.9.
For scheme (3.4) with ω = 4

81
+u, for u ∈ (− 5

108
,− 7

162
), following inequalities hold:

(i)
∣∣∣ηk,5−2 −

(
4
81

+ u
)∣∣∣ ≤ ǵ0

(
1

32k

)
(ii)
∣∣∣ηk,5−1 −

(
− 7

27
− 4u

)∣∣∣ ≤ ǵ1
(

1
32k

)
(iii)

∣∣∣ηk,50 −
(
28
27

+ 6u
)∣∣∣ ≤ ǵ2

(
1

32k

)
(iv)

∣∣∣ηk,51 −
(
14
81

− 4u
)∣∣∣ ≤ ǵ3

(
1

32k

)
(v)
∣∣∣ηk,52 − u

∣∣∣ ≤ ǵ4
(

1
32k

)
where constants ǵ0, ǵ1, ǵ2, ǵ3 and ǵ4 are independent of k.

Remark 3.3. It is to be noted that for negative values of ω, the trigonometric
inequalities does not affect the proof of our main Lemmas 3.3 and Lemma 3.8.

Remark 3.4. From (i)-(v) of Lemma 3.9, we observe that the mask of scheme (3.4)
with ω = 4

81
+ u, u ∈ (− 5

108
,− 7

162
) converge to the mask of the scheme Sa of [11].

ηk,5−2 → 4

81
+ u, ηk,5−1 → − 7

27
− 4u, ηk,50 → 28

27
+ 6u, ηk,51 → 14

81
− 4u

and ηk,52 → u, as k → ∞.

Similarly, for n = 3, ω = 5
243

, ω = 4
81
+u and ω = 4

81
+u in (3.1), (3.2) and using

similar inequalities as in Lemma 3.6 and Lemma 3.8, the proposed (3.4) scheme
becomes non-stationary counterpart of the 5-point stationary schemes of [9, 11, 14]
respectively.

Theorem 3.10. The proposed 5-point non-stationary scheme (3.4) with ω = 4
81
+u,

for u ∈ (− 5
108

,− 7
162

) is C2.

Proof. From scheme Sak defined by (3.4) with ω = 4
81

+ u, u ∈ (− 5
108

,− 7
162

) and
scheme Sa of [11]
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∞∑
k=0

32k∥Sak − Sa∥∞ =
∞∑
k=0

32k
{∣∣∣∣ηk−2 −

(
4

81
+ u

)∣∣∣∣+ ∣∣∣∣ηk−1 −
(
− 7

27
− 4u

)∣∣∣∣+∣∣∣∣ηk0 − (28

27
+ 6u

)∣∣∣∣+ ∣∣∣∣ηk1 − (14

81
− 4u

)∣∣∣∣+ ∣∣ηk2 − u
∣∣} .

By using inequalities (i)-(v) of Lemma (3.9), we see that
∑∞

k=0 3
2k∥Sak−Sa∥∞ < ∞.

Since stationary scheme of [11] is C2 therefore by Theorem 2.2, proposed scheme
(3.4) is C2.

Remark 3.5. Relation with DD schemes: The proposed non stationary ternary
interpolating schemes are counter part of stationary DD schemes [1].

• From Lemma 3.1 and Lemma 3.3 with ω=0 and k → ∞, we get 2-point
ternary DD interpolating scheme.

• For ω=0 and k → ∞ in Lemma 3.6 and Lemma 3.8, we get 4-point ternary
DD interpolating scheme. Similarly, we get other DD ternary schemes.

4 Comparison and conclusion

First we generate conic sections by using proposed schemes then we present com-
parison among proposed and existing non-stationary interpolating schemes. If
the initial control points are chosen as values at equidistant points of a function
f(x) ∈ span{cos(βx), sin(βx)}, 0 < β < π, then the limit function of the scheme
is the original function. In particular, if the initial control points are equidistance
points and lie on a circle or an ellipse, the scheme generates a circle or an ellipse
respectively.
Numerical Examples: Here we take the set of equidistant points f 0

i = (a cos
(
2mπ
N

)
,

b sin
(
2mπ
N

)
), i ∈ Z, and m = 0, 1, 2, ..., N, N ≥ 4, as control points of initial con-

trol polygons of proposed 3-, 5-point non-stationary schemes. For a = 2, b = 1,
limiting curves generated by 3-, 5-point schemes are ellipses shown in Fig 1(a) and
1(b). It is observed that for large values of ω limit curves generated by proposed
3-point scheme passes near the initial control polygon whereas for small values of
ω limit curves generated by proposed 5-point scheme passes near the initial control
polygon as shown in Fig 1(a) and 1(b).

Analogously, by choosing a set of equidistant points from the parabolic equation
(y2 = 4ax) for a = 1 and hyperbolic equation (x

2

a2
− y2

b2
= 1) where a = 3, b = 2

then limit curve is parabola and hyperbola as shown in Figure 2(a) and 2(b).
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Comparison:
In following, we numerically compare the exactness of limiting ellipses gener-

ated by different non-stationary subdivision schemes by using following function.

Dk = ∥max {fk
i } −min {fk

i }∥, (4.1)

where

fk
i =

√
(xk

i + c)2 + (yki )
2 +

√
(xk

i − c)2 + (yki )
2, for b2 ≡ a2 − c2 (4.2)

where fk
i are control points generated by subdivision scheme at k-th level of iter-

ation for k ≥ 0. If the initial control points f 0
i lie on the ellipse then of course

D0 will be zero. If Dk = 0 for sufficiently large k then its mean scheme produce
exact ellipse. If Dk ̸= 0 then fk

i do not lie on same ellipse. Since Dk measures the
maximum deviation of limiting ellipse from being an exact ellipse therefore we can
present comparison among different limiting ellipses generated by proposed and
existing non-stationary schemes.
By taking four, five and six initial control points, we first generate limiting ellipses
by proposed 3-, 5-point and existing non-stationary schemes of [4, 6, 7, 12, 15, 16]
then we compute deviation error Dk. Deviation of proposed 3-, 5-point ternary
non-stationary interpolating schemes is calculated at parametric values -0.1122,
0.0228, respectively.

• In case of 4 initial control points: Limiting ellipses produced by different
non-stationary are shown in Figure 3(a-e) while deviation errors in graphical
form are shown in Figure 5(a) and Figure 5(b).

• In case of 5 initial control points: Limiting ellipses are depicted in Figure
3(f-j) while graphical representation of deviation errors are shown in Figure
5(c) and 5(d).

• In case of 6 initial control points: Limiting ellipses are painted in Figure
4(a-e) while graphical representation of deviation errors are shown in Figure
5(e) and 5(f).

Deviation error in limiting ellipses, produced by different schemes with 4, 5 and
6 initial control points, in tabular form are shown in Table 1. From these figures
and tables it is clear that the limiting ellipses to be an exact ellipses, generated by
proposed scheme, have less deviation compare to the limiting ellipses produced by
the schemes of [4, 6, 7, 12, 15, 16].
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(a) scheme (3.3) (b) scheme (3.4)

Figure 1: (a) Shows the increase in tightness of the curve with increasing ω and
(b) Shows the increase in tightness of the curve with decreasing ω.

(a) (b)

Figure 2: Represents parabola and hyperbola by proposed 3-, 5-point non-stationary
interpolating schemes after two iterations.
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(a) [4, 6, 7] (b) [7] (c) [12]

(d) scheme (3.3) (e) scheme (3.4)

(f) [4, 6, 7] (g) [7] (h) [12]

(i) scheme (3.3) (j) scheme (3.4)

Figure 3: (a) Shows the ellipse produced by non-stationary binary schemes of [4,
6, 7], (b), (g), (c) and (h) show the ellipse produced by non-stationary ternary
schemes of [7, 12], (d), (i), (e) and (j) show the ellipse produced by proposed 3-,
5-point non-stationary interpolating schemes respectively.

14



(a) [4, 6, 7] (b) [7] (c) [12]

(d) scheme (3.3) (e) scheme (3.4)

Figure 4: (a) Shows the ellipse produced by non-stationary binary scheme of [4, 6,
7], (b)-(c) show the ellipse produced by non-stationary ternary scheme of [7, 12],
(e) and (f) show the ellipse produced by proposed 3-, 5-point non-stationary ternary
interpolating schemes respectively.

Table 1: Comparison of deviation error (D. Error) with existing non-stationary
interpolating schemes: Here N represents the number of initial points of control
polygon.

Schemes N D. Error N D. Error N D. Error
4-point binary [4, 6, 7] 4 0.18501 5 0.20398 6 0.05910
3-point ternary [7] 4 0.30308 5 0.44910 6 0.17196
4-point ternary [12] 4 0.20160 5 0.20399 6 0.06478
4-point ternary [15] 4 0.19510 5 0.20365 6 0.06219
4-point ternary [16] 4 0.20165 5 0.20409 6 0.06483
3-point proposed 4 0.18957 5 0.19579 6 0.05865
5-point proposed 4 0.08104 5 0.04937 6 0.01106
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[7]

[12]

[4,6,7]

[7]

[12]

[4,6,7]

(a) 4 initial points (b) 4 initial points

[4,6,7]

[7]

[12]
[12]

[7]

[4,6,7]

(c) 5 initial points (d) 5 initial points

[4,6,7]

[7]

[12]

(e) 6 initial points (f) 6 initial points

Figure 5: Graphs show the deviation of proposed and existing non-stationary in-
terpolating schemes.

16



4.1 Conclusions

By using Lagrange identities we construct new families of univariate, ternary, non-
stationary interpolating subdivision schemes for curve design with a single tension
parameter which enable the scheme to produce more precise result. The proposed
schemes are non-stationary counterpart of the stationary schemes [1, 3, 9, 11, 13,
14] so the parametric ranges of continuity of proposed non-stationary schemes are
same as of the counter stationary schemes. Figure 1 illustrates that the proposed
scheme gives great flexibility to geometric designers for the creation of smooth
curves according to their own requirements by choosing appropriate value of pa-
rameter.
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