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ABSTRACT10
11

A generalized non-stationary 4-point b-ary approximating subdivisionscheme is presented for even
integer ≥ 2. Lagrange trigonometric polynomialplays a key role in computation of mask of the
generalized scheme.The proposed schemes can be considered as non-stationary counterpart ofexisting
stationary approximating schemes. Asymptotic equivalence techniqueis used for convergence analysis of
the proposed schemes. Efficiencyof proposed schemes is illustrated with the help of some examples.
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1. INTRODUCTION15

16
In the study of curve generating techniques subdivision is lime lighted due to its efficientand easy-to-use implementation.17
Subdivision schemes produce smooth curvesby applying iterative refinements on set of control points. Subdivision18
schemesare classified into different categories upon their characteristics. For example ifthe points of limiting curve pass19
through initial control points then subdivisionscheme is called interpolating otherwise approximating. Similarly, if the mask20
ofthe scheme does not vary with subdivision level then it is termed as stationaryotherwise non-stationary.21

22
There are many stationary subdivision schemes in literature but non-stationaryschemes are gaining interest day by day in23
research community. Morin et al. [16]derived mask of binary approximating non-stationary subdivision scheme24
whichunifies cubic splines, splines-in-tension and a certain class of trigonometric splines.Daniel and Shunmugaraj [8]25
offered 2-point binary and 3-point ternarynon-stationary approximating schemes by using Lagrange polynomial. Daniel26
andShunmugaraj [9] presented 2-point and 3-point binary non-stationary approximatingsubdivision scheme based on27
trigonometric B-spline basis function. Daniel andShunmugaraj [10] also introduced 3-point binary non-stationary28
approximatingscheme. We also refer to [2, 5, 6, 12, 18] for some other non-stationary scheme inthe literature.29

30
Higher arity schemes are better than lower arity schemes because of their lesscomputational cost and support as31
compared to lower arity schemes. Support ofthe scheme shows the region in which the limit curve/surface will change32
when a singlecontrol point is moved. The larger the support, the wider the influence of eachcontrol point. In general,33
schemes with compact support are preferred [11]. So thebest way to get compact support is to raise arity. By taking this34
into account, wepropose subdivision schemes of higher arity.35

36
Mustafa and Rehman [15] presented general formulae for the mask of (2b+4)-pointn-ary approximating and as well as37
interpolating subdivision schemes. These formulaeprovide mask of higher arity schemes and generalize lower arity38
schemes. Masks of stationary schemes have been derived based on Lagrange polynomial while we derive mask of 4-39
point even-ary non-stationary scheme usingtrigonometric Lagrange polynomial. Augsd ̈rfer et al. [1] applied40
differentvariants on classical 4-point interpolating scheme [3] producing somesubdivision scheme all of which are41
improvements on the original scheme. They have derived two non-stationary schemes one of them has continuity42
which is smallerthan the continuity of proposed schemes and other has larger support than thesupport of proposed43
schemes. Pan et al. [17] presented a combined approximatingand interpolating subdivision scheme. The connection44
between interpolating andapproximating scheme is made by directly performing operations on geometric rules. This45
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combined scheme is 4-point ternary stationary and has larger supportthan the proposed 4-point quaternary non-stationary46
scheme.47

48
In this paper, we present a generalized non-stationary 4-point b-ary approximatingsubdivision scheme constructed by49
using trigonometric Lagrange polynomial. Weshow that proposed schemes are non-stationary counterpart of existing50
stationaryschemes. We use theory of asymptotic equivalence to investigate the convergenceof the schemes. Moreover,51
we also discuss some important properties of schemeslike affine invariance, support and symmetry of basic limit function.52

53
The paper is structured as follows. In Section 2, we listed some basic preliminaries.In Section 3, we introduce the54
generalized scheme and give some examples. In Section 4, we present some general results about smoothness analysis55
of proposedschemes and make analysis of some schemes. Some important properties of theschemes are discussed in56
Section 5. Applications, comparison and summary are given in Section6.57

58
2. PRELIMINARY RESULTS59

60
A general form of univariateb-ary non-stationary subdivision scheme S whichmaps a polygon = { } ∈ is defined by61

62 = ∑ , = 0, 1, … , − 1. (2.1)63
64

The set = { : ∈ } is called the level mask of the scheme. If the maskis dependent on the subdivision level then65
the subdivision scheme is termed asnon-stationary otherwise it is stationary.66

67
Theorem 2.1.Two subdivision schemes { } and { }are asymptotically equivalent if68

69 − < ∞,
where70

= max ,∈ ,∈ … , ( )∈ .
71

The idea behind asymptotic equivalence was presented by Dyn and Levin [4]. Theproof of following theorem follows72
exactly similar to the proof of the theorem givenin (Theorem 8, [4]).73

74
Theorem 2.2. Let { } and { } be two b-ary subdivision schemes having finitemasks of the same support. Suppose75 { }is non-stationary and { } is stationaryscheme. If { } is and∑ ‖ − ‖ < ∞ then the non-stationaryscheme76 { }is .77

78
3. GENERALIZED 4-POINT -ARYSCHEME79

80
In this section, we present 4-point approximating non-stationary subdivision schemeof even-arity. These schemes are81
constructed by interpolation with the space = {1, sin cos }, for some , 0 < < /2.82
Let us assume that we have a data set = , ∶ = 0, 1, 2, 3 . Considerthe function83 ( ) = ( ) cos β −2 ( ),
where84 ( ) = sin βsin β, ,
It is known [13] that ( ) is not the unique function in which interpolates . Welabel the function ( ), a Lagrange like85
interpolant of the above data.86
We denote the function ( ), = 0, 1, 2, 3 by (x)correspond to the dataN = = j − 1 ∶ j = 0, 1, 2, 3 .87
Then88
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( ) = sin βsin β, , = 2 , (3.1)
where = 1, 3, 5, … , − 1 (any odd integer) for ≥ 2 (any even integer).89
A general 4-point b-ary approximating non-stationary subdivision scheme associatedwith the interpolation with the space90

is given as follows:91
92

Given the initial control points ∈ and for such that0 < < /2 , the controlpoints at level + 1 are given by93
the following recursive algorithm:94

95 = − , + , + , − , ,= − , + , + , − , , (3.2)96

where = 0, 1, … , − 1, = , + 1, … , − 1, = , = 2 − , = 2 + , = 2 + , = 1, 3, … , − 1, (any odd integer)97
for ≥ 2 (any even integer) and98

, = cos . sin . sin . sin .sin . sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,
, = cos . sin . sin . sin .sin . sin . sin . .

3.1 Some examples of 4-point b-ary scheme99
100

Here we derive 4-point binary and 4-point quaternary schemes from general 4-point b-ary scheme (3.2). Similarly, we can101
easily derive other higher arity4-pointschemes.102

103
3.1.1. 4-point binary scheme104

105
By substituting = 2 in (3.2), we get following 4-point binary approximatingnon-stationary scheme106

107 = − , + , + , − , ,= − , + , + , − , , (3.3)108

where109

, = cos . sin . sin . sin .sin . sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,
, = cos . sin . sin . sin .sin . sin . sin . .

110
3.1.2  4-point quaternary scheme111

112
By substituting = 4 in (3.2), we get following 4-point quaternary approximatingnon-stationary scheme113

114
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⎩⎪⎨
⎪⎧ = − , + , + , − , ,= − , + , + , − , ,= − , + , + , − , ,= − , + , + , − , , (3.4)115

where116

, = cos . sin . sin . sin .sin . sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,

117

, = cos . sin . sin . sin .sin . sin . ,
118

, = cos . sin . sin . sin .sin . sin . sin . ,
119

, = cos . sin . sin . sin .sin . sin . sin . ,
, = cos . sin . sin . sin .sin . sin . ,

120

, = cos . sin . sin . sin .sin . sin . ,
121

, = cos . sin . sin . sin .sin . sin . sin . .
122

4. CONTINUITY ANALYSIS OF -ARYSCHEMES123
124

In this section, we present continuity analysis of 4-point b-ary approximating non-stationarysubdivision scheme. For the125
analysis of non-stationary schemes we usethe notion of asymptotical equivalence [4]. In order to prove the convergence,126
weneed some estimates of , , = 0, 1, 2, 3, which are given in the following twolemmas.127

128
129
130
131

Lemma 4.1.132 ( ) 48 ≤ , ≤ 48 cos , ( ) 16 ≤ , ≤ 16 cos ,
133 ( ) 16 ≤ , ≤ 16 cos , ( ) 48 ≤ , ≤ 48 cos ,

where = 2 − , = 2 + , = 2 + = 1, 3, … , − 1, (any odd integer) for ≥ 2 (any even integer).134
Proof. Since135
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, ≥ = 48
and136

, ≤ cos cos cos ≤ 48 cos ,
137

so the proof of (i) is completed. The proofs of (ii), (iii) and (iv) are similar to theproof of (i).138
139

By substituting = 2 and 4 in Lemma 4.1, we get following corollaries.140
141

Corollary 4.2.142 ( ) 7128 ≤ , ≤ 7128 cos , ( ) 105128 ≤ , ≤ 105128 cos ,
( ) 35128 ≤ , ≤ 35128 cos , ( ) 5128 ≤ , ≤ 5128 cos .

143
Remark 4.1. The scheme (3.3) is non-stationary counterpart of 4-point binary scheme [7] with mask144 1128 {−5, −7, 35, 105, 105, 35, −7, −5}, (4.1)
as by above corollary the mask of scheme (3.3) converges to the mask (4.1): , → , , → , , → and , →145 , for → ∞.146

147
Corollary 4.3.148 ( ) 351024 ≤ , ≤ 351024 cos . , ( ) 9451024 ≤ , ≤ 9451024 cos . ,

( ) 1351024 ≤ , ≤ 1351024 cos . , ( ) 211024 ≤ , ≤ 211024 cos . ,
( ) 651024 ≤ , ≤ 651024 cos . , ( ) 7151024 ≤ , ≤ 7151024 cos . ,
( ) 4291024 ≤ , ≤ 4291024 cos . , ( ) 551024 ≤ , ≤ 551024 cos . .

Remark 4.2.From the above corollary it is obvious that , → , , → , , → , , → , , → ,149 , → , , → and , → as → ∞. It means that mask of the scheme (3.4) converges to the mask150 11024 {−21, −55, −65, −35, 135, 429, 715, 945, 945, 715, 429, 135, −35, −65, −55, −21}, (4.2)
of 4-point quaternary scheme [14] for = . So the scheme (3.4) is non-stationarycounterpart of (4.2).151

152
By using Lemma 4.1, we have the following lemma.153

154
155

Lemma 4.4.156 ( ) , − 48 ≤ , 1 , ( ) , − 16 ≤ , 1 ,( ) , − 16 ≤ , 1 , ( ) , − 48 ≤ , 1 ,
where = 2 − , = 2 + , = 2 + = 1, 3, … , − 1, (any odd integer) for ≥ 2 (any even integer). The157
constants , , , , , , and , are independent of .158
Proof.To prove (i), we have159
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, − 48 ≤ 48 cos − 48 .
This implies for 0 < < /2160

, − 48 ≤ 48 1 − coscos .
Again implies161

, − 48 ≤ 8 sincos (3 ) .
Finally, we get162

, − 48 ≤ 1 9128 cos (3 ) = , 1 ,
where , = ( )is independent of k. The proofs of (ii), (iii) and (iv) aresimilar to the proof of (i).163

164
By substituting = 2 and 4 in Lemma 4.4, we get following corollaries.165

166
Corollary 4.5.167 ( ) , − 7128 ≤ , 12 , ( ) , − 105128 ≤ , 12 ,( ) , − 35128 ≤ , 12 , ( ) , − 5128 ≤ , 12 .

168
Corollary 4.6.169 ( ) , − 351024 ≤ , 14 , ( ) , − 9451024 ≤ , 14 ,( ) , − 1351024 ≤ , 14 , ( ) , − 211024 ≤ , 14 ,( ) , − 651024 ≤ , 14 , ( ) , − 7151024 ≤ , 14 ,( ) , − 4291024 ≤ , 14 , ( ) , − 551024 ≤ , 14 .

170
Theorem 4.7.The proposed 4-point binary non-stationary scheme (3.3) is .171
Proof.Let and denote the schemes (3.3) and (4.1) having finite mask ofsame support respectively.172

173
We claim that174 2 − < ∞,
where175 − = max − ,∈ = 0, 1, 2, 3 .
From the schemes (3.3) and (4.1), we have176 2 − = 2 − + − + − + − .
This implies that177 2 − = 2 , − 5128 + , − 35128 + , − 105128 + , − 7128 .
From (i) of Corollary 4.5, we have178 2 , − 7128 ≤ 2 , 12 < ∞.
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In the same way by using (ii), (iii) and (iv) of Corollary 4.5, we can easily showthat179
180 ∑ 2 , − < ∞, ∑ 2 , − < ∞and∑ 2 , − < ∞.181
182

Therefore, we have∑ 2 − < ∞, which means that both schemes(3.3) and (4.1) are asymptotically183
equivalent. Since (4.1) is so by Theorem 2.2,(3.3) is also .184

185
By using Corollary 4.6, we get following theorem.186

187
Theorem 4.8. The proposed 4-point quaternary non-stationary scheme (3.4) is .188
Proof. Proof of this theorem follows the proof of Theorem 4.7.189

190
5 PROPERTIES OF THE SUBDIVISION SCHEMES191

192
In this section, we discuss some important properties of the proposed schemes.193

194
5.1 Affine invariance property195

196
In the following proposition, we show that the scheme (3.2) holds affine invarianceproperty.197

198
Proposition 5.1.The scheme (3.2) satisfies affine invariance property i.e.− , + , + , − , = 1.199
Proof.Since200

, + , = sin . sin . sin .sin . sin . sin . ,
then this implies201

, + , = sin . sin .sin . sin . . (5.1)
Similarly, we have202

, + , = sin . sin .sin . sin . . (5.2)
By subtracting (5.1) and (5.2), we have203 − , + , + , − , = 12 cos . − cos .sin . sin . .
This implies that204 − , + , + , − , = 12 −2sin . sin .sin . sin . .
Thus we have205 − , + , + , − , = 1.

206
Corollary 5.2. The schemes (3.3) and (3.4) satisfy affine invariance property.207

208
5.2 Basic limit function209

210
The basic limit function B of a scheme is defined as the limit function of the schemefor the data = , , where , is211
Kronecker delta. By Theorems 4.7 and 4.8 itfollows that the basic functions defined by the proposed schemes (3.3) and212
(3.4)generate -continues limit curves. These functions are shown in Figure 1.213

214
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215
Fig. 1.(a) and (b) present basic function of proposed schemes (3.3) and (3.4) respectively.216

217
Now we derive a general relation to calculate support width of 4-point b-ary scheme.We figure out that as we increase218
arity of 4-point b-ary scheme the support widthdecreases, i.e. for 4-point b-ary scheme arity and support width are219
reciprocal toeach other.220

221
Proposition 5.3. The basic function B defined by proposed scheme (3.2) has supportwidth = , which implies that it222

vanishes outside the interval − ( ) , ( ) .223
Proof. Since the basic function B is the limit function of the scheme (3.2), itssupport width can be determined by224
computing how far the effect of the non-zero vertex will propagate along by. As the mask of the scheme is a 4 -long225
sequence by centering it on that vertex, the distances to the last of its left and rightnon-zero coefficients are equal to 2226
and 2 − 1 respectively. At the first subdivisionstep we see that the vertices on the left and right sides of at and227

arethe furthest nonzero new vertices. At each refinement, the distance on both sidesis reduced by the factor . At the next228

step of the scheme this will propagatealong by on left and on right. Hence after k subdivision steps the furthestnon-229
zero vertex on the left will be at230 2 1 + 1 + 1 + ⋯+ 1 = 2 1
and231 (2 − 1) 1 + 1 + 1 + ⋯+ 1 = (2 − 1) 1 .
Since < 1, the geometric sequence can be summed to give the extended distanceon each side and we conclude that, in232
the limit, the total influence of the originalnon-zero vertex will propagate along by233

234 = 2 1 + (2 − 1) 1 = 4 − 1 11 − = 4 − 1− 1 .
Proposition 5.4.The basic function of the scheme (3.3) has support width = 7, which implies that it vanishes outside the235
interval − , .236

237
Proposition 5.5.The basic function of the scheme (3.4) has support width = 5, which implies that it vanishes outside the238
interval − , .239

240
Proposition 5.6. The basic function B defined by the proposed scheme (3.3) issymmetric about Y-axis.241

242
Proof. Let us denote the set : = | ∈ such that the restriction of the basicfunction B to satisfies =243
for all ∈ and we will use mathematicalinduction on k to prove this.244
First of all we note that ( ) = = = (− )for all ∈ and thus = = , ∀ ∈ , = 0.245
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Now we assume that = , ∀ ∈ ,then it follows that = = = , ∀ ∈ .246
Therefore247 22 = − , + , + , − , .
This implies that248 22 = − , − 12 + , 2 + , + 12 − , + 22 .
So we have249 22 = − , − + 12 + , −2 + , − − 12 − , − − 22 .
Thus we have250 22 = − , + , + , − , = = −22 .

251
Similarly, we can easily show that252 2 + 12 = − 2 + 12 .
Consequently = , ∀ ∈ and ∈ . As a result from continuityof B we have that ( ) = (− ), ∀ ∈ ,253
which shows that the basic function Bdefined by the proposed 4-point binary scheme (3.3) is symmetric about Y-axis.254

255
In the same way, we can easily show that256

257
Proposition 5.7. The basic limit function B defined by the proposed 4-point quaternaryscheme (3.4) is symmetric about258
Y-axis.259

260
6 APPLICATIONS, COMPARISON AND SUMMARY261

262
In this section, we demonstrate visual performance of some of the proposed schemesby several examples. Comparison263
with existing binary and ternary non-stationary schemes and brief summary of work done so far is also included in this264
section.265

266
Figure 2 shows smooth curves which approximate set of given points. The controlpolygons are drawn by dashed lines and267
the smooth curves by full lines. Limitcurves presented in 2(a)-2(c) are obtained by proposed scheme (3.3) after268
fouriterations while limit curves shown in 2(d)-2(f) are obtained by proposed scheme(3.4) after two iterations.269

270
In Table 1 we give brief comparison of b-ary schemes with some existing schemes. It is shown that the continuity of b-ary271
schemes is greater than the other existing binary and ternary schemes. Also as we increase the arity of b-ary schemes,272
support of the schemes decreases.273

274
A generalized 4-point b-ary non-stationary approximating subdivision scheme ispresented using trigonometric Lagrange275
polynomial. Asymptotic equivalence techniqueis used for continuity analysis of proposed scheme. It is also shown that276
proposednon-stationary schemes are counterpart of celebrated stationary schemes.Some important properties of277
proposed scheme like affine invariance, support andsymmetry of basic limit function have been discussed. An explicit278
formula to calculatesupport width of basic limit function is established. We deduced that arityand support width of 4-point279
b-ary scheme are reciprocal to each other. Visualperformance of proposed scheme is shown by several examples.280

281
282
283
284

Table 1. Comparison of b-ary schemes.285
Scheme Type Continuity Support
2-point Binary [8] Approximating 1 3

3-point Binary [10] Approximating 1 5

4-point Binary [8] Interpolating 1 6
3-point Ternary [8] Interpolating 1 4
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Proposed 4-point Binary Approximating 2 7

Proposed 4-point Quaternary Approximating 2 5

286
287

Fig.2.(a)-(c) present limit curve of the scheme (3.3) after 4th subdivision level and (d)-(f ) present limit288
curve of the scheme (3.4) after 2nd subdivision level.289
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