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We study the existence of positive solutions of a system of higher-order nonlinear differential 
equations subject to multi-point boundary conditions, where the nonlinearities do not 
possess any sublinear or superlinear growth conditions and may be singular. In the proof of 
the main results, we use the Guo-Krasnosel'skii fixed point theorem. 
 16 
Keywords: higher-order differential system, singular equations, multi-point boundary 17 
conditions, positive solutions. 18 
2010 Mathematics Subject Classification: 34B10, 34B18. 19 
 20 
 21 

1. INTRODUCTION 22 

 23 
We consider the system of higher-order singular ordinary differential equations 24 

 ���:                                  � �����	� + ��	, ��	�� = 0,   	 ∈ �0, ��,�����	� + ��	, ��	�� = 0,   	 ∈ �0, ��,� 25 

with the multi-point boundary conditions 26 

 ����:             ���0� = ∑ �������,   ���0� = ⋯ = ���� ��0� = 0,    ���� = ∑ !���"��,#�$%&�$%��0� = ∑ '���(��,   �′�0� = ⋯ = ���� ��0� = 0,    ���� = ∑ *���+��,,�$%-�$% �
  27 

where ., / ∈ ℕ, ., / ≥ 2, 3, 4, 5, 6 ∈ ℕ.  In the case . = 2 or / = 2 the above conditions 28 

are of the form ��0� = ∑ �������,   ���� = ∑ !���"��,#�$%&�$%   or  ��0� = ∑ '���(��,   ���� =-�$%29 ∑ *���+��,,�$%  respectively, that is without conditions on the derivatives of � and � in the point 30 0. 31 
 32 
We present some weaker assumptions on � and �, which do not possess any sublinear or 33 
superlinear growth conditions and may be singular at 	 = 0 and/or 	 = �, such that positive 34 
solutions for problem ��� − ���� exist. By a positive solution of ��� − ����, we understand a 35 

pair of functions ��, �� ∈ ���90, �:; ℝ=� ∩ ����0, ���� × ���90, �:; ℝ=� ∩ ����0, ���� satisfying 36 ��� and (��� with supC∈9D,E: ��	� > 0, supC∈9D,E: ��	� > 0. This problem is a generalization of 37 

the problem studied in [1], where in ���� we have �� = 0 for all G = 1, … , 3 and '� = 0 for all 38 G = 1, … , 5 (denoted by ���J �). 39 
 40 

The system ��� with . = / = 2 and the boundary conditions ��0� = 0, ���� = ∑ !������,�� �$%     41 ��0� = 0, ���� = ∑ '���"���� �$%  has been investigated in [2]. In [3], the authors studied the 42 



 

existence of positive solutions for system ��� with . = / = 2 and the boundary conditions 43 ��0� = 0, ��1� = K��"�, ��0� = 0, ��1� = K��"�  with  " ∈ �0,1�, 0 < K" < 1 �� = 1�. In [4], 44 
we investigated the existence and multiplicity of positive solutions for system ��� where � 45 

and � are nonsingular functions and the boundary conditions ���J �.  The particular case of 46 ��� with . = / = 2, � = 1 and boundary conditions which contain only one intermediate point 47 
has been studied in [5]. We also mention the paper [6], where the authors used the fixed 48 
point index theory to prove the existence of positive solutions for the system ��� with 49 ��	, ��	�� and ��	, ��	�� replaced by '�	��M���	�, ��	�� and *�	��N���	�, ��	��, respectively, 50 

(with �M and �N singular functions) and ���J �  where 
% ≤ "% < " < ⋯ < "# < 1, % ≤ +% < + <51 ⋯ < +, < 1  �� = 1�.  Some multi-point boundary value problems for systems of ordinary 52 

differential equations which involve positive eigenvalues were studied in recent years by 53 
using the Guo-Krasnosel'skii fixed point theorem. Namely, in [7], the authors give sufficient 54 
conditions for P, Q, � and � (�, � nonsingular functions) such that the system 55 

 ��%�:                              ������	� + P��	�����	�, ��	�� = 0,   	 ∈ �0, ��,�����	� + Q!�	�����	�, ��	�� = 0,   	 ∈ �0, ��,� 56 

with the boundary conditions ���� has positive solutions. The system ��%� with the boundary 57 

conditions  ���J � has been studied in [8]. The system ��%� with . = / = 2 and the multi-point 58 

boundary conditions K��0� − R���0� = 0,   ���� = ∑ �������, S��0� − T���0� = 0,   ���� =&� �$%59 ∑ !���"��,#� �$%   has been investigated in [9]. Some particular cases of the above problems 60 

have been studied in [10-14]. 61 
 62 
In the last decades, nonlocal boundary value problems (including multi-point boundary value 63 
problems) for ordinary differential or difference equations/systems have become a rapidly 64 
growing area of research. Several phenomena in engineering, physics and life sciences can 65 
be modeled in this way. These problems have been studied by many authors by using 66 
different methods, such as fixed point theorems in cones, the Leray-Schauder continuation 67 
theorem, nonlinear alternatives of Leray-Schauder and coincidence degree theory. 68 
 69 
In Section 2, we present some auxiliary results which investigate two boundary value 70 
problems for higher-order equations. In Section 3, we prove two existence results for the 71 
positive solutions with respect to a cone for our problem ��� − ����, which are based on the 72 
Guo-Krasnosel'skii fixed point theorem (see [15]) which is presented below. 73 
 74 
Theorem 1. Let U be a Banach space and let � ⊂ U be a cone in U. Assume W% and W  are 75 

bounded open subsets of U with 0 ∈ W% ⊂  W%XXXX ⊂ W  and let Y: � ∩ �W XXXX ∖ W%� → � be a 76 
completely continuous operator such that, either 77 
    i) ‖Y�‖ ≤ ‖�‖, � ∈ � ∩ ]W%, and ‖Y�‖ ≥ ‖�‖, � ∈ � ∩ ]W , or  78 
    ii) ‖Y�‖ ≥ ‖�‖, � ∈ � ∩ ]W%, and ‖Y�‖ ≤ ‖�‖, � ∈ � ∩ ]W . 79 

Then Y has a fixed point in � ∩ �W XXXX ∖ W%�. 80 
 81 

2. AUXILIARY RESULTS 82 

 83 
In this section, we present some auxiliary results from [7] and [16] related to the following . -84 
order differential equation with multi-point boundary conditions 85 

                      �����	� + ^�	� = 0,    	 ∈ �0, ��,                                                                                        �2.1� 86 

         ��0� = ∑ �������,   ���0� = ⋯ = ���� ��0� = 0,    ���� = ∑ !���"��,#�$%&�$%                         �2.2� 87 

where . ∈ ℕ, . ≥ 2, 3, 4 ∈ ℕ. If . = 2, the condition �2.2� has the form 88 ��0� = ∑ �������,   ���� = ∑ !���"��.#�$%&�$%  89 

 90 



 

Lemma 2.1 ([7]) If ∆%= �1 − ∑ !�#�$% � ∑ ������%&�$% + �1 − ∑ ��&�$% �����% − ∑ !�"���%#�$% � ≠ 0, 91 0 < �% < ⋯ < �& < �, 0 < "% < ⋯ < "# < � and ^ ∈ ��90, �:�, then the solution of �2.1� −92 �2.2� is given by 93 ��	� = − a �	 − b���%�. − 1�! ^�b�*bC
D + 	��%∆% �d1 − e !�#

�$% f e �� a ��� − b���%�. − 1�!gh
D

&
�$% � ^�b�*b 

+ �d1 − e ��&
�$% f 1�. − 1�! ia �� − b���%^�b�*bE

D − e !� a �"� − b���%^�b�*bjh
D

#
�$% kl 

     + 1∆% �de ������%&
�$% f 1�. − 1�! ia �� − b���%^�b�*b − e !� a �"� − b���%^�b�*bjh

D
#
�$%

E
D k� 

�            − d���% − e !�"���%#
�$% f e �� a ��� − b���%�. − 1�!gh

D
&
�$% ^�b�*bl.                                                    �2.3� 

     94 
Lemma 2.2 ([7]) Under the assumptions of Lemma 2.1, the Green's function for the 95 
boundary value problem �2.1� − �2.2� is given by 96 n%�	, b� = �%�	, b� + 1o% p����% − 	��%� d1 − e !�#

�$% f + e !�����% − "���%�#
�$% q e ���%��� , b�&

�$%  

      + 1o% p	��% d1 − e ��&
�$% f + e ������%&

�$% q e !��%�"� , b�#
�$% ,   �	, b� ∈ 90, �: × 90, �:,            �2.4� 

where 97                    �%�	, b� = 1�. − 1�! ���% s	��%�� − b���% − ���%�	 − b���%,   0 ≤ b ≤ 	 ≤ �,	��%�� − b���%,   0 ≤ 	 ≤ b ≤ �. �             �2.5� 

        98 
By using n%, the solution � of problem �2.1� − �2.2� given by �2.3� can be written as ��	� =99 u n%�	, b�^�b�*b.ED  100 

 101 
Lemma 2.3 ([16]; see also [4]) The function  �% given by �2.5� has the properties 102 
   a) �%: 90, �: × 90, �: → ℝ= is a continuous function and  �%�	, b� ≥ 0 for all �	, b� ∈ 90, �: ×103 90, �:. 104 
   b) �%�	, b� ≤  �%�v%�b�, b�,  for all �	, b� ∈ 90, �: × 90, �:. 105 

   c) For any ' ∈ �0, � 2⁄ �, we have  minC∈9{,E�{: �%�	, b� ≥ {|}~E|}~  �%�v%�b�, b�,  for all b ∈ 90, �:, 106 

where v%�b� = b if . = 2 and v%�b� = � �
%��%����|}~|}� ,   b ∈ �0, �:,

E��� ���% ,     b = 0, �   if  . ≥ 3. 107 

 108 

Lemma 2.4 ([7]) If �� ≥ 0 for all  G = 1, … , 3, ∑ ��&�$% < 1, and !� ≥ 0 for all  G = 1, … , 4, 109 ∑ !�#�$% < 1, 0 < �% < ⋯ < �& < �, 0 < "% < ⋯ < "# < �, then the Green's function n% of the 110 

problem �2.1� − �2.2� (given by �2.4�) is continuous on 90, �: × 90, �: and satisfies  n%�	, b� ≥111 0 for all �	, b� ∈ 90, �: × 90, �:. Moreover, if ^ ∈ ��90, �:� satisfies ^�	� ≥ 0 for all 	 ∈ 90, �:, 112 
then the unique solution � of problem �2.1� − �2.2� satisfies ��	� ≥ 0 for all 	 ∈ 90, �:. 113 
  114 

Lemma 2.5 ([7]) Assume that �� ≥ 0 for all  G = 1, … , 3, ∑ ��&�$% < 1, and !� ≥ 0 for all  G =115 1, … , 4, ∑ !�#�$% < 1, 0 < �% < ⋯ < �& < �, 0 < "% < ⋯ < "# < �. Then the Green's function n% 116 

of the problem �2.1� − �2.2� satisfies the inequalities 117 
    a)  n%�	, b� ≤ �%�b�,   ∀ �	, b� ∈ 90, �: × 90, �:,  where 118 �%�b� =  �%�v%�b�, b� + 1∆% i���% �1 − e !�#

�$% � + e !�����% − "���%�#
�$% k × 



 

               × e ���%��� , b�&
�$% + 1∆% i���% �1 − e ��&

�$% � + e ������%&
�$% k e !��%�"� , b�.#

�$%          �2.6� 

   b) For every ' ∈ �0, � 2⁄ �,  we have  119                           minC∈9{,E�{:  n%�	, b� ≥ S%�%�b� ≥ S% n%�	′, b�,   ∀ 	�, b ∈ 90, �:,                                          �2.7� 

where S% = '��% ���%.⁄  120 
 121 

Lemma 2.6 ([7]) Assume that �� ≥ 0 for all  G = 1, … , 3, ∑ ��&�$% < 1, and !� ≥ 0 for all  G =122 1, … , 4, ∑ !�#�$% < 1, 0 < �% < ⋯ < �& < �, 0 < "% < ⋯ < "# < �, ' ∈ �0, � 2⁄ � and ^ ∈ ��90, �:�,  123 ^�	� ≥ 0 for all 	 ∈ 90, �:. Then the solution ��	�, 	 ∈ 90, �: of problem �2.1� − �2.2� satisfies 124 
the inequality minC∈9{,E�{: ��	� ≥ S% maxC�∈9D,E: ��	��. 125 

 126 
We can also formulate similar results as Lemmas 2.1-2.6 above for the boundary value 127 
problem 128 

                      �����	� + ℎ�	� = 0,    	 ∈ �0, ��,                                                                                        �2.8� 129 

              ��0� = ∑ '���(��,   �′�0� = ⋯ = ���� ��0� = 0,    ���� = ∑ *���+��,,�$%-�$%                     �2.9� 130 
where 0 < (% < ⋯ < (- < �, c� ≥ 0 for all G = 1, … , 5, 0 < +% < ⋯ < +, < �, *� ≥ 0 for all  131 G = 1, … , 6 and ℎ ∈ ��90, �:�.  We denote by ∆ , S , � , v , n  and �  the corresponding 132 
constants and functions for the problem �2.8� − �2.9� defined in a similar manner as 133 ∆%, S%, �%, v%, n% and �%, respectively.   134 
 135 

3. MAIN RESULTS 136 

 137 

In this section, we investigate the existence of positive solutions for our problem ��� − ����, 138 
under various assumptions on singular functions � and �. 139 
 140 
We present the assumptions that we shall use in the sequel 141 
 142 ��%�  0 < �% < ⋯ < �& < �, �� ≥ 0 for all  G = 1, … , 3, ∑ ��&�$% < 1, 0 < "% < ⋯ < "# < �, !� ≥ 0 143 

for all  G = 1, … , 4, ∑ !�#�$% < 1, 0 < (% < ⋯ < (- < �, '� ≥ 0 for all  G = 1, … , 5, ∑ '�-�$% < 1, 144 0 < +% < ⋯ < +, < �, *� ≥ 0 for all  G = 1, … , 6, ∑ *�,�$% < 1. 145 �� � The functions �, � ∈ ���0, �� × ℝ=, ℝ=� and there exist 3� ∈ ���0, ��, ℝ=�, 4� ∈146 ��ℝ=, ℝ=�, G = 1, 2,  with 0 < u 3�ED �	�*	 < ∞, G = 1, 2, 4%�0� = 0, 4 �0� = 0  such that 147 ��	, �� ≤ 3%�	�4%���,   ��	, �� ≤ 3 �	�4 ���,   ∀ 	 ∈ �0, ��,    � ∈ ℝ=.  ���� There exist 5%,  5 ∈ �0, ∞� with 5%5 ≥ 1 such that 148 

     G�  4%D� = limsup�→D� #~�����~ ∈ 90, ∞�;    GG� 4 D� = limsup�→D� #������� = 0.   149 ���� There exist 6%, 6 ∈ �0, ∞� with 6%6 ≥ 1 and ' ∈ �0, � 2⁄ � such that 150 

     G�   ��� = liminf�→� infC∈9{,E�{: ��C,��� ~ ∈ �0, ∞:;    GG�  ��� = liminf�→� infC∈9{,E�{: ¡�C,��� � = ∞. 151 ��¢� There exist K%,  K ∈ �0, ∞� with K%K ≤ 1 such that 152 

     G�  4%�� = limsup�→� #~����£~ ∈ 90, ∞�;    GG� 4 �� = limsup�→� #�����£� = 0.   153 ��¤� There exist R%, R ∈ �0, ∞� with R%R ≤ 1 and ' ∈ �0, � 2⁄ � such that 154 

     G�   �D� = liminf�→D� infC∈9{,E�{: ��C,���¥~ ∈ �0, ∞:;    GG�  �D� = liminf�→D� infC∈9{,E�{: ¡�C,���¥� = ∞. 155 

 156 

The pair of functions ��, �� ∈ ���90, �:� ∩ ����0, ���� × ���90, �:� ∩ ����0, ���� is a solution 157 

for our problem ��� − ���� if and only if ��, �� ∈ ��90, �:� × ��90, �:� is a solution for the 158 
nonlinear integral equations 159 



 

                                    
¦§̈
§©��	� = a n%�	, b���b, ��b��*b,   	 ∈ 90, �:,E

D��	� = a n �	, b���b, ��b��*b,   	 ∈ 90, �:.E
D

�                                                        �3.1� 

The system �3.1�  can be written as the nonlinear integral system 160 

                                
¦§̈
§©��	� = a n%�	, b�� �b, a n �b, ª���E

D ª, ��ª�� *ª�  *b,   	 ∈ 90, �:,E
D ��	� = a n �	, b���b, ��b��*b,   	 ∈ 90, �:.E

D
�                   �3.2� 

We consider the Banach space U = ��90, �:� with supremum norm ‖�‖ = supC∈9D,E: |��	�| 161 

and define the cone ¬ ⊂ U by ¬ = ­� ∈ U, ��	� ≥ 0, ∀ 	 ∈ 90, �:®.  For any 5 > 0, let �- =162 ­� ∈ ��90, �:�, ‖�‖ < 5® and ]�- = ­� ∈ ��90, �:�, ‖�‖ = 5®. 163 
 164 
We also define the operator Y: ¬ → U by 165                   �Y���	� = a n%�	, b�� �b, a n �b, ª���ª, ��ª�� *ª�E

D �  *b, 	 ∈ 90, �:.                     �3.3�E
D  

 166 
Lemma 3.1 Assume that ��%� − �� � hold. Then Y: ¬ → ¬ is completely continuous. 167 
 168 

Proof. We denote K = u �%�b�3%�b� *bED  and R = u � �b�3 �b� *bED . Using �� �, we deduce that 169 0 < K < ∞ and 0 < R < ∞. By Lemma 2.4 and the corresponding lemma for n , we get that 170 Y maps ¬ into ¬. 171 
 172 
We shall prove that Y maps bounded sets into relatively compact sets. Suppose ¯ ⊂ ¬ is an 173 
arbitrary bounded set. First we prove that Y�¯� is a bounded set. Because ¯ is bounded, 174 
then there exists °% > 0 such that ‖�‖ < °% for all � ∈ ¯. By the continuity of 4 , there exists 175 ° > 0 such that ° = sup�∈9D,±~: 4 ���. By using Lemma 2.5 for n , for any � ∈ ¯ and 176 b ∈ 90, �:, we obtain 177                      a n �b, ª���E

D ª, ��ª�� *ª ≤ a n �b, ª�3 �ª�E
D 4 ���ª�� *ª ≤ R° .                               �3.4� 

Because 4% is continuous, there exists °� > 0 such that °� = sup�∈9D,²±�: 4%���. Therefore, 178 

from �3.4�, �� � and Lemma 2.5, we deduce 179 �Y���	� ≤ a n%�	, b�3%�b�4% �a n �b, ª���ª, ��ª��*ªE
D �  *bE

D  

                              ≤ °� a �%�b�3%�b�*b = K°�,   ∀ 	 ∈ 90, �:.                                                               �3.5�E
D  

So, ‖Y�‖ ≤ K°� for all � ∈ ¯. Therefore Y�¯� is bounded. 180 
 181 
In what follows, we shall prove that Y�¯� is equicontinuous. By using Lemma 2.2, for all 182 	 ∈ 90, �:, we have 183 �Y���	� = a s�%�	, b� + 1o% p����% − 	��%� d1 − e !�#

�$% f + e !�����% − "���%�#
�$% q ×�E

D  

�× e ���%��� , b� + 1o% p	��% d1 − e ��&
�$% f + e ������%&

�$% q e !��%�"�, b�#
�$%

&
�$% ³ × 

× � �b, a n �b, ª���E
D ª, ��ª�� *ª�  *b = 1�. − 1�! ���% a 9	��%�� − b���%E

D  

−���%�	 − b���%:� �b, a n �b, ª���E
D ª, ��ª�� *ª�  *b + 1�. − 1�! ���% a 	��%�� − b���% ×E

C  



 

× � �b, a n �b, ª���E
D ª, ��ª�� *ª�  *b + 1∆% p����% − 	��%� d1 − e !�#

�$% f� 
�+ e !�����% − "���%�#

�$% q e �� a �%��� , b�� �b, a n �b, ª���E
D ª, ��ª�� *ª�  *bE

D
&
�$%  

               + 1o% p	��% d1 − e ��&
�$% f    + e ������%&

�$% q ×                        
                               × e !� a �%�"�, b�� �b, a n �b, ª���E

D ª, ��ª�� *ª� *b.E
D

#
�$%                                     �3.6� 

 184 
Therefore, we obtain 185 �Y��′�	� = a 	�� �� − b���% − ���%�	 − b��� �. − 2�! ���%

C
D � �b, a n �b, ª���E

D ª, ��ª�� *ª�  *b 

+ a 	�� �� − b���%�. − 2�! ���% � �b, a n �b, ª���E
D ª, ��ª�� *ª�  *bE

C + 1o% p−�. − 1�	�� d1 − e !�#
�$% fq × 

× e �� a �%��� , b�� �b, a n �b, ª���E
D ª, ��ª�� *ª�  *bE

D
&
�$% + 1o% p�. − 1�	�� d1 − e ��&

�$% fq × 

     × e !� a �%�"� , b�� �b, a n �b, ª���E
D ª, ��ª�� *ª�  *bE

D
#
�$% ,   ∀ 	 ∈ �0, ��.                             �3.7� 

 186 
So, for any 	 ∈ �0, ��, we deduce 187 |�Y��′�	�| ≤ a 	�� �� − b���% + ���%�	 − b��� �. − 2�! ���%

C
D 3%�b�4% �a n �b, ª���ª, ��ª�� *ª�E

D �  *b 

+ a 	�� �� − b���%�. − 2�! ���% 3%�b�4% �a n �b, ª���ª, ��ª�� *ª�E
D �  *bE

C  

+ �. − 1�	�� o% d1 − e !�#
�$% f e �� a �%��� , b�3%�b�4% �a n �b, ª���ª, ��ª�� *ª�E

D �  *bE
D

&
�$%  

+ �. − 1�	�� o% d1 − e ��&
�$% f e !� a �%�"� , b�3%�b�4% �a n �b, ª���ª, ��ª�� *ª�E

D �  *bE
D

#
�$%  

≤ °� �a 	�� �� − b���% + ���%�	 − b��� �. − 2�! ���%
C

D 3%�b� *b� + a 	�� �� − b���%�. − 2�! ���% 3%�b� *bE
C  

+ �. − 1�	�� o% d1 − e !�#
�$% f e �� a �%��� , b�3%�b� *bE

D
&
�$% + �. − 1�	�� o% d1 − e ��&

�$% f × 

�                                       × e !� a �%�"� , b�3%�b� *bE
D

#
�$% � .                                                                       �3.8� 

We denote 188        ℎ�	� = a 	�� �� − b���% + ���%�	 − b��� �. − 2�! ���%
C

D 3%�b� *b + a 	�� �� − b���%�. − 2�! ���% 3%�b� *bE
C ,      �3.9� 

Q�	� = ℎ�	� + �. − 1�	�� o% d1 − e !�#
�$% f e �� a �%��� , b�3%�b� *bE

D
&
�$%  

+ �. − 1�	�� o% d1 − e ��&
�$% f e !� a �%�"� , b�3%�b� *bE

D
#
�$% , 	 ∈ �0, ��.                                �3.10� 

 189 
For the integral of the function ℎ, by exchanging the order of integration, we obtain after 190 
some computations 191 a ℎ�	�*	E

D = a �� − b���%�. − 2�! ���% ����% − b��%. − 1 � 3%�b� *bE
D + a 3%�b��� − b���%�. − 1�!  *bE

D  

 192 



 

              + a �� − b���%b��%�. − 1�! ���%
E

D 3%�b� *b = 2�. − 1�! a �� − b���%3%�b� *b < ∞.                          �3.11�E
D  

 193 
For the integral of the function Q, we have 194 a Q�	� *	 ≤E

D
2�. − 1�! a �� − b���%3%�b� *bE

D + ���%o% d1 − e !�#
�$% f × 

× e �� a �%�v%�b�, b�3%�b� *bE
D

&
�$% + ���%o% d1 − e ��&

�$% f e !� a �%�v%�b�, b�3%�b� *bE
D

#
�$%  

≤ 1�. − 1�! ´2 + ���%o% d1 − e !�#
�$% f de ��&

�$% f + ���%o% d1 − e ��&
�$% f de !�#

�$% fµ × 

                                                × a �� − b���%3%�b� *b < ∞.E
D                                                                   �3.12� 

We deduce that Q ∈ ¶%�0, ��.  Thus for any given 	%, 	 ∈ 90,1: with 	% ≤  	  and � ∈ ¯, by 195 �3.8�, we obtain 196                        |�Y���	%� − �Y���	 �| = ·a �Y����	�*	C�
C~ · ≤ °� a Q�	� *	C�

C~ .                                �3.13� 

 197 
From �3.12�, �3.13� and absolute continuity of the integral function, we obtain that Y�¯� is 198 
equicontinuous. This conclusion together with �3.5� and Ascoli-Arzela theorem yields that 199 Y�¯� is relatively compact. Therefore Y is a compact operator. 200 
 201 
By using similar arguments as those used in the proof of Lemma 2.4 from [3], we can show 202 
that Y is continuous on ¬. Therefore Y: ¬ → ¬ is completely continuous.                              ∎ 203 
  204 
For ' ∈ �0, � 2⁄ �, we define the cone 205                   ¬D = s� ∈ U,   ��	� ≥ 0,   ∀ 	 ∈ 90, �:, minC∈9{,E�{: ��	� ≥ S‖�‖³,                                        �3.14� 

where S = min­S%, S ®,  S% and S  are given in Section 2. Under the assumptions ��%�, �� �, 206 
we have Y�¬� ⊂ ¬D. Indeed, for � ∈ ¬, let � = Y���. By Lemma 2.6, we have 207 minC∈9{,E�{: ��	� ≥ S%‖�‖ ≥ S‖�‖, that is  � ∈ ¬D. 208 

 209 
Theorem 3.1 Assume that ��%� − ���� hold. Then the problem ��� − ���� has at least one 210 

positive solution ���	�, ��	��,   	 ∈ 90, �:. 211 

 212 
Proof. We consider the cone ¬D with ' given in ����. From ���� G� and �� �, we deduce that 213 
there exists �% > 0 such that  214                                                      4%��� ≤ �%�-~ ,   ∀ � ∈ 90,1:.                                                                   �3.15� 
 215 

From ���� GG� and �� �, for � = min ¹�1/��%KR-~��%/-~ , 1/R» > 0 with K, R defined in the proof 216 

of Lemma 3.1, we conclude that there exists T% ∈ �0,1� such that 217                                                 4 ��� ≤ � �-� ,   ∀ � ∈ 90, T%:.                                                                     �3.16� 
 218 
From �3.16�, �� �  and Lemma 2.5, for any � ∈ ]�¼~ ∩ ¬D and b ∈ 90, �:, we obtain  219            a n �b, ª���E

D ª, ��ª�� *ª ≤ � a � �ª�3 �ª� *ª ∙E
D ‖�‖-� = � RT%-� ≤ T%-� < 1.              �3.17� 

  220 
By using  �3.15� − �3.17� and �� �, for any � ∈ ]�¼~ ∩ ¬D and 	 ∈ 90, �:, we get 221 

�Y���	� ≤ �% a n%�	, b�3%�b� �a n �b, ª���ª, ��ª��*ªE
D �-~ *bE

D  



 

≤ �% a n%�	, b�3%�b� �� a n �b, ª�3 �ª����ª��-� *ªE
D �-~ *bE

D  

                             ≤ �% a �%�b�3%�b�*bE
D  ∙ �� a � �ª�3 �ª�*ªE

D �-~ ∙ ‖�‖-~-� ≤ ‖�‖.                        �3.18� 

 222 
Therefore 223                                                          ‖Y�‖ ≤ ‖�‖, ∀ � ∈ ]�¼~ ∩ ¬D.                                                  �3.19� 

  224 
From ���� G�, we deduce that there exist �� > 0 and �% > 0 such that 225                                       ��	, �� ≥ ���,~ , ∀ � ≥ �%, ∀ 	 ∈ 9', � − ':.                                         �3.20� 
 226 

We consider now �� = max ¹�S S,�v ��%, ���S%S ,~S,~,�v%v ,~��%/,~ » > 0, where v% =227 u �%�b�*bE�{{ > 0 and v = u � �b�*bE�{{ > 0.  From ���� GG�, we conclude that there exists 228 � ≥ 1 such that 229                                        ��	, �� ≥ ���,� , ∀ � ≥ � , ∀ 	 ∈ 9', � − ':.                                     �3.21� 
  230 

Now we choose ¾D = max­�%, � ® and ¾ > max ¹¾D S⁄ , ¾D% ,�⁄ ». Then for any � ∈ ]�¿ ∩ ¬D, we 231 

have minC∈9{,E�{: ��	� ≥ S‖�‖ = S¾ > ¾D. 232 

 233 
By using �3.20� and 3.21�, for any � ∈ ]�¿ ∩ ¬D and b ∈ 9', � − ':, we obtain 234 a n �b, ª���E

D ª, ��ª�� *ª ≥ S �� a � �ª����ª��,� *ªE�{
{  

                                      ≥ S ��S,� a � �ª� *ªE�{
{  ∙ ‖�‖,� ≥ ‖�‖,� = ¾,� > ¾D.                                   �3.22�  

 235 
Then for any � ∈ ]�¿ ∩ ¬D and 	 ∈ 9', � − ':, we have 236 �Y���	� ≥ a n%�	, b�� �b, a n �b, ª���ª, ��ª��*ªE

D �  *bE�{
{  

≥ �� a n%�	, b� �S a � �ª������ª��,�*ªE�{
{ �,~ *bE�{

{  

≥ ����,~S ,~ a n%�	, b�S,~,�‖�‖,~,� �a � �ª�*ªE�{
{ �,~ *bE�{

{  

                      ≥ ����,~S ,~S%S,~,� �a �%�b�*bE�{
{ � �a � �ª�*ªE�{

{ �,~ ‖�‖,~,� ≥ ‖�‖.                     �3.23� 

 237 
Therefore we deduce 238                                                  ‖Y�‖ ≥ ‖�‖, ∀ � ∈ ]�¿ ∩ ¬D.                                                     �3.24� 
 239 

By �3.19�, �3.24� and Theorem 1.1 i), we obtain that Y has a fixed point �% ∈ ��X¿ ∖ �¼~� ∩ ¬D, 240 

that is T% < ‖�%‖ < ¾. Let �%�	� = u n �	, b���b, �%�b��*b.ED  Then ��%, �%� ∈ ¬D × ¬D is a solution 241 

of ��� − ����. In addition ‖�%‖ > 0. Indeed, if we suppose that �%�	� = 0 for all 	 ∈ 90, �:, then 242 

by using �� � we have ��b, �%�b�� = ��b, 0� = 0 for all b ∈ 90, �:. This implies �%�	� = 0 for all 243 	 ∈ 90, �:, which contradicts ‖�%‖ > 0. By using Theorem 1.1 from [17] (see also [18]), we 244 
obtain �%�	� > 0 and �%�	� > 0 for all 	 ∈ �0, � − ':. The proof of Theorem 3.1 is completed.       245 ∎ 246 
 247 



 

Theorem 3.2 Assume that ��%�, �� �, ��¢� and ��¤� hold. Then the problem ��� − ���� has 248 

at least one positive solution ���	�, ��	��,   	 ∈ 90, �:. 249 

 250 
Proof. We consider the cone ¬D with ' given in ��¤�. By ��¢� G� we deduce that there exist 251 �¢ > 0 and �¤ > 0 such that 252                                                    4%��� ≤ �¢�À~ + �¤,   ∀ � ∈ 90, ∞�.                                                         �3.25� 
    253 

From ��¢� GG�, for ÁD > 0,  ÁD < �2À~�¢KRÀ~��%/À~ , we conclude that there exists �Â > 0 such 254 
that  255                                                    4 ��� ≤ ÁD�À� + �Â,   ∀ � ∈ 90, ∞�.                                                         �3.26� 
 256 
By using �3.25�, �3.26� and �� �, for any � ∈ ¬D, we obtain 257 �Y���	� ≤ a n%�	, b�3%�b�4% �a n �b, ª���ª, ��ª��*ªE

D �  *bE
D  

≤ �¢ a n%�	, b�3%�b� �a n �b, ª���ª, ��ª��*ªE
D �À~ *b + �¤ a �%�b�3%�b�*bE

D
E

D  

≤ �¢ a �%�b�3%�b�*bE
D �a � �ª�3 �ª�*ªE

D �À~ �ÁD‖�‖À� + �Â�À~ + K�¤                      ≤ �¢2À~ÁDÀ~KRÀ~‖�‖À~À� + �¢2À~KRÀ~�ÂÀ~ + K�¤,   ∀ 	 ∈ 90, �:.                                 �3.27� 

 258 
By definition of ÁD, we can choose sufficiently large ¾% > 0 such that 259                                                          ‖Y�‖ ≤ ‖�‖, ∀ � ∈ ]�¿~ ∩ ¬D.                                                  �3.28� 

  260 
From ��¤� G�, we deduce that there exist positive constants �Ã > 0 and �� > 0 such that 261 ��	, �� ≥ �Ã�²~ , for all � ∈ 90, ��: and 	 ∈ 9', � − ':. From ��¤� GG�, for 262 Á% = ��ÃS%S ²~S²~²�v%v ²~��%/²~ > 0, we conclude that there exists �� > 0 such that ��	, �� ≥263 Á%�²� for all � ∈ 90, ��: and 	 ∈ 9', � − ':. 264 
 265 
We consider  �¢ = min­��, ��®. So we obtain 266                 ��	, �� ≥ �Ã�²~ , ��	, �� ≥ Á%�²� , ∀ �	, �� ∈ 9', � − ': × 90, �¢:.                       �3.29� 
 267 
From assumption 4 �0� = 0 and the continuity of 4 , we deduce that there exists sufficiently 268 
small Á ∈ �0, min­�¢, 1®� such that 4 ��� ≤ R�%�¢ for all  � ∈ 90, Á :. 269 
 270 
Therefore for any � ∈ ]�Ä� ∩ ¬D and b ∈ 90, �:, we have 271                                a n �b, ª���E

D ª, ��ª�� *ª ≤ R�%�¢ a � �ª�3 �ª�*ª = �¢.                                    �3.30�E
D  

  272 
By �3.29�, �3.30�, Lemma 2.5 and Lemma 2.6, for any 	 ∈ 9', � − ':, we get 273 

�Y���	� ≥ �Ã a n%�	, b� �a n �b, ª���ª, ��ª��*ªE�{
{ �²~ *bE�{

{  

≥ �ÃS% a �%�b� Å�Á%S �²~ �a � �ª����ª��²�*ªE�{
{ �²~Æ *bE�{

{  

                                      ≥ �ÃS%S ²~Á%²~S²~²�v%v ²~‖�‖²~²� ≥ ‖�‖.                                                          �3.31� 

Therefore 274                                                          ‖Y�‖ ≥ ‖�‖, ∀ � ∈ ]�Ä� ∩ ¬D.                                                  �3.32� 

 275 



 

By �3.28�, �3.32� and Theorem 1.1 ii), we deduce that Y has at least one fixed point 276 � ∈ ��X¿~ ∖ �Ä�� ∩ ¬D. Then our problem ��� − ���� has at least one positive solution 277 �� , � � ∈ ¬D × ¬D where � �	� = u n �	, b���b, � �b��*b.ED  The proof of Theorem 3.2 is 278 

completed.                                                                                                                               ∎ 279 
 280 

4. CONCLUSION 281 

 282 

We presented sufficient conditions on the functions (possibly singular) � and � such that the 283 
problem ��� − ���� has positive solutions.  284 
 285 
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