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ABSTRACT

We study the existence of positive solutions of a system of higher-order nonlinear differential
equations subject to multi-point boundary conditions, where the nonlinearities do not
possess any sublinear or superlinear growth conditions and may be singular. In the proof of
the main results, we use the Guo-Krasnosel'skii fixed point theorem.
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1. INTRODUCTION

We consider the system of higher-order singular ordinary differential equations
< u™W@) + f(t,v()) =0, t€(0,T),
)3 {v(m)(t) +g(tu(®)) =0, te (7)),
with the multi-point boundary conditions
{u(O) =Y qu(&), w(0) == u20) =0, u(l) = L bu(ny),
v(0) = Xi_1 v(§), v'(0) = - = v™2(0) = 0, v(T) = Xi,; div(py),
where n, me N, n, m> 2, p,q,r,l €N. In the case n =2 or m = 2 the above conditions
are of the form u(0) = ¥F_, aqu(&), w(T) =X, bu(m), or v(0)=Xi_,cv(), v(T)=
', d;v(p;), respectively, that is without conditions on the derivatives of u and v in the point
0.

(BC):

We present some weaker assumptions on f and g, which do not possess any sublinear or
superlinear growth conditions and may be singular at t = 0 and/or t = T, such that positive
solutions for problem (S) — (BC) exist. By a positive solution of (S) — (BC), we understand a
pair of functions (u,v) € (C([0,T];R,) n Cc™((0,7))) x (C([0,T]; R,) n c™((0,T))) satisfying
(8) and (BC) with supepor)u(t) > 0, supeor v(t) > 0. This problem is a generalization of
the problem studied in [1], where in (BC) we have a; =0 foralli=1,..,p and ¢; = 0 for all
i =1,...,r (denoted by (B()).

The system (S) with n = m = 2 and the boundary conditions u(0) = 0, u(T) = X% b;u(&),
v(0) =0, v(T) = X7 c;v(n;) has been investigated in [2]. In [3], the authors studied the
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existence of positive solutions for system (S) with n = m = 2 and the boundary conditions
u(0) =0, u(1) = au(), v(0) =0,v(1) = av(n) with n€(0,1),0<an<1(T =1). In [4],
we investigated the existence and multiplicity of positive solutions for system (S) where f
and g are nonsingular functions and the boundary conditions (BC). The particular case of
() withn =m = 2,T = 1 and boundary conditions which contain only one intermediate point
has been studied in [5]. We also mention the paper [6], where the authors used the fixed
point index theory to prove the existence of positive solutions for the system (S) with

f(t,v(®) and g(t,u(®)) replaced by c(t)f(u(t),v(t)) and d(t)g(u(t),v(t)), respectively,
(with  and g singular functions) and (BC) where %S Mm<n,<-<ng<1, %S p1 < py <
-+ < p; <1 (T=1). Some multi-point boundary value problems for systems of ordinary
differential equations which involve positive eigenvalues were studied in recent years by
using the Guo-Krasnosel'skii fixed point theorem. Namely, in [7], the authors give sufficient
conditions for 4, i, f and g (f, g nonsingular functions) such that the system

(s): {u(n)(t) +a@®)f(u(®),v(t)) =0, t€(0,T),

) v (£) + ub(t)g(u(®), v(t) = 0, t € (0,T),
with the boundary conditions (BC) has positive solutions. The system (S;) with the boundary
conditions (BC) has been studied in [8]. The system (S;) with n = m = 2 and the multi-point
boundary conditions au(0) — pu'(0) =0, u(T) = Zf:lz a;u(§;), yv(0) —6v'(0) =0, v(T) =
Zf;f b;v(n;), has been investigated in [9]. Some particular cases of the above problems
have been studied in [10-14].

In the last decades, nonlocal boundary value problems (including multi-point boundary value
problems) for ordinary differential or difference equations/systems have become a rapidly
growing area of research. Several phenomena in engineering, physics and life sciences can
be modeled in this way. These problems have been studied by many authors by using
different methods, such as fixed point theorems in cones, the Leray-Schauder continuation
theorem, nonlinear alternatives of Leray-Schauder and coincidence degree theory.

In Section 2, we present some auxiliary results which investigate two boundary value
problems for higher-order equations. In Section 3, we prove two existence results for the
positive solutions with respect to a cone for our problem (S) — (BC), which are based on the
Guo-Krasnosel'skii fixed point theorem (see [15]) which is presented below.

Theorem 1. Let X be a Banach space and let C c X be a cone in X. Assume 0, and , are
bounded open subsets of X with 0 €, c 2, c, and let A:CN(Q,\2,) > C be a
completely continuous operator such that, either

) |Aull < lull, uweCnany, and ||Aull = ||lull, v € Cnan,, or

i) | Au|l = |lull, v € C ndN,, and || Au|l < |lu]l, v € C N aN,.
Then A has a fixed point in C 0 (2, \ 2,).

2. AUXILIARY RESULTS

In this section, we present some auxiliary results from [7] and [16] related to the following n -
order differential equation with multi-point boundary conditions
u® () +y(®) =0, te(0,7), 2.1
u(0) =37 au(&), w'(0) = =um2(0)=0 u() =3xL,bum), (2.2)
where neN, n=>2 pgeN. If n=2 the condition (2.2) has the form
u(0) = X7, au(§y), w(l) = XL, bumy).



91  Lemma 21 ([7]) If A=(1-%L b)¥ aét+(1-30  a)(Tt = bntt) # 0,
92 0<§<<E<T, 0<n <--<n,<T and y€eC([0,T]), then the so/ut/on of (2.1) —
93 (2.2) is given by

u(t) = — f(_—s)ln),ly(s)dw i {(1_21 ) Z fl(f — )n : y(s)ds
(1) @)l w3 b [t o 1y(s>ds]}
+Ai{(zp it )| [ - yas = o[-

(T” 1_ bﬂ'h Z B ffl €~ S{)l' i y(s)ds}. (2.3)
94

95 Lemma 2.2 ([7]) Under the assumptions of Lemma 2.1, the Green's function for the
96  boundary value problem (2.1) — (2.2) is given by
Gl(tl S) = g1(t; S)

* Ai [t = (1- qu) * qu (=] Z;aigl D)

+ All [t” 1 (1 — leai) + Zf_la EL”_I] ijlbigl(ni,s), (¢,s) € [0,T] x [0,T], (2.4)

97 where B

1 T =)V =Tt —s)", 0<s<t<T,
9165 = ey 2 @5)

n—1)Tn1 t" Y (T —s)"1, 0<t<s<T.
98
99 By using G, the solution u of problem (2.1) — (2.2) given by (2.3) can be written as u(t) =

100 fOT G, (t,s)y(s)ds.

101

102 Lemma 2.3 ([16]; see also [4]) The function g, given by (2.5) has the properties

103 a)g,:10,T] x [0,T] » R, is a continuous function and g,(t,s) =0 for all (t,s) € [0,T] x
104 [0, TI.

105 b) g.(t,s) < 9,(6,(s),s), forall (t,s) € [0,T] x [0,T].
n-—1
106 c) Forany c € (0,T/2), we have minse(cr—c) g1(t,s) = % g1(0:(s),s), foralls € [0,T],
S
—==1, SE(0,T],

107 where 6,(s) = s ifn = 2 and 8,(s) = { == if n>3.
T(n-2)
, §=0,
n—-1
108
109 Lemma 2.4 ([7]) If ;=0 for all i=1,..,p, ¥i_,a;<1, and b; =0 for all i=1,..,q,
110 Libi<1,0<§ < <§ <T,0<n <--<n,<T, then the Green's function G, of the

111 problem (2.1) — (2.2) (given by (2.4)) is continuous on [0,T] x [0,T] and satisfies G,(t,s) =
112 0 for all (t,s) € [0,T] x [0,T]. Moreover, if y € C([0,T]) satisfies y(t) =0 for all t € [0,T],
113 then the unique solution u of problem (2.1) — (2.2) satisfies u(t) = 0 for allt € [0, T].

114

115 Lemma 2 5 ([7]) Assume that a; >0 for all i=1,..,p, X" ,a;<1, and b; >0 for all i=

116 1,..,q, 1hi<1,0<§ << <T,0<n, < <nq<T Then the Green's function G,
117 of the problem (2.1) — (2.2) satisfies the inequalities
118 a) Gi(t,s) < J,(s), Vv (t,s) €[0,T] x[0,T], where

16 = G005, + - [T (1 - Zj@) T B
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p 1., P p ]
X Z a;91(§i,5) + ™ " 1- Z a; |+ Z a;s; Z big:1(m;, s). (2.6)
=1 1 j=1 i=1 i=1

b) For every c € (0,T/2), we have
min : G,(t,s) = yJ1(s) =y, G.(t',s), Yt',s€[0,T], 2.7)

te[c,T—c
where y, = ¢c*1/T"1,

Lemma 2.6 ([7]) Assume that a; >0 forall i=1,..,p, X" ,a;<1, and b; >0 for all i=
L@, X b <1,0<8 < <& <T,0<n, < <n,<T,c€(0,T/2) andy € C([0,T]),
y(t) =0 for all t € [0,T]. Then the solution u(t), t € [0,T] of problem (2.1) — (2.2) satisfies
the inequality min;c(r_cj u(t) = y; maxeep,ry u(t’).

We can also formulate similar results as Lemmas 2.1-2.6 above for the boundary value
problem
v™(@) +h() =0, te(0,T), (2.8)
v(0) = Xi_1 cv(§), v'(0) = = v (0) =0, v(T) = Xi,dw(p), (2.9)
where 0<{; << <T, ¢g=0 for al i=1,..,r, 0<p, <+ <p;<T, d; =0 for all
i=1,..,1 and heC([0,T]). We denote by A,y 9,0, G, and J, the corresponding
constants and functions for the problem (2.8) — (2.9) defined in a similar manner as
A1,v1, 91,01, G, and J;, respectively.

3. MAIN RESULTS

In this section, we investigate the existence of positive solutions for our problem (S) — (BC),
under various assumptions on singular functions f and g.

We present the assumptions that we shall use in the sequel

(H) 0<& << <T,q;20forall i=1,..,p, % ,a,<1,0<n <-<n,<T, b=0
foral i=1,..,q X b<1 0<{<-<G<T, ¢=0foral i=1..,r Y. ¢<l,
0<p <-<p <T,d;=0forall i=1,..,[,%_,d; <1
(H,) The functions f,g € C((0,T)xR,,R,) and there exist p; € C((0,T),R,), q; €
C(Ry,R,), i =1,2, With 0 < [ p; (t)dt < o, i = 1,2, q;(0) =0, g,(0) = 0 such that
ft,x) < p1(0)q:(x), g(t,x) < p,(0)qx(x), VEE(0,T), xER,.

(H;) There exist ry, 1, € (0, ) with r;7, = 1 such that

i) g5, = limsup,_,+ 1) [0,00); ii) g5 = limsup,_ o+ ===

xT1 xT2

(H,) There exist 1,1, € (0,) with [;1, = 1 and ¢ € (0,T/2) such that

2200 _

) £ = liminf, e infreper—c i € (0,00]; i) gl = liminfy o, infreper—c S =
(Hs) There exist a,, @, € (0,0) with a;a, < 1 such that

) G5 = limsup,_,e q;‘g) € [0,0); ii) g5, = limsup,_e qu) =0.
(Hg) There exist By, 8, € (0,00) with 8,6, < 1 and ¢ € (0,T/2) such that

i) fd =liminf,_+ infreper_o S € (0,005 i) g = liminf,_ g+ infyeir— Spn =

The pair of functions (u,v) € (C([0,T]) n ¢™((0,T))) % (C([0,T]) n c™((0,T))) is a solution
for our problem (S) — (BC) if and only if (u,v) € C([0,T]) x C([0,T]) is a solution for the
nonlinear integral equations
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u(t) = fTGl(t, s)f(s,v(s))ds, t €[0,T],
0

T (3.1
Lv(t) = f G,(t,5)g(s,u(s))ds, t € [0,T].
The system (3.1) can be wr(i)tten as the nonlinear integral system
T T
u(t) = f G.(t,s)f <s,f G,(s,)g(7,u(1)) d‘r) ds, t€[0,T],
0 0 (3.2)

L v(t) = f TGZ(t,s)g(s,u(s))ds, t € [0,T).
0

We consider the Banach space X = C([0,T]) with supremum norm |[ul| = supeory u(t)|
and define the cone Pc X by P={u€eX, u(t)=0, vte[0,T]}. For any r>0, let B, =
{fue C(0,T]), llull <r}and 9B, = {u € C([0,T]), llull =7}

We also define the operator A: P — X by
(Aw)(t) = f G, (t,s)f (s,f G,(s, 1) gz, u(r)) dr)) ds, te[0,T]. (3.3)
0

0

Lemma 3.1 Assume that (H,) — (H,) hold. Then A: P — P is completely continuous.

Proof. We denote a = [ J;(s)p(s) ds and B = [ J,(s)p(s) ds. Using (H,), we deduce that

0<a<owand0<p <o By Lemma 2.4 and the corresponding lemma for G,, we get that
A maps P into P.

We shall prove that A maps bounded sets into relatively compact sets. Suppose D c P is an
arbitrary bounded set. First we prove that A(D) is a bounded set. Because D is bounded,
then there exists M; > 0 such that ||u|| < M; for all u € D. By the continuity of g,, there exists
M, >0 such that M, = supyejoum,) 42(x). By using Lemma 2.5 for G,, for any u € D and
s € [0,T], we obtain

T T
[ 6 9(ru@) dr < [ 620509, 0 u()) de < M, 3.4)

Because q; is continuous, there exists M; > 0 such that M; = supye(o gu,] 91 (x)- Therefore,
from (3.4), (H,) and Lemma 2.5, we deduce

T T
(AW (©) < f 61t )Py () ( f 6o (s, r)g(uu(r))dr) ds

<u, f JS)ps()ds = aMy, vt € [0,T] (35)
So, ||Aul|| < aM, for all u € D. Therefore A(D) is bounded.

In what follows, we shall prove that A(D) is equicontinuous. By using Lemma 2.2, for all
t € [0,T], we have

(AW () _f G s)+—[(T" 1 gn- 1)(1-2?_ bi>+ ! bt |

O g+ o[ (1= @)+ ag] Z b e s)}

- T
Xf(s,f G,(s,7)g(7,u(1)) d1'> ds = f [t (T — )"t

T 1
=T 1(t — )" 1f <s,f G,(s,7)g(7,u(r)) d1'> ds + W[ (T — )" x



X f (s,fTGz(s, 7)g (7, u(1)) d‘r) ds + —[(T" 11 (1 - ijlbi)

N aaEr ol DI f e s)f(s f 62(5, D)9 (. u(x) dr) ds
%[t’“(l—z @)+ i)

f 910 s)f( f 6o (s, r)g(ru(r))dr)ds. (3.6)

184
185 Therefore, we obtain

t yn-2 _ n-1 _ pn-1 _ n-2 T
(AW (t) = f G Gt M Clal) f(s, f G,(s,0)g(1,u(x)) dr) ds
0 0

T ¢n=2(T — s)n-1 (n =i 1 .
+ Wf< f Gy (s, g (7, u() dr) ds+—[—(n—1)tn—2 (1—zi:1bi)]x

t

Zl_ f 9. s)f< f G, (s,0)9(1,u(1)) d’[) ds +—[(n— 1)¢n-2 (1 —Zj:1ai)] x

X Z "f RGN (s,f G,(s,7)g(1,u(r)) d‘r) ds, Vte(0,7T). (3.7)
186 - ’
187 So, forany t € (0,T), we deduce
tyn-2 T — n-1 +Tn—1 _ n-2 T
[(AW)'(H)] < fo e 5(31_2)' Tn_l(t 5) p1(s)qy ( fo G,(s, 1) g(t,u(7)) dr)) ds

n-2 T n-1 T
%m ([ 609 um a0) as

t

-1 n-2 T
P13 0) Y af aonoa ([ G noum @) a

P12 )Y b [ atesm ([ G ) as

t tn—z (T _ S)n—l + Tn_l(t _ S)n—z T tn—z (T _ S)n—l
S1\43 (f (n_ )'Tn 1 pl(s) dS+ . (Tl—Z)!Tn_l P1

0
+%( ZL 1 z fgl(fl $)py(s) gs+ DT _jl)tn_z (1—z;ai)x

(s)ds

< o[ oo as). (38)
188 We denote
tyn—2 T — n-1 Tn—l _ n-2 T 4n—-2 T — n-1
h(t) = f t( 21 — 2-;! Tn—1(t 5) p1(s) ds + %pl(s) ds, (3.9

w0 =0+ (1237 0) Y o[ a@omeras

+%(1 - Zjllai)z;llbi j;) 91(m;, s)p1(s) ds, t e (0, 7). (3.10)

189
190 For the integral of the function h, by exchanging the order of integration, we obtain after
191 some computations

T T (T—s)"t (Tn - gt TP (T — )"
fo h(t)dt = i (n—2)!T“—1< p—] >p1(s) ds+f0 TR

192
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T T—s n—1Sn—1
+f T =) s™
0

2 (T )
=it P ds = mfo (T = $)""pa(s) ds < co. (3.11)

For the integral of the function i, we have
n-1

fOT,u(t) dt Sﬁf;@ =)y ds + (1 - Z;bi) x

n-1

X 211 a; fng1 (0,(5),5)p,(s) ds + TA1 (1 - leai) 211 b; fOTgl (8:(s),s)p,(s) ds

<2+ (- 2 ) (O )+ S (1= 2 ) (T 8))

T
X f (T —s)" p,(s) ds < oo. (3.12)

We deduce that u € L'(0,T). Thus for any given t;,t, € [0,1] with ¢; < t, and u € D, by
(3.8), we obtain

|(Aw) (t1) = (Aw)(t2)| =

t

2(c,‘lu)’(t)dt

<M, ftzu(t) dt. (3.13)

t1 1

From (3.12), (3.13) and absolute continuity of the integral function, we obtain that A(D) is
equicontinuous. This conclusion together with (3.5) and Ascoli-Arzela theorem yields that
A(D) is relatively compact. Therefore A is a compact operator.

By using similar arguments as those used in the proof of Lemma 2.4 from [3], we can show
that A is continuous on P. Therefore A: P — P is completely continuous. ]
For c € (0,T/2), we define the cone
Py, = {u €X, u(t)=0, vte[0,T], min u(t) = yIIull}, (3.14)
t€[c,T—c]

where y = min{y,,v,}, y1 and y, are given in Section 2. Under the assumptions (H,), (H,),
we have A(P) c Py. Indeed, for ueP, let v=A(w). By Lemma 2.6, we have
mingere 7 V() = 1llvll Z yllvll, thatis v € Py.

Theorem 3.1 Assume that (H,) — (H,) hold. Then the problem (S) — (BC) has at least one
positive solution (u(t),v(t)), t € [0,T].

Proof. We consider the cone P, with ¢ given in (H,). From (H) i) and (H,), we deduce that

there exists C; > 0 such that
q.(x) < C;x™, Vxe€e[01]. (3.15)

From (Hs) ii) and (H,), for C, = min {(1/(C1aﬁrl))1/r1, 1/[%} > 0 with a, 8 defined in the proof
of Lemma 3.1, we conclude that there exists §; € (0,1) such that
q2(x) < Cyx™, Vx€[0,6,] (3.16)

From (3.16), (H,) and Lemma 2.5, for any u € dBs, N P, and s € [0, T], we obtain

T T
f Go(s,D)g(T,u(r)) dr < CZf J2(@p2 () dr - [Jull? = C,6, < 6, < 1. (3.17)
0 0

By using (3.15) — (3.17) and (H,), for any u € dBs, N P, and t € [0, T], we get

T T st
(Au)(t) < le G,(t,s)p1(s) (f G,(s, ‘r)g(‘r,u(‘r))d‘r) ds
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T T 151
<¢ f G1(t,5)p1 (5) (cz f G5 (5, P> (D) w(D)" dr) ds
< [ hOn s -(cz [ ]z(r)pz(f)df> el < i 3.18)
0 0

Therefore
lAu|l < [|ull, Vu € dBs, NPy (3.19)

From (H,) i), we deduce that there exist C; > 0 and x; > 0 such that
flt,x) =Cx", Vx=x, Vte[,T—cl (3.20)

-1/l
We consider now C4:max{(yzylzez)‘l,(C3y1y211y’112916§1) /1}>0, where 6, =

[ Ji(s)ds >0 and 8, = [ “J,(s)ds > 0. From (H,)ii), we conclude that there exists
x, = 1 such that
g(t,x) = Cxl2, Vx=x, Vtel[,T-cl (3.21)

Now we choose R, = max{x;, x,} and R > max {Ro/y,Ré/lz}. Then for any u € 0Bz N Py, we
have min.eper—c u(t) = yllull = yR > R.

By using (3.20) and 3.21), forany u € dBy N Py and s € [¢, T — c], we obtain
T T-c
[ eGnsum drzye, | L@W)
0 c

T—c
> 1,Cyy" f @ de - flullz = [lullz = R > Ry, (3:22)
c

Then forany u € By NPy and t € [¢, T — c], we have

(Aw)(t) = fT_C G,(t,s)f (S,fTGZ(S,T)g(T,u(T))dT> ds
c 0

T—c T—c Iy

2 C3f G,(t,s) (sz ]Z(T)Cz;(u(’f))lzdf) ds

5%

T-c T—-c
> C3C,', f Gy (t, s)y1tz|Jul||r'2 (f ]z(f)df> ds
c Cc
L T—c T—c 11
zcgc:y;ylylﬂzg h(s)ds><f ]z(f)df> [l > Jlul. (3.23)
C C

Therefore we deduce
[lAu|l = |Jull, YV u € dBg N P,. (3.24)

By (3.19), (3.24) and Theorem 1.1 i), we obtain that A has a fixed point u, € (Bg \ Bs,) N Py,
that is 6; < [lwyy || < R. Let vy (t) = fOT G,(t,5)g(s,u;(s))ds. Then (uy,v) € Py X P, is a solution
of (§) — (BC). In addition ||v,]] > 0. Indeed, if we suppose that v, (t) = 0 for all t € [0, T], then
by using (H,) we have f(s,v,(s)) = f(s,0) = 0 for all s € [0, T]. This implies u,(t) = 0 for all
t € [0,T], which contradicts |lu,|| > 0. By using Theorem 1.1 from [17] (see also [18]), we

obtain u,(t) > 0 and v,(t) > 0 for all t € (0,T — c]. The proof of Theorem 3.1 is completed.
]
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Theorem 3.2 Assume that (H,), (H,), (Hs) and (Hg) hold. Then the problem (S) — (BC) has
at least one positive solution (u(t), v(¢t)), t € [0,T].

Proof. We consider the cone P, with ¢ given in (Hg). By (Hs) i) we deduce that there exist
Cs > 0 and Cg > 0 such that
q1(x) < Csx®t 4+ C4, V x € [0, 00). (3.25)

From (Hs) ii), for €, > 0, €, < (2%Csaf*)~1/%1, we conclude that there exists €, > 0 such
that
q2(x) < €x*2 + C,, Vx€][0,00). (3.26)

By using (3.25), (3.26) and (H,), for any u € P,, we obtain
(‘Au)(t) < f Gl (t, S)pl (S)ql (f GZ(S' T)g(r,u('[))dr> ds
0

0

< f G1(t, )y (s) ( f Gz<s.r>g(r,u(r))dr> ds + Cs f J1($)p (s)ds
0 0 0

T T ay
<C f J1(s)py(s)ds ( f ]z(f)pz(f)df> (Eollull® + ;)% + aC
0 0
< Cs2%ey af||ul|%®2 + Cs2%1 @B C;t + aCs, YV t € [0,T]. (3.27)

By definition of €,, we can choose sufficiently large R, > 0 such that
[lAull < |lull, Y u € dBg, N P,. (3.28)

From (Hg) i), we deduce that there exist positive constants Cs > 0 and x; > 0 such that

f(t,x) = CgxP1, for all x€[0,x3] and te€[c,T—cl. From (Hy)ii), for
-1

€1 = (CorrylryPrba0,081) LN 0, we conclude that there exists x, > 0 such that g(t,x) >

e,xP2 forall x € [0,x,] and t € [¢, T — c].

We consider xs = min{x;,x,}. So we obtain
ft,x) = CexPr,  g(t,x) = e, xPe, v (t,x) € [c,T —c] x [0, x5]. (3.29)

From assumption ¢,(0) = 0 and the continuity of g,, we deduce that there exists sufficiently
small €, € (0, min{xs, 1}) such that g,(x) < 7 1x; for all x € [0, ¢,].

Therefore for any u € dB., N P, and s € [0, T], we have

f Go(5, g (7, u(D)) dr < plxg f J@py(D)dT = x5, (330)
0 0

By (3.29), (3.30), Lemma 2.5 and Lemma 2.6, forany t € [c,T — c], we get
B1

(Aw)(t) = Cq fT_C Gi(t,s) (fT_CGZ(S,T)g(T,u(T))dT> ds

T—c T—c 8 B1
= C8V1f J1(s) [(ﬁh)ﬁl < fz(T)(u(T)) 2dT> lds

> CoyyyS el ryPrP20,60 |ul|Frh2 > lul. (331)
Therefore
lAull > llull,  Yu€adB, NP, (3.32)
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By (3.28), (3.32) and Theorem 1.1 ii), we deduce that A has at least one fixed point
u, € (Bg, \ Be,) N P,. Then our problem (S)— (BC) has at least one positive solution

(uy, v,) € Py X P, where vz(t)=f0TGz(t,s)g(s,u2(s))ds. The proof of Theorem 3.2 is
completed. ]

4. CONCLUSION

We presented sufficient conditions on the functions (possibly singular) f and g such that the
problem (S) — (BC) has positive solutions.
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