
* Tel.: +2348050560750;
E-mail address: ohakwe.johnson@yahoo.com

SDI Paper Template Version 1.6 Date 11.10.20121

Power Transformations and Unit Mean and2

Constant Variance Assumptions of the3

Multiplicative Error Model: The Generalized4

Gamma Distribution5

6
Ohakwe J1* and Chikezie D. C27

1Department of Mathematics/Computer Science/Physics, Faculty of Science, Federal8
University, Otuoke, P.M.B. 126, Yenagoa, Bayelsa State, Nigeria9

2Department of Statistics, Faculty of Biological and Physical Sciences, Abia State10
University,P.M.B. 2000, Uturu, Abia State, Nigeria11

1213
.14

ABSTRACT15
Aims: To study the implications of power transformations namely; inverse-square-root,
inverse, inverse-square and square transformations on the error component of the
multiplicative error and determine whether the unit-mean and constant variance assumptions
of the model are either retained or violated after the transformation.
Methodology: We studied the distributions of the error component under the various
distributional forms of the generalized gamma distribution namely; Gamma (a, b, 1), Chi-
square, Exponential, Weibull, Rayleigh and Maxwell distributions. We first established the
functions describing the distributional characteristics of interest for the generalized power
transformed error component and secondly applied the unit-mean conditions of the
untransformed distributions to the established functions.
Results: We established the following important results in modeling using a multiplicative
error model, where data transformation is absolutely necessary;(i) For the inverse-square-
root transformation, the unit-mean and constant variance assumptions are approximately
maintained for all the distributions under study except the Chi-square distribution where it
was violated.  (ii) For the inverse transformation, the unit-mean assumptions are violated
after the transformation except for the Rayleigh and Maxwell distributions.  (iii)  For the
inverse-square transformation, the unit-mean assumption is violated for all the distributions
under study. (iv) For the square transformation, it is only the Maxwell distribution that
maintained the unit-mean assumption. (v) For all the studied transformations the variances
of the transformed distributions were found to be constant but greater than those of the
untransformed distribution.
Conclusion: The results of this study though restricted to the distributional forms of the
generalized gamma distribution, however they provide a useful framework in modeling for
determining where a particular power transformation is successful for a model whose error
component has a particular distribution.

16
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Variance]18
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1. INTRODUCTION20
21

A multiplicative error model (MEM) is defined by [1] as22

,   t t N t tX (1)23
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where ,t t NX  is a real-valued, discrete time stochastic process defined on [0, + ∞), t ,24

defined conditionally on  1 1,    t t is a positive quantity that evolves25

deterministically according to the parameter vector,  . t 1 is the information available for26

forecasting ,t t NX  and  t is a random variable with a probability density function defined27

over a [0, +∞) support with unit mean and unknown constant variance, 2
1 . That is28

 2
1 1~ 1,t V  (2)29

30
There is no question that the distribution of t in (1) can be specified by means of any31
probability density function (pdf) having the characteristics in (2). Examples are Gamma,32
Log-Normal, Weibull, and mixtures of them [1]). [2] favor a Gamma  ,  (which33

implies 2 1  ); [3], in Autoregressive Conditional Duration (ACD) model framework34

considered a Weilbull   11 ,   (in this case,     2 21 2 1 1       ). As35

a result of the above suggested specifications, the error component  t would be36
generally studied under the generalized gamma distribution (GGD) which according to [4]37
can be represented by38

     

 

1

, 0
cbc aa c a e

f
b


 

 

 


(3)39

where a (a shape parameter) and b are real numbers. c can in principle take any real value40
but normally we consider the case where c ≥ 0. The reason of using the GGD as the study41
distribution is because the various distributional forms (The 3-parameter gamma, Chi-42
square, Exponential, Weilbull, Rayleigh and Maxwell distributions) of the GGD  for various43
values of a, b and c, have the distributional characteristics given in (2). The distributional44
forms of (3) for various values of a, b and c are given in Table 1. For more details on the45
generalized gamma distribution, see [5].46

Table 1: Relation of the GGD to other Distributions
S/N Generalized Gamma Distribution (GG(a, b, c)) a b c
1 Gamma   , ,1Gamma a b a b 1

2 Chi- square 1
2 2

n 1

3 Exponential 1


1 1

4 Weibull 1


1 

5 Rayleigh 1
2

1 2

6 Maxwell 1
2

3
2

2

47
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It is not an overstatement to say that statistics is based on various data transformations.48
Basic statistical summaries such as sample mean, variance, z-scores, histograms, etc., are49
all transformed data. Some more advanced summaries such as principal components,50
periodograms, empirical characteristics functions, etc., are also examples of transformed51
data.  According to [6], “transformations in statistics are utilized for several reasons, but52
unifying arguments are that transformed data”; (i) are easier to report, store and analyze (ii)53
comply better with a particular modeling framework and (iii) allow for additional insight to the54
phenomenon not available in the domain of non-transformed data. For example, variance55
stabilizing transformations, symmetrizing transformations, transformations to additivity,56
laplace, Fourier, Wavelet, Gabor, Wigner-Ville, Hugh, Mellin, transforms all satisfy one or57
more of points listed in (i – iii).58

59
Many important results in statistical analysis follow from the assumption that the population60
being sampled or investigated is normally distributed with a common variance and additive61
error structure. For the multiplicative error model where normality assumption is out of the62
question, the assumptions of interest are that the error component has unit mean and63
constant variance. When the relevant theoretical assumptions relating to a selected method64
of analysis are approximately satisfied, the usual procedures can be applied in order to65
make inferences about unknown parameters of interest. In situations where the assumptions66
are seriously violated several options are available [7]: (i) Ignore the violation of the67
assumptions and proceed with the analysis as if all assumptions are satisfied. (ii) Decide68
“what is the correct assumption in place of the one that is violated” and use a valid69
procedure that takes into account the new assumption. (iii) Design a new model that has70
important aspects of the original model and satisfies all the assumptions, e.g. by applying a71
proper transformation to the data or filtering out some suspect data point which may be72
considered outlying. (iv) Use a distribution-free procedure that is valid even if various73
assumptions are violated. For more details on the above listed options, see ([8], p. 213).74

75
Most researchers, however, have opted for (iii) which has attracted much attention as76
documented by [9] and [10] among others. In this study our interest would center on77
transformation as a remedy for situations where the assumptions for parametric data78
analysis are seriously violated.79

80
Data transformations are the applications of mathematical modifications to the values of a81
variable .However caution should be exercised in the choice of the type of transformation to82
be adopted so that the fundamental structure of the series is not distorted and thereby83
rendering the interpretation very difficult or impossible. There are two major methods of data84
transformations namely Bartlett and Box and Cox methods of data transformation, however85
for ease of application we would only consider the Bartlett’s techniques.86

87
[11] used the simple relation between mean and standard deviation over several groups for88
choice of appropriate transformation. [12] had shown how to apply Bartlett’s transformation89
technique to time series data using the Buys-Ballot table. For details on Buys-Ballot table,90
see [13]. According to [12], the relationship between variance and mean over several groups91
is what is needed for choice of appropriate transformation. If we take random samples from92
a population, the means and standard deviations of these samples will be independent (and93
thus uncorrelated) if the population has a normal distribution [14]. [12] showed that Bartlett’s94
transformation for time series data is to regress the natural logarithms of the group standard95
deviations  .ˆ , 1, 2,...,i i m  against the natural logarithms of group means96

 . , 1, 2,...,iX i m and determine the slope, p of the relationship97

. .ˆlog loge i e ip X error    (4)98
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99
For non-seasonal data that require transformation, we split the observed time series100

, 1,2,...,tX t n chronologically into m fairly equal different parts and compute101

 . , 1, 2,...,iX i m and  .ˆ , 1, 2,...,i i m  for the parts. For seasonal data with the length102

of the periodic intervals, s, the Buys-Ballot table naturally partitions the observed data into m103
periods or rows for easy application. [12]) also showed that Bartlett’s transformation may104
also be regarded as the power transformation105

  1

log , 1

, 1

e t

p
t

X p

X p




(5)106

Summary of transformations for various values of p is given in Table 2.107
Table 2: Bartlett’s Transformation for some values of p .

S/N p Required Transformation
1 0 No transformation
2 1

2
tX

3 1 log e tX
4 3

2
1

tX
5 2 1

tX
6 3

2

1

tX
7 1 2

tX
108

Recently there are various studies on the effects of transformation on the error component of109
the multiplicative error models whose distributional characteristics is given in (2). The overall110
aim of such studies is to establish the conditions for successful transformation [15].111
According to [15], a successful transformation is achieved when the desirable properties of a112
data set remain unchanged after transformation. For the MEM where the normality113
assumption of the error component is out of the question, therefore in this study we shall be114
interested in the unit mean and constant variance assumptions. For the purely multiplicative115
time series model whose error component in addition to being normally distributed is116
classified under the characteristics given in (2), [16], [17] and [18] had respectively117
investigated the effects of logarithm, square and inverse transformations on the error118

component, t , where  2
1~ 1,t N  . [16] discovered that the logarithm transform; Y =119

Log t can be assumed to be normally distributed with mean, zero and the same variance,120

2 for 1 < 0.1. Similarly [17] discovered that the square transform; 2 tY is successful in121

the interval 10 0.027  , where 1 is the standard deviation of the original error122
component before transformation whereas [18] discovered that the inverse transform123



* Tel.: +2348050560750;
E-mail address: ohakwe.johnson@yahoo.com

1

t

Y

 can be assumed to be normally distributed with mean, one and the same variance124

provided 0.10  .125
126

The application of power transformation to model (1) gives127
* * *
,   t t N t tX (6)128

where  *
, , ,

p p
t t N t t N t t NX X X    , *  p

t t ,  * p p
t t t    and129

 2 3
2 2 2

1~ 1 , , 1, , 1, , 2, 3
2

  p
t V p (7)130

where p
t is the generalized power transformed error component of model (1). The most131

popular power transformations are 2log , ,1 / ,e t t t tX X X X and 21/ tX .The results of132

the transformations on model (1) are given in Table 3. The logarithm transformation converts133
the multiplicative error model (1) to the additive model while the other listed transformations134
leave the model still multiplicative. For the logarithm transformation135

* *log log log       t e t e t e t t tY X (8)136
In Table 3 the following notations were adopted137

tY = Transformed observed series138
* t The Transformed function of  t139

*
t  Transformed error component140

It is clear from Table 3, that only the logarithm transformation alters the assumptions placed141
on the error component of the multiplicative error model and as a result interest in this paper142
would be centered on the transformations that leaves model (1) still multiplicative.143

Table 3: Transformations of the multiplicative Error Model
tY t *

t Model for tY Assumption on *
te

log e tX log e t log e t Additive  * 2
2 2~ 0, 

t V

tX t t Multiplicative  * 2
2 2~ 1, 

t V

1/ tX 1/t 1/ t Multiplicative  * 2
2 2~ 1, 

t V
2
tX

2t
2
t Multiplicative  * 2

2 2~ 1, 
t V

1/ tX 1/ t 1/ t Multiplicative  * 2
2 2~ 1, 

t V
21/ tX

21/t
21/ t Multiplicative  * 2

2 2~ 1, 
t V

144
Since model (6) is still a multiplicative error model and therefore *

t must also be145

characterized with unit mean and some constant variance, 2
2 which may or may not be146

equal to 2
1 . Thus, in this paper, we want to study the effect of power transformations on a147

non-normal distributed error component of a multiplicative error model whose distributional148



* Tel.: +2348050560750;
E-mail address: ohakwe.johnson@yahoo.com

characteristics belong to the Generalized Gamma distribution. The purpose is to determine if149
the assumed fundamental structure of the error component (unit mean and constant150
variance) is maintained after the power transformation and also to investigate what happens151
to 2

1 and 2
2 in terms of equality or non-equality. According to [15], the overall reason for152

concentrating on the error component of model (6) is as plane as the nose on the face: the153
reason is that the assumptions for model analysis are always placed on the error154
component.155156

In this fertile academic minefield, [15] had studied the implication of square root157

transformation on the unit mean and constant variance assumptions of the error component158

of model (1) whose distributional characteristics belong to the Generalized Gamma159

Distribution for the various forms; Chi-square, Exponential, Gamma (a, b, 1), Weibull,160

Maxwell and Rayleigh distributions. From the results of the study, the unit mean assumption161

is approximately maintained for all the given distributional forms of the GGD. However there162

were reductions in the variances of the distributions except those of the Gamma (a, b, 1), for163

a > 1, Rayleigh and Maxwell that increased, hence they concluded that square-root164

transformation is not appropriate for multiplicative error model with a Gamma (a, b, 1) for a >165

1 or Rayleigh or Maxwell distributed error component. Finally, [15] recommended that166

square-root transformation, where applicable for a multiplicative error model are successful167

for the studied distributions if the variance of the transformed error component < 0.5.168
169

Out of the six popular power transformations namely logarithm, square root, inverse, inverse170

square root, square and inverse square, only the effect of square root transformation on the171

error component of the multiplicative error model with regard to unit mean and constant172

variance had been studied by [15], leaving the others yet to be studied. Whereas the173

logarithm transformation converts the multiplicative error model to an additive model, the174

others still leave it multiplicative therefore in this paper we study the effect of the power175

transformations namely; inverse square root, inverse, inverse square and square on the176

error component of the multiplicative error model with the overall aim of investigating on177

what happens to the unit mean and constant variance assumptions after the transformations.178

This study would be carried out under the generalized gamma distribution considering that179

all the suggested distributions of the error component of the multiplicative error model ([1];180

[2];[3]) are the various forms of the generalized gamma distribution.181
182

This paper is organized as follows; Section One contains the introduction while the183

distributional characteristics of the generalized power transformed error are contained in184

Section Two. While the results of the study are in Section three, the conclusion,185

acknowldgements, authors contributions and references are respectively contained in186

Sections four, five, six and seven..187

188
For simplicity, the notation t  and tY Y would be adopted.189

190
2. DISTRIBUTIONAL CHARACTERISTICS OF THE GENERALIZED POWER191

TRANSFORMED ERROR COMPONENT192
193

Suppose the distributional characteristics of belongs to the generalized gamma194

distribution whose probability density function denoted as  f  is (3), let195
py  (9)196

where p is a power transformation, therefore197
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1
py 198

and199
1 11 pd y

d y p
 
200

therefore based on the result in [14], the probability density function of y would be given by201

 
 

 

1

1 1 1 11

c

pa ybc
bc p

pa c y ef y y
b p

 
   
  




202

 

 

1

, 0

c
p p

bc
a ypbca c y e y

p b

 
   

 


(10)203

(10) is a probability density function (pdf) and in what follows, we have to show that its204

integral is unity    ( That is,  
0

1f y d y


 ). We proceed as follows;205

   
 1

0 0

c
p p

bcbc
a ypa cf y d y y e d y

p b

      
  (11)206

By adopting the substitution207

  , 0
c

p pw a y w   (12)208

in (10) we have the following results209
1 1

; ;

p p p
c c c

p p p
w d y pw pwy d y d w
a d w ca c a

 

   (13)210

Now substituting the results in (12) and (13) into (11) we obtain211

   

1
1

0 0

bc
p pp

bc c c
w

p p
a c w pwf y d y e d w
p b a c a

 
 

   


 
     
 

  (14)212

After a series of algebraic evaluation in (14) we have that213

     
 0

1

bc
bc p pa a b

f y d y
b

 
 

 ,214

215
Having shown that (10) is a proper pdf by showing that its integral is unity, we now proceed216
to obtain its generalized kth moment as follows, where k is a positive integer: By definition217

   
0

k kE Y y f y d y


  , hence218
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     
 1

0 0

c
p p

bcbc
a ypk k ka cE Y y f y d y y y e d y

p b

       
 219

 
 1

0

c
p p

bcbc k a ypa c y e d y
p b

      
  (15)220

By applying the substitution in (12) and its results in (13) into (15), we obtain221

   

1
1

0

bc kp pp
bc c c

k w
p p

a c w pwE Y e d w
p b a c a

 
  

  


 
     
 
222

 
 

1

0

 
         

 

bc kbc p pkp b
wc

a a
w e d w

b
223

 pk

p kb
c

a b

   
 


(16)224

225
For k = 1 and 2, we obtain226

   p

pb
cE Y

a b

   
 


(17)227

   
2

2

2

p

pb
cE Y

a b

   
 


(18)228

Hence the variance of Y denoted as 2
2 is given by229

   

2

2
2 2

2

p p

p pb b
c c

a b a b


                
  

  

(19)230

The mean and variance of the untransformed distribution given in (3) had been obtained by231
[15] as232

   
1 1E b

a b c


 
     

(20)233

and234

          

2
22 2

1 2

1 2 1 1Var E E b b
a b c a b c

   
    

                 
(21)235

236
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The means and the variances of the various forms are given in [15]. For the unit mean237
condition and its impact on the variance for the various forms of the distributions under study238
as obtained by [15], see Table 4.239

Table 4: Condition for Unit Mean and its implication on the Variance of the special cases of the
original GGD

Distribution Mean Condition for Unit
Mean

Variance

Gamma (a, b, 1) b
a

a b 1
a

Chi- square n 1n  2

Exponential
 1  1.0

Weibull 1
 
  
 

1   1.0

Rayleigh

2
 2


  1 4 0.3


 

Maxwell 22


1
2 2
 

3 1 0.2
8

 

240
241

Similarly for the various power transformations under study namely, inverse  2p  , inverse242

square root  3
2p  , inverse square  3p  and square  1p  , the corresponding243

means and variances of the various distributions under study are obtained and the results244
are given in Table 5 through 8 while the means and variances resulting from the applications245
of the unit mean conditions of the untransformed distributions to those of the transformed246
distributions are given in Tables 9 through 12.247

248
3. RESULTS AND DISCUSSION249

250
Tables 5 through 8 give the theoretical expressions for the mean and variances of the251
various forms after inverse square root, inverse, inverse square and square transformations252
respectively. It is important to note that the mean and variance of the exponential distribution253
as well as the variance of the Rayleigh distribution are undefined (Table 8) for square254
transformation. In Tables 9 through 12, the means and variances of the transformed255
distributions resulting from the applications of the unit-mean-conditions for the various forms256
of the untransformed GGD are respectively given for the various transformations: (Table 9257
for inverse-square-root; Table 10 for inverse; Table 11 for inverse-square; Table 12 for258
square transformations). It is seen in Table 12 that the means and variances resulting from259
the application of the unit-mean-conditions of the untransformed distribution to the260
transformed distribution are positively defined for the Gamma(a, b, 1) where a = b > 1, but261
undefined for the Chi-square, Exponential and Weibull distributions. Furthermore the262
variance of the Rayleigh distribution is not also defined under this condition.263

264
For the inverse-square-root transformation (Table 9), except the Chi-square distribution that265
has mean ≈ 2.0 to the nearest whole number, the means of all the other forms under study266
are approximately unity to the nearest whole number, however, the variances increased.267
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That is 2 2
2 1  for all the distributions. Here the unit-mean and constant variance268

assumptions are approximately maintained for all the distributions under study except the269
Chi-square distribution where the unit mean assumption is violated.270

Table 5: Mean and Variance of the special cases of the original GGD under inverse square root

transformation
3
2
p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b

 
3
2

3
2

   
 



b

a b

  

 

2

33
2

2 3
1 2 2

b
b b b

a a b

         
   

Chi- square 3
2 32

2

2

n

n

  
 
  
 

  

2
3

22 4 8

2

         
      

n

n n n
n

Exponential 3
23 1

4 2
   
 

2
3 3 13 8

16 2

           

Weibull
3
2 3 3

2 2

 
 
 
 

2

3 3 3 3 3
4 2


   

          
     

Rayleigh 3 3
2 4 72

4
   

 

23
3 2 5 72

2 4


                  
Maxwell

3 3
2 4

9
42
3
2



  
 
  
 

2

3
3 2

9
4 42
1 3
2 2



         
                

271
For the inverse transformation (Table 10), only the means of the Rayleigh and Maxwell272
distributions are approximately 1.0, others have mean 2.0 to the nearest whole number.273

Also 2 2
2 1  for all the distributions. Here the unit-mean assumptions are violated except274

for the Rayleigh and Maxwell distributions.275
276

Furthermore, for the inverse-square transformation (Table 11), they were increases in the277
variances, 2 2

2 1  for all the distributions however the means are all 2.0 to the nearest278
whole number. Under this transformation, the unit-mean assumption is violated for all the279
distributions under study.280

281
Finally, for the square transformation (Table 12), either the mean or the variance or both are282
undefined for the various distributions except the Maxwell distribution that maintained the283
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unit mean even though its variance increased after the transformation. Here it is only the284
Maxwell distribution that maintained the unit-mean assumption.285

Table 6: Mean and Variance of the special cases of the original GGD under inverse
transformation 2p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b
 

2

1b b
a
       4

1
2 3 1

b b
b b b b

a


     

Chi- square  2n n       2 4 6 2n n n n n n      
Exponential 32  4 24 6 

Weibull
22 2
 
 
 
 

244 4 1 2
   

          
     

Rayleigh 22 44
Maxwell 23 46

286
287

Table 7: Mean and Variance of the special cases of the original GGD under inverse
square transformation 3p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b
  

3

1 2b b b
a
           6

1 2
3 4 5 1 2

b b b
b b b b b b

a
 

       

Chi- square   2 4n n n           2 4 6 8 10 2 4n n n n n n n n n         

Exponential 36 6684

Weibull
33 3
 

 
 
 

263 6 3 32
   

          
     

Rayleigh 33 1
22

  
 
 

2

6 3 13 16
2 2


       
    

Maxwell 38 2
1
2


  
 

6
2

128105
1
2



 
 
           

288
289
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Table 8: Mean and Variance of the special cases of the original GGD under square
transformation 1 p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b 1
a
b    

2 1 1
1 1 2
a
b b b
 

    
Chi- square 1

2n    
1 1 1

2 4 2n n n
 

    
Exponential Undefined Undefined

Weibull
1 11 , 1
 
 
   
 

2

2

1 2 11 1 , 2
  

               
      

Rayleigh 1 1
22
 
 
 

Undefined

Maxwell

 12
2

   22 1
2

1 21


 
 
  

290
4. CONCLUSION291

292
In this study, we investigated the implication of power transformations namely, inverse-293
square-root, inverse, inverse-square and square transformations on the unit-mean and294
constant variance assumptions of the error component of the multiplicative error model. The295
distributions of the error component studied were the various forms of the generalized296
gamma distribution namely Gamma (a, b, 1), Chi-square, Exponential, Weibull, Rayleigh and297
Maxwell distributions. The purpose of the study is to investigate on whether the unit-mean298
and constant variance assumptions necessary for modeling using the multiplicative error299
model are either violated or retained after the various power transformations. Firstly, the300
functions describing distributional characteristics of interest for the generalized power301
transformed error component were established and secondly the unit-mean conditions of the302
untransformed distributions were applied to the established functions with a view to studying303
their impacts on the transformed distribution. From the results of the study, the following304
were discovered;305
(i) For the inverse-square-root transformation (Table 9), except the Chi-square distribution306
that has mean ≈ 2.0 to the nearest whole number and the Gamma(a,b,1) whose mean and307
variance depends on the parameter a (a=b), the means of all the other forms under study308
are approximately unity. However, the variances increased. That is 2 2

2 1  for all the309
distributions. Here the unit-mean and constant variance assumptions are approximately310
maintained for all the distributions under study except the Chi-square distribution where it is311
violated.312
(ii) For the inverse transformation (Table 10), only the means of the Rayleigh and Maxwell313
distributions are approximately 1.0, others have mean 2.0 to the nearest whole number.314
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Also 2 2
2 1  for all the distributions. Here the unit-mean assumptions are violated except315

for the Rayleigh and Maxwell distributions.316
(iii)  For the inverse-square transformation (Table 11), there were increases in the variances317
after transformation. That is 2 2

2 1  for all the distributions however the means are all318

2.0 to the nearest whole number. Under this transformation, the unit-mean assumption is319
violated for all the distributions under study.320
(iv) For the square transformation (Table 12), either the mean or the variance or both are321
undefined under the application of the unit mean condition for the Chi-square, Exponential,322
Weibull and Rayleigh distributions however the Maxwell distribution maintained the unit323
mean assumption even though its variance increased after the transformation. Here it is only324
the Maxwell distribution that maintained the unit-mean assumption. Finally it is important to325
note that under this transformation the mean and variance of the Gamma (a,b,1) are326
positively defined for a >1.327

328
329

Table 9: Application of the Unit Mean condition of the original GGD and its implications

on the Mean and Variance of the special cases under inverse square root transformation
3
2
p

Distribution Unit mean of
the

Untransforme
d Distribution

Mean  E  Variance  Var 

 , ,1Gamma a b
b a  

 3
2

3
2 



a
a a     

 

2

3
2

32
2

1 2
 
     
  

aa a
a a a

Chi- square n 1
 
 

1
2

1
2

2 2
1.6





    

 

23
2

2

2 4 8 12.5
 

    
  

n

n
n n n

Exponential 1   3 1
4 2 1.3    23 3 1

16 23 8 22.2        

Weibull
1    3 1 1

2 2 2. 1.3      23 3 3 3 3
4 2 4.2          

Rayleigh 2
     

3
32
4 72

42 1.2       3
2

23 5 7
2 42 0.7       

Maxwell 1 2
2




    
 

3
4

3 9
421 2

2 3
2

2 0.5




  
 
 

3
2

2
9
43
31

2 2

42 0.2
  
        

330
331
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Table 10: Application of the Unit Mean condition of the original GGD and its implications
on the Mean and Variance of the special cases under inverse transformation 2p
S/n Distribution Mean  E  Variance  Var 
1

 , ,1Gamma a b
 1a
a

      3

1
2 3 1


     

a
a a a a

a
2 Chi- square 3       2 4 6 2

96.0

      


n n n n n n

3 Exponential 32 2.0   4 24 6 1.0  
4

Weibull
 22 2

2.0


 


    4 24 4 21

20.0


  
 
   
 


5 Rayleigh 22 1.3  44 1.6 
6 Maxwell 23 1.2  46 0.9 

332
Table 11: Application of the Unit Mean condition of the original GGD and its implications on the
Mean and Variance  of the special cases under inverse square transformation 3p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b
  

2

1 2 a a
a

         5

1 2
3 4 5 1 2

 
       

a a
a a a a a a

a
Chi- square   2 4

15.0
 



n n n          2 4 6 8 10 2 4

10170

         


n n n n n n n n n

Exponential 36 6.0      
6

26 3 33 2 684.0  


      

Weibull
33 3 6.0
 

 
  
 

6684 684.0 

Rayleigh
 

3
1
2

3 3.8
2

    26 1

2
33 16 0.9
2


 
   

 
Maxwell

 
3

1
2

8 2 1.6


   
6

21
2

128105 3.9
 
  
  

333
334
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Table 12: Application of the Unit Mean condition of the original GGD and its implications
on the Mean and Variance of the special cases under square transformation 1 p

Distribution Mean  E  Variance  Var 

 , ,1Gamma a b 1
a
a    

2 1 1
1 1 2
 

    

a
a a a

Chi- square * *
Exponential * *

Weibull
* *

Rayleigh 1 1 1.0
22
 
  
 

*

Maxwell 2 1.3
1
2




  
  22

1 21 0.9
1
2



 
 
            

Note: * means undefined under the application of the unit mean condition of the
untransformed distribution336

337
Finally, except for the Gamma (a,b,1) which under the application of the unit mean condition338
has mean and variance that depend on a where a =b, we make the following339
recommendations based on the results of this study;340
(i) Inverse-square-root transformation is appropriate for Exponential, Weibull, Rayleigh341

and Maxwell distributed error components.342
(ii) Inverse transformation is appropriate for a data set whose error component belongs343

to Rayleigh or Maxwell distributions.344
(iii) Inverse square transformation is not appropriate for a data set whose error345

component belong to the six studied distributions.346
(iv) Square transformation is only appropriate for a data set whose error component347

belongs to a Maxwell distribution.348
349
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