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Abstract

We use an energy method to solve a following boundary-value problem for hypobolic-
parabolic equation with an integral condition :

otv v 0 ov
— 4 — - — i —F
2 + % ax (a(x,t) ax) + b(x,t)v = F(x, t)

v(x,0) =i(x), 0 <x <L

ov
a(x)o) = 11)2(’6), 0<x <,

u(e)t) = E(t)) 0<t< T)

ov

a“)t) = G(t)> 0<t<T,

t
J xv(x,t)dx =H(t), 0<t<T
0

The proof is based on an energy inequality and on the fact that the range of the
operator generated is dense.

1 Introduction

In the present paper, we consider the problem of determining a function v = v(x, t) satisfying,
in a weak sense, the linear hyperbolic-parabolic equation

v ov 0 ov
W+a_& <a(x,t)a—x) + b(x, t)v = F(x, t), (1.1)
supplemented by the initial conditions
v(x,0) =Py(x), 0 <x<{ (1.2)
ov
S(%,0) =tha(x), 0<% <, (13)



the Dirichlet conditions

v(f,t) =E(t), 0<t<T, )
ov
_(eat):G(t)a O§t<T> (1 6)
0x
and the integral condition
¢
J xw(x,t)dx =H(t), 0<t<T, (1.7)
0

where, 11,10, E, G and H are sufficiently regular given function, and T and { are the positive
constants.

Assumption 1.1
For all (x,t) in the closed of (0,€) x [0, T], we assume that

ap < a(x,t) < ay,

oa
a; < —(xt) < az,
0x
oa
as < a(’%t) < as,
a oa (x,t) < a
c=xot =

where ay, a7, A, a3, A4, A5, Qg and Ay arer positive constants.

Assumption 1.2
For all (x,t) in the closed of (0,£) x [0, T], we assume that

bo < b(X,t) < Qyp,

ob
b, <

a(x» t) < bS)

ob
b4 S ab%t) S bSa

2

be <
® = 9xot

(Xa t) < b7>

where by, by, by, bz, by, bs, bg and b; arer positive constants.

The data satisfies the following compatibility conditions : for consistency, we have

¢

D1(0) = E(0), $a(t) = G(0) and L Xy (x) dx = H(0).
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The importance of problems with integral conditions has been pointed out by Samarskii[17].
Mathematical modelling by evolution problems with a nonlocal constraint of the form

¢
J v(x)(x)u(x,t) dx = I'(t) is encountered in heat transmission theory, thermoelasticity, chem-
0

ical engineering, underground water flow, and plasma physic.

See for instance Benouar-Yurchuk [2], Benouar-Bouziani [3]-[4], Bouziani [5]-[8], Cannon et al
[T0]-[11], Tonkin [12]-[13], Kamynin [14] and Yurchuk [I5]-[16]. Mixed problems with nonlo-
cal boundary conditions or with nonlocal initial conditions were studied in Bouziani [§]-[17],
Byszewski et al [18]-[20], Gasymov [22], Tonkin [12]-[13], Lazhar [24], Mouravey-Philipovski
[25], Said-Nadia [26] and Yurtchuk [27].

The results and the method used here are a further elaboration of those in [2].

This basic tool is the energy inequality method which, of course, requires appropriate mul-
tipliers and functional spaces.

In this paper, we extend this method to the study of a mixed-type hyperbolic-parabolic
equations with Dirichlet and integral conditions.

The remainder of the paper is organized as follows. After this introduction, in section 2,
we present some preliminaries and basic definitions. Then in Section 3, we establish a pri-
ori estimate and give its several applications. Finally, in section 4, we prove existence of
generalized solution.

2 Preliminaries

In point of view of the used method, it is preferable to transform inhomogeneous boundary
conditions to homogeneous ones by introducing a new unknown function z defined as follows

z(x,t) = v(x,t) —u(x,t)

where

(—6x% + 120x — 50%)
2

(2x +0)(x — )

E(t) +

u(x,t) =



Then the problem becomes

2
g—é + g—i — % (a(x,t)%) +b(x,t)z = f(x, 1) (2.1)
z(x,0) = @a(x), 0 <x <, (2.2)
92 (1,0) = palx), 0 < x < ¢ (2.3)
ot Xy = P21X), SX K, :
261) =0, 0<t<T, (2.4)
%(et)—o 0<t<T, (2.5)
ax ) - Y — — N .
¢
sz(xt)dx—o 0<t<T, (2.6)
0
where
2_ 2 _
1, 1) =F(x, 1)+ I g g gy - B D ) 4 ey
AV 2 2 2
Cx 822) (G'(1) + G"(1)) + (6x 12€x€—2{— 5¢ )b(x,t)E(t) n %(x ezﬂ) H(t)
B (Zx—f—f)(xe— (Z)b(x,t)G(t) B (X—E);zb(x,t)H(t) N a(Zx—i—ﬂé(x—IZ)G(t)
N da (—6x* + 12€x—5€2)E(t) N (4x—€)a(x,t)G(t) ~12(x —Oalx, )E(t)
0x 2 ¢ 2
n Z(X_?za(x’t)H(t),
2 2 o 2
o1(00) =y x) + ZET B gy BXHORTD g0y ),
2_ 2 _
02(x) =a(x) + (6x 1§2€x+5€ )E’(O)— (Zx—l—ﬂé(x e)G’(O)— (x 222) H(0).

Here we assume that the function @ and @, satisfy conditions of (2.4)),(2.5 , and ([2.6]), that
is
¢

©1(0) =0, @2(&) =0 and L x@i(x) dx = 0.

Instead of searchmg for the function v(x,t), we search for the function z. So the solu-

tion of problem (|1.1] . . - ., . and ( . will be given by v(x,t) =

z(x, t) +u(x, t).

The problem (2.1)), (2.2), (2.3), (2.4), (2.5) and (2.6) can be considered as solving the

operator equation

Az = (f> ®1, (92) - f) (27)



where A is an operator defined on E into F. E is the Banach space of functions L?(Q) satisfying

the conditions ((2.4), (2.5)and (2.6)) with the norm

t t 0z\ 2 t 9z\ 2
2 2
= d — d — d
Izl oiLtlgT{sz x+Lx<aX> x+Lx(at> Xy,

and F is the Hilbert space L*(Q) x L?(0,£) x L?(0,£) which consists of elements F =
(f, @1, @) with the norm

¢ { 2 ¢
d
|FIE = j X2 (x) dx+j . (i) dx+j x@2(x) dx +j (. 1) ddt.
0 0 dx 0 fo)

ou o*u ou o*u o*u

Let D(A) be the set of all functions u € L2(Q), for —, —, —, —, € 12(Q) and
ot’ ot2’ ox’ 0ox?’ 0xot
satisfying conditions ([2.4)), (2.5)and ({2.6]).
3 Energy inequality and its consequences
Theorem 3.1
Let Assumption |1.1| be fulfilled. Then the a priori estimate
zl[e < M| Az, (3.1)

holds for any function z € D(A), where A is a positive constant independent of z.

Proof .
Multiplying the equation (2.1)) with Lz = (t — T)L L E(E,s) d&ds and integrating the
results obtained over Q. = (0,£) x (0, T). Observe that

%z [ (*[* 0z oz ([t (¥ 0z
J T(t—’t)w (Jo L &(é,s) dEds) dxdt—i—J T(t—’t)a (Jo L a(&,s) d&ds) dxdt

0 0z t oz
_J (=g, (a(x, t)&) (L L (&) dads) dxdt

t prx aZ
+ J T b(x,t)(t—1)z (L Jo a—s(é, s) dEds) dxdt

= J (t—1)f(x, 1) (Jt JX a—Z(E, s) dEds) dxdt. (3.2)

0Jo Os

Successive integration by parts of integrals on the left-hand of (3.2)) are straight-foward but
somewhat tedious. We give only their results

J (t— T)% (Jt J 2 ¢ 9 d&ds) dxdt = —Jez(x,'r) (sz(a, 1) d&) dxdt

0Jo 0s 0 0

+ J: z(x, T) <J: ©1(&) dé) dxdt + J T z <E % dE) dxdt

oz [ [* 0z
— JQT(t — T)a (JO 3t da> dxdt, (3.3)



oz (' [¥ 0z * 0z
LT(t—T)a <L L a—s(&,s) dE,ds) dxdt = —J T(t—ﬂc)z <L n dE,) dxdt
[orerae) axar, G

—J Tz<£z(£,,t) dé,) dxdt+J z( .

T

_LT(t_T)% (a(x,t)g—i) (J:J:g—i(a,s) dads) dxdt

= QT(t —1)al(x, t)z% dxdt — J T(t —T1)a(x,t)e; (X)% dxdt, (3.5)

0Jo

JQT(t —1)f(x, t) (J JX g—i(&, s) d&ds) dxdt = —J T(t —1)f(x, t) (J: ©1(&) dE) dxdt

+ J (t—1)f(x,1) (Jx z(&,1) dé) dxdt. (3.6)

0

By substituting (3.3), (3.4)), (3.5) and (3.6) in (3.2)), we obtain

J (t—1)a(x, t)z% dxdt — J (t—71)a(x,t)e; (x)% dxdt
. ox i ox

[ * 0z 0z [ [* 0z
—| (t—T—1 = t—| t—1)= (| = t
MQT( T )z (L o dE) dxd JQT( T) T (L 6t> dxd

rl X { X
— | z(x,7) (J z(&,7) d5> dxdt+J z(x,T) (J ©1(&) d&) dxdt
0 0

JO 0

— :QT z (J: z(&,t) d&) dxdt + J z <

T

_ _J (1= <L o1(£) da> dxdt + J

rwmeth

0

(t—1)f(x,t) (r z(&,t) d&) dxdt. (3.7)

0

T

0
Multiplying the equation (2.1 with a—i and integrating the results obtained over Q. =
(0,€) x (0,7). Observe that

9220z oz\* d 9z\ oz
—— —~dxdt —= t—| — t)=— | == dxdt
J 32 3t dxd +J ] (E)t) dxd LT i (a(x, )ax) m dxd

0z 0z
+ JQT b(x, t)za dxdt = JQT f(x, t)a dxdt. (3.8)
The standard integration by parts of the terms on the left-hand side of (3.8)) leads to
0%z 0z 1 /9z\? 1
—Zdxdt==| (=) dx—= | 3(x)d :
LT 2ot 2 L (at) Y72 L Palx) dx, (3:9)

d oz 0z o oz 9z(0, t) 1 oz\*
—LT ™ (a(x,t)&> 3t dxdt = L a(O,t)a(O,t) ™ dt + > Jo a(x, 1) <ax) dx

1 da(x,t) [/0z)\? 1 doi(x))’
_ELT ot <&) dth_iLaO(X)( dx ) -
(3.10)




4 4
0z dxdt = lJ b(x,T)z*(x, T) dx — 1J bo(x) @7 (x) dx — 1J 9b(x, t)zz dxdt.
ol

JQT bl Uz 2 ), 2, 2 ot
(3.11)

Substituting (3.9), (3.10]) and (3.11]) into (3.8)), we obtain

0z’ 1 /0z)\° 1 0z\? 1 )
[ (G) w3 [(5) il omn (G) ez promsioman

T 02(0,t) 0z(0,t) . 1 [ db(x,t) , 1( da(xt) /3z\?
+L a(0,t) ot ™ dt_ZJ ot z dxdt—i—zLT m I dxdt

+lra(x) de: (x) 2dx+1r Z(Xde—I—lrb(x) Z(X)dX—I—J fix, 1) 02 dxat
2 ), 0 ox ) O(Pz 2], 0(X) Py o Ut .
(3.12)

Combining the equalities (3.7]) with (3.12)), we get

0z’ 1 /0z)\° 1 0z\’ 1 )
J(a) axdt+ L (a) dx+§JOa(X,T) (&) dx+§Lb(x,T)z (x,7) dx

= J (T—t)a(x, t)z% dxdt + J (tT—t)a(x,t)e; (x)% dxdt

ox o
[ X 0z dz X 9z
1 - ar I —_— E—
—f-JQT(T-f— t)z (L o d&) dxdt+J T(T R (L ot d&) dxdt
rl x .
+] 2zl 1) (J z(x, 7) dE) dxdt—J a(0,4) 1) 2(0.1) o)
-0 0 0 ot ox

rl X X X
— | z(x,71) (J ©1(&) d&) dxdt +J z (J z(&,t) d&) dxdt —J z (J ©1(&) d&) dxdt
Jo 0 . 0 Q. 0

r

+ | (t—t)f (JX ©1(&) d£> dxdt — J (T—t)f(x,t) (JX z(&,t) dé) dxdt
T 0 T

JO 0

1 ob(x,t) , 1 oa(x,t) [0z 2 1J‘€ do;(x) 2
— t 4 — i t4 —
+ ZJ ot z"- dxdt + > JQT m I dxdt + 20 a(x,T) I dx

0 ¢
+ %J bo(x)@F(x) + % L @3(x) dx + J f(x,t)a—Z dxdt, (3.13)

0 fo at

In light the Young’s inequality and the inequality of Poincare type

Loz \? ¢t /az\?
(5 st (3) o

and the Assumption [1.1]and[L.2] certains terms in the right-hand of (3.13)) are then majorized
as follows :

0z a; T ) a; T oz \?*
(tT—t)a(x,t)z— dxdt < — z°dxdt + — — | dxdt, (3.15)
i ox 2 Ja. 2 Jo. \Ox

a TZ 4 T a 2
[ =t v axat< 5 [ gimax+ 90| () aa, @10
Q. ox 2 ) 2 Jo, \0x



X 1 2
J (T+1—1)z (J a—Zd£> dxdt < WJ 2 dxdt + (TH)EJ <6_z> dxdt,
O~ QO+ QO+

, ot 4o, ot
(3.17)
0z ([F 0z T(203 +¢) 0z’
aQT(T t) m (J at> dxdt < To, LT (a) dxdt, (3.18)
rl X X
z(x,T) (J z(x,T) dE) dxdt +J z (J z(&,t) d&) dxdt
Jo 0 ol 0
¢
< wj z*(x, T) dx + 2+t J z* dxdt, (3.19)
4 0 40(3 -Q-r
{ X X
[zt ([ onterac) axat—| (] wrierae) axac
0 0 ol 0
¢ 01+ ouT) [ 1
< % L 22(x,T) dx + (T:q) L 3 (x) dx + 3 J T 22(x, t) dxdt, (3.20)

J (T—t)f(x,t) (JX ©1(&) d&) dxdt — J (T—t)f(x,t) (JX z(&,t) d&) dxdt
Q. 0 . 0

1+ 20(5T ¢

LT
J 2(x, t) dxdt + ZJ @3 (x) dx

0z
f(x,t)=— dxdt <
+J . (X) )at x - 20(5 . 0

s oz \* (T
— — — 2 . 21
+ > LT (at) dxdt + 1 J TZ (x,t) dxdt (3.21)

Combining the inequalities (3.15)), (3.16]), (3.17), (3.18), (3.19), (3.20) and (3.21)), choos-

T+1)¢
ing ;7 >0, g >0, o3 > 0, ¢4 > 0, x5 > 0O, 2+ococ3+20c4<2and(—;)+
1
2
T(O(—z—f—f) + % > 1, and using Assumptlon ! and I we obtain
40(2 2
T (24 a)ag+20] (4 /0z)\* ap [t /0z\? bo [*
- ) oax s 20 ) oax s+ 20
[2 1 }JO ot x+2L I X—I-ZJOZ(X,T)dX
1 (o1 +a)Toy 24+€ 1 LT bs
<! 2 ot b5 2
_zjocpz(x)dxqt{ 2 +4(X3+2+4+2—dexdt
2 1
as 0z 01+ osT) LT a;T? by 5
T+ — — t+ | ——+ ——+ — + =
—l—[m +2]JQT(6X> dxd +[ Py tot +2_L(p1(x)dx
( 2 2 2
a do;(x) (T+N1e TR2x53+10) s J 0z
— — —1 — t
+ 2 JO < dx ) dx+ [ 4o + 4, + 2 Qr ot dxd
14+ 205T
+ij f2(x,t) dxdt.  (3.22)
20(5 Q-



We also have, by straight foward calculations ,
¢ 2 ¢ 2 ¢
0z 0z

L (E) dX+L (&) dx+Jo 2 (x,T) dx
¢ ¢ 2 ¢

< M, J ©3(x) dx-l—J (d(p‘(x)> dx-i—J @i(x) +J 2(x, 1) dxdt
0 0 ox 0 .

by 0z\? 0z\\*

+ M, z° dxdt + — | dxdt+ — | dxdt;, (3.23)

Q’[ Q’[ ax QT at

where
(1 T T T by T 206T
T AR 17 4772 T2 2
°~ (1 2+ad)as+20  a by
) 4 202
2 2 23
i (oq+a1)Toq+ +€+1 €_T b5’ a1T+a5) (T+1)€+T( ocz+€)+%_1
M. — 2 dog 2 2 2 4o 4, 2
L 1 2—|—ococ3+20c4 a by
o272

We eliminate the last term on th right-hand side of (3.23)). To do that we use GRONWALL’S
Lemma to we obtain

¢ 2 ¢ 2 i
0z 0z
Jo (ﬁ) dx+JO (&> dX+L 22 (x, 1) dx <

{ { 2 ¢
Mo ( L 3(x) dx + L (d‘%‘f‘) ) ax + L 920 + L Rlx, 1) dxdt) L (3.24)

The right-hand side of (3.24]) is independent of T. By taking the least upper bound of the

left side with respect to T from O to T, we get the estimate ) with A = v/Me "+ This
complete the proof of Theorem [3.1} [

Definition 1
A solution of the equation

Az = (f, @1, 92) (3.25)

is called a strong solution of problem (2.1)), (2.2)), (2.3), (2.4), (2.5) and (2.6).

Consequence 3.1
By passing to the limit, the estimate (3.1)) can be extended to strong solutions, that is we
have the inequality

Izlle < Al|Az[lr, ¥v € D(A). (3.26)

From the inequality, we deduce the following statements.
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Consequence 3.2

The range R(A) of the operator A is closed and R(A) = R(A).

Consequence 3.3

A strong solution of the problem ((2.1), (2.2), (2.3)), (2.4), (2.5) and (2.6) is unique and

depends continuously on F = (f, @1,¢3) € F.

Remark 1

Hence, to prove that a strong solution of the problem (2.1), (2.2), (2.3), (2.4)), (2.5) and

(2.6) exists for any element (f, @1, @2) € F, it remains to prove that R(A) = F, where A is
an operator define on F by

2
A2 = (55 + 5~ e (a5 ) o 02).
4 Solvability of the problem

Theorem 4.1
If for some w € {Z : J 22 (x,t) < —1—00} and for all element
ol

z€ Do(A) = {Z e D(A) : z(x,0) = a—Z(X,O) = O} ,

ot
we have
T (A2 T (ot T (ot
0z 0z 0 0
— t) dxdt — t) dxdt — — t)— t)dxdt =0
[ S vaxars | | Ewmmvasar— | [ 2 (ao)wixaxa=o
(4.1)
then w vanishes almost everywhere in ).
Proof
. 3z [“0z oz .
Replacing in ({{.1]), w by w = 36 a(é,t) dé + 30 it follows that
0
T rl A2 3 X
0°z 0°z 0z 0z
— == =(&1t)d — | dxdt
Luo ot? ( ot3 L at(‘("’ Jdé+ at) x
rT L 3 X
0z 0°z 0z 0z
— == —| =(&t)d — | dxdt
+UOL at( ot? L at(a’ JdE+ at) *
"t 9 0z ¥z [Yoz 0z
— — t)— ——— | —(&,t — t=0. 4.2
uOL = <a(x, )ax) ( 2 L Z(e,0) a6+ at) dxd (4:2)

Integrating by parts and taking into account (2.6)) each term of (4.2), we obtain
T 032,133 ¢ /32 2 ¢ /32 2
0°z20°z 1 0°z(x, T) 1 J 0°z(x, 0)
S 22 2 gxdt = — | (22D gk o | (222 g 4.3
L JO o ot ¥ zL ( o T3, e % (43)

T L Tl 2
J J 9z0z dxdt:J J 92) " gxdt, (4.4)
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‘9220z 1 ¢/ 0z(x,1)\?

0z 0%z T2\ * Y 9z(x, 1) 9%z(x, T)
— dxdt = — | dxdt— . *—d 4.
U ot L L <at ) * L o0 om0 (0
T rl A2 { X
0°z (J 0z 0z(x,T) 0z(&,T)
- EvE) ~ (& 1) £> dxdtz—J J d¢ ) dx
L L ot ’ o Ot o ot
0z 0%z
— — t 4.
LE(Ea)ew
T pl 3 { 2 2 { 2
0 0z\ 0°z 0°z 0z da(x,T) 0z 0°z
— t)— | — dxdt = Sy =224
L L ox (a(x’ )ax) ov & L AT 5 158 ”Jo ox  oxo
b 0%z 0z 0%a 0’z 0z
— t t— t, 4.
L L a0 Y3z g & J J xot ot ox X4 (48)
—”ei ale, ) a—zdxdt——rra( 0220 g | r Qal:t) 9202 4. 4,
o Jo 0x ’ 7 ox ) ot ) do ox2 ot oo Ox Oxot
(4.9)
Tt oz * 9z b 0z 0z
t — (&, T t=— t)—— t. 4.1
[ ]9 (asng) ([ Seenae) anat=— | | atx o35 axa (4.10)
Substituting the equalities (£3) (4), @3), [&0), (€7, (@), @9) and (EI0) into (L),
we obtain

T L 2
_%J <az a(tz ) dx+ (azz ) dx+J J (%i) dxdt
0 0 Jo
1 0z(x, T e T 0z(x, T) 9%z(x, T)
+ZL< ot ) OL( ) ddt_Jo ot ot d
* 9z(x,7) 0z(&, 1) 0z 0’z
J, o (], e e J J, 5 (], 3 ) avar
Tt 9z 0z b 0z 0z
—d J 3t (J —(&,t) &> dth_L L a(x, t)a I dxdt

2 2 T ol 2 ¢
- JaaE%ddt—JJa( )Ea—zdd—JJaa( 10202 4t
0Jo

Jo Jo 0x0t 0t Ox 0 Jo ox? ot ox 0x ot
t 022 9%z da(x,T) 0z 0%z b %z 0%z
— = —_— =0. (4.11
) e Uaaae & L ox  oxoe X7 L L a0t S e XAt =0 (1D

The application of Young’s inequality and (3.14]) to the terms of the above equality gives

Y 9z(x, 1) 9%z(x, T) e (4 /0z(x,7)\° 1 z(x, 1)\’
— ’ » Cdx < — ’ dx + — —— d 4.12
L ot oz =72 L ( ot ) * ZeJ ( ot2 ) b (4.12)

11




Cz(x,T) [ [* 0z(&,T) 26240 ' [0z(x, 1) \?
_JO ot <Jo ot dE,) b= 4e; Jo( ot ) o (1)

« 2
JQT? (J g:) dxdt < 2 JQT (g_i) d dt+‘%fa (gié) bedt )
_JOTK g—i <J az(i, t) 5,) dxdt < 2£4ﬁ€j€d:ﬁ (%)2 dx, (4.15)
¢t 0z Oz T " da(x,t) 0z 0z
R N e e
. a1s5+a3e:6J J (a_l)z d"dHMrJT <%)2 dxdt, (4.16)
2 0Jo \ Ot 2eseg  JoJo \Ox

st [ (5 we ([ (5 e
K aagﬂ%% dx < a32£7 J: (az(ai,ﬂ)z dx + ZG_;K (%)2 dx, (4.18)

ﬁ alx, T)%% dx < a‘Teg K (%)2 dx + 2“—;8 J: (g—:)z dx, (4.19)
(o =3[ () w3 [[ (25 o0
I,

If we substitute (4.12)), (4.13), (4.14), (4.14), (4.15), (4.16), (4.17), (4.18), (4.19), (4.20]) and
(4.21)) into (4.11]), we obtain

2T — azer (4 /0z(x, 1)\ 2 2T —ajes—1 ¢ /%2(x,1)\° 73z \?
ol
2 L ( o ) T 2 L o2 ) & L o) &

+482 — 2¢5 —Er oz(x,7)\* dx + 2e¢7e5T + 1 — azeg — a; € J'e a_zz 2 »
4e, 0 ot 2e7¢€3 o \ 0t?

{ prt 2 [ 2 2
< (2+a7)£5€6+a‘86+a385j J 923" gt 4 209 J J 9Z) gxdt
25556 0Jo aX 2 0Jo aXz

N 2e3eq + €2+ 02areqes + 2a3e486 + 20184 J‘e JT (82)2 dxdt
0Jo

264 a

{4 2as¢e; r J AN 2+ aq J“ J 3z \?
b M) TZ) dxdt 2% ) dxdt. 4.22
e ), \ae ) T ] G ) X (4.22)
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Hence, if ¢ > 0,Vi € {1,2,---, 8} satisfies 2T > aze;, 2T —ajeg— >0, 4e;—2e5—0>0
and 2e7egT + 1 — azeg — ajeg > 0, then (4.26) implies that

Craz(x, 1)\ ? Cra2z(x, 1)\ trodz \? Craz(x, 1)\ ?
Jo ( ox ) e L ( 0x? ) dX+J0 (ataxz) dX+Jo ( ot ) d

¢ 6222 ¢ pT azz (s azZZ ¢ pT azz

— < — t — t — t

+L (’c)tz) dx < fp L L (ax) dxd +L Jo (axz) dxd +Jo L <6t) dxd

LT /922 2 ¢ pt 3z 2

— —_— . 4.2

—I—L L (6’(2) dxd’anJO L (atax2> dxdt (4.23)

Where

_ P
B’

P

B, — min 2T —aze; 2T —1—ages T Aey —2e3— 0 2e7e8T +1—azeg — ajeg
‘ 2 2 » o 4e; 2e76s ’

2+ a; {+2are3 (24 a7)eseq + aje6 + azes
2 ’ 483 ’ 28586 ’
2e364 + 8421 + 02a7e465 + 2a3€4€6 + 204 84)
284 '

) :max(

It follows from (4.27)),
aeTaZZ eTazZZ eTaZZ eTazZZ
— e t — t —= t e t
3t Uo L (ax) dxd +Jo Jo <ax2> dxd —|—L L (at) dxd +L L <at2) dxd
¢ rr 3z 2 LT /02 2 CrT /92, 2
P — t] < — t — t
—I—L L (ataxz) dxdt| < L L (ax) dxd —|—L L (axz) dxd
eTaZZ zTazZZ ¢ T a3z2
— . — —_— . 4.24
—I—L L (at) dxdt —|—L L (atz) dxdt—FJO Jo (atax2> dxdt ( )
An integration of (4.28)) over [0, T] gives
LT 9z 2 LT /922 2 LT /32 2
JO JO <a) dxdt + JO J;) (w) dxdt + JO JO <a> dxdt
LT /922 2 ¢ pt 2z 2
- = <ePr ) 4.2
+ L L (at2> dxdt + L Jo <6tax2) dxdt <e ", Vtelo,T] (4.25)

It follows the above inequality that w = 0 almost everywhere on the Domaine
(0,2) x [07]. The length T does not depend on the origin, so we can proceed in the same way
a finite number of times to show that w = 0 in 0,{) x [0, T]. Thus, the proof of Theorem
(4.1)) is completed. [
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Theorem 4.2
Under th assumptions of the Theorem 4.1, the range R(A) of the operator is dense in F.

Proof
Since F is a Hilbert space, R(A) is dense in F is equivalent to the orthogonality of the vecteur
n = (Mo,MN1,M2) € F to the set R(A), that is, if and only if the relation

T EaZZ T eaZ Tt 0 0
| | Gamtxnasars | [ Fnaonoaxae-| | 2 (a(x, t)&) nofx, 1) dxdt

(

¢
+J @1(x)m (x) dx + J @2(x)M2(x) dx = 0, (4.26)
0 0

where z runs over E and 1 = (no,n1,1M2) € F, implies n = 0.

Putting z € Do(A) in (4.26)), we obtain

T oz Ttoz Tt o 0
J, [, Semetwoanacs [ ] Sonmoanae [T 2 (atnt g min v axae a2

Therefore, the Theorem(4.1]) implies that 1o = 0. Thus (4.26]) becomes

¢

i
J @1(x)n1(x) dx —I—J @2(x)n2(x) dx = 0. (4.28)
0 0

a—i(x,O) = @,(x) are dense in L%(0, (),

the last relation (4.28)) gives 117 =mn; = 0. Hence 1 = 0, and thus the cloosed R(A) of R(A)
is equal to F. This completed the proof of Theorem 4.2 [J

Since the operators z(x,t) — @(x) and z(x,t) —
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