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Abstract

In this paper, we present a new iterative scheme for finding a common point
among the set of solution of equilibrium problems, the set of solution to a variational
inequality problem and the fixed point set of l%—strictly pseudo-contractive mappings
in a real Hilbert space. We then prove that the proposed scheme converges strongly
to a common element which is the solution of a variational inequality problem,
system of equilibrium problems, and a fixed point of l;:—strictly pseudo-contractive
mappings. These results improve and generalize recent works in this direction.

Keywords: Fixed point; Nonexpansive mapping; k-strictly pseudo-contractive map-
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a
nonempty closed and convex subset of H and {F}}rea a countable family of bifunctions
from C' x C to R. The equilibrium problem associated with the family {F}}rea where A
is an arbitrary index set, is to find x € C' such that

Fi(z,y) > 0,Yk € A, Yy € C. (1)

Assume A is singleton, we have that (1) becomes the equilibrium problem of finding z € C'
such that
F(x,y) > 0,Yy € C. (2)

We denote the set of solutions of (2)) by EP(F).
Combettes and Hirstoaga [7] in 2005, proved a strong convergence theorem for an iterative
scheme for finding the best approximation to the initial data when EP(F’) is nonempty,
see also [12].

Givenamap T: C — H, let F(z,2) = (T'x,z — x), Vx,z € C. Therefore problem
becomes a variational inequality problem of finding x € C such that

F(z,z)=(Tx,z—1z) >0, V2 C (3)
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The set of solution of (3)) is denoted by VI(C, A).
Problem is general since numerous problems in optimization, physics, economics,
variational inequalities and minimax problems are special cases; see [2] [6, 2] 26, 30, 19].

Definition 1.1 Let C be a nonempty closed and convex subset of a real Hilbert space H.
A map T : C'— H is said to be nonexpansive if for all x,z € C' we have

1Tz =Tz < lo— =
We denote the fixed point set of 7" by Fix(T).

Definition 1.2 Let C be a nonempty closed and convex subset of a real Hilbert space H.
A map T : C — H is said to be k-strictly pseudo-contractive if there exists a constant
0 < k <1 such that for all x,z € C

T2 — Tz||* < [lo — 2||* + kl|(I = Tz — (I = T)2|]*. (4)
In a real Hilbert space it follows that is equivalent to

(Te —Tz2—z) <o —z|* - #H(I—T)fc — (I = T)z|l* (5)

Definition 1.3 For any x € H, we define the map Po : H — C satisfying
|z — Pox|| < ||z —z|| Vz€C

Po is called the metric projection of H onto C. It is well known that Po is nonexpansive
and

(x — Pox,Pox —2) >0 Vo € H and Vz € C. (6)
Clearly @ is equivalent to

|z — 2||* > ||z — Pox|]* + ||z — Pox||* Vo € H and Vz € C. (7)
For details see [24], 27].
Definition 1.4 A mapping A of C into H is called monotone if
(Ax — Az,x — 2) >0 Vr,z € C,
A is called a-inverse-strongly monotone if there exists a > 0 such that
(x — 2z, Az — Az) > af|Ax — Az||* Vx,z € C,
also A is L-Lipschitz-continuous if there exists L > 0 such that for all x,z € C

|Ax — Az|| < L|jz — z||.
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Given a monotone mapping A of C into H, @ implies the following:
z € VI(C,A) = . = Po(z — MNxz), VA > 0,

and

x = Po(x — AAz), for some A > 0=z € VI(C, A).

It is well known that H satisfies the Opial’s condition [18], i.e., for any sequence {z,} C H
with z, — x, we have

liminf ||z, — z|| < liminf ||z, — 2| Yz € H with z # z.
n— o0 n—oo

Observe that the class of k-strictly pseudo-contractive mappings includes as a sub
class of the class of nonexpansive mappings i.e., when £ = 0. The mapping T is as well
said to be pseudo-contractive if £ = 1, and T is said to be strongly pseudo-contractive if
there exists k € (0,1) such that T'— kI is pseudo-contractive.

Definition 1.5 A set valued Mapping T : H — 2% is called monotone if for all z,y €
H,f € Tx and g € Ty imply that (x —y, f — g) = 0. A monotone mapping T : H — 2%
is said to be maximal if the graph G(T) of T is not properly contained in the graph of any
other monotone mapping, and we say T is maximal monotone.

It is well known that a mapping 7" : H — 2% is maximal monotone if and only if for any
(x,f)€e Hx H, (x —y, f—g) >0 for every (y,g) € G(T') imply that f € Tz.

Given A a monotone mapping of C' into H and Now the normal cone to C at w € C'ji.e.,
New={x € H:{(w—y,z) >0, Yy € C} and define

Aw + New, w € C,
0, weCdC.

Then T is maximal monotone and 0 € Tw if and only if w eVI(C, A); see[22].

Many studies have been done on iterative methods for nonexpansive mappings in the
literature, see |4}, [14] 15, [35], but that of strictly pseudo-contractive maps are far less devel-
oped because the second term appearing in the right hand side of posses a lot of treat
in computations. However, in 1967, Browder and Petryshyn initiated the study of fixed
point of strictly pseudo-contractive maps in their work. Since strictly pseudo-contractive
maps is one of the most important class of mappings in nonlinear mappings, and has
more interesting and powerful applications in solving inverse problems see Scherzer [23],
it is of high importance to develop iterative methods for strictly pseudo-contractive maps.
Recently, see [1, 8, [16, [17], many authors have devoted time in developing schemes for
finding fixed points for strictly pseudo-contractive maps.

Some methods, see [2, 3], 21], 26} [30], have been proposed by many authors to solve the
problem . Also, some authors, see [34], [35], have proposed iterative methods for finding
common element of fixed point set of nonexpansive mappings and the set of solutions
to the variational inequality for a monotone, Lipschitz continuous mappings, the set of
solution to a system of equilibrium problems.

Combining the Mann iteration technique, the extragradient methods for variational
inequality and system of equilibrium problems proposed by Korpelevich in [12], Jian-Wen
Peng, Soon-Yi Wu, Gang-Lun Fan in [19] as well as Yonghong Yao, Yeong-Cheng Liou,
Jen-Chih Yao in [32]. We consider a new iterative scheme for finding a common element
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of the set of solution to a system of equilibrium problems, the fixed point set of a k-
strictly pseudo-contractive map and the set of solutions to the variational inequality for
a monotone, Lipschitz continuous mappings. We obtain a strong convergence result for
the sequence generated by our scheme. The results in this paper generalize and improve
so many well known results in the literature.

2 Preliminaries

We present, in this section, some useful lemmas that will be used to prove our main
results.

Lemma 2.1 Let H be a real Hilbert space. Then the following inequality holds;
lz = yl*= [l ~2(z, y) + Iyl (8)
forall x,y € H.
Lemma 2.2 Let H be a real Hilbert space. Then the following inequality holds;
lz + ylP< el +2(y, « + y) (9)
forall x,y € H.
Lemma 2.3 [T1/ Let H be a real Hilbert space. Then the following inequality holds;
1Az + (1 = NylI*= Al +(1 = NlylI*=A(1 = M|z — y|* (10)
forall xz,y € H, A € [0,1].
Lemma 2.4 /28, [2]|] Let {a,} be a sequence of non negative real numbers such that
ani1 < (1 —0p)an + opnp + 6y, n>1 (11)
where .
(i) {oa} C0.1], ) on = o00;
n=1

(#2) limsupn, < 0;

n—oo
(iid) 6, >0, n>1, Y 6, < o0.
n=0

Then,

lim a, = 0.
n—oo

Lemma 2.5 [20] Let X be a Banach space, {x,},{yn} be two bounded sequences in X
and {f,} be a sequence in [0, 1] satisfying

0 < liminf 8, < limsup 5, < 1
n—oo

n—o0

Suppose that 11 = Bty + (1 — Bn)yn, Vn >1 and

im sup{ [|Ynt1 = Ynll=[|Tn11 — zall} <0,

n—oo

then lim ||y, — z,|| = 0.
n—oo



In order to solve the equilibrium problem, we assume that the bifunction F' satisfies the
following conditions imposed in [2]:

(Al) F(z,x) =0 for all x € C;

(A2) F is monotone, i.e F(z,y)+ F(y,z) <0 for any z,y € C,

(A3) For each z,y,z € C,

: B < '
(A4) For each z € C, y — F(z,y) is convex and lower semicontinuous.

Lemma 2.6 [2/Let C' be a nonempty, closed and convex subset of H and let F be a
bifunction from C x C' to R satisfying (A1)-(A4). Let x € H and r > 0. Then there erists

c € C such that .
F(C,y)+—<y—C7C—ZE> 20
r

for ally € C.

Lemma 2.7 [7/Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (Al)-(A4). Forx € H andr > 0, define
a mapping TF - H — C as follows:

1
TTF(JC):{cEC:F(c,y)+;<y—c,c—x>20,‘v’y€0}

for all x € H. We then have that the following statements hold:
(1) TF is singled-valued;
(2) TF is firmly nonexpansive, i.e, for any x,y € H,

1T (@) = TIPS AT (=) = T (), 2 — y)s

(3) Fiz (T,") = EP(F);
(4) EP(F) is closed and conver.

Lemma 2.8 [I3/LetT : C — H be l;:—stm'ctly pseudo-contractive mapping.
Define S : C'— H by

Sr=ar+ (1 —a)lx
for each x € C.

Then, as a € [k,1), S is nonexpansive such that Fix(S) = Fix(T). We call S the
S-mapping generated by T

Lemma 2.9 (Demi-closed principle) Let C' be a nonempty closed convex subset of a
real Hilbert space H. Let T : C' — C be a \-strictly pseudo-contractive mapping. Then
I — T s demi-closed at 0, 1.e., if v, =~ x € C and x,, — Tx, — 0, then v = Tx.

3 Main Results

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space
H. For each k = 1,2,---  m, let F}, be a bifunction from C x C to R satisfying (Al)-
(A4) and A be a strongly monotone and L-Lipschitz continuous mapping of C' into H.
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Let T : C — C be a l;:—stm'ctly pseudo-contractive mapping and S be the S-mapping
generated by T, such that Q = Fixz(T) N VI(A,C) N (N, EP(Fy)) # 0. Suppose
{x,}°°, is iteratively generated by u,x, € C,

F F 1 . Fy iy
- TrmmnTr 1 Trg nTrl ntn;

Yn = PC(un - )\nAun)a

dn = PC(un - AnAyn)a

\ Tn+1 = (1 - 571)'1:71 + ﬁnSQn - an(xn - U)

foralln=1,2,---, and {o,}, {Bn}, {M} and {rin}, k € {1,2,--- ,m} are sequences of
real numbers satisfying the following conditions:

(B1) lim, oo, = 0 and Y07 o = 00;

(B2) 0 < liminf,, . B, < limsup,,_, B, < 1;

(B3) (M), C (0, 1), lim,eo Ay = 0;

(B4) liminf, oo 76, > 0 and limy, o [7gnt1 — Thn| = 0 for each k € {1,2,--- ,m}.

Then the sequences {z,}, {un}, {q.} and {y,} converge strongly to the common point
x* € Q, given by ¥ = Py(u)

Proof. We shall divide the proof into 8 steps as follows:

Step 1: We show that the sequence {z,} is bounded.
Let p € F(T). We take G = TFk ... T2 T for each k € {1,2,--- ,m} and GY) = I
for all n, hence u,, = G'xz,,.
Let p € Q. By (3) of lemma(2.7) for each k € {1,2,--- ,m} Ti’cn is nonexpansive and p
is a fixed point of T)'* | we have that

lun = pll = GR'2n — G'p|| < |lzn —pll, VR €N (13)

By using , the fact that A is monotone and that p € VI(C, A), we have the following

lgn — 2l < N — MAyn — plI> = [Jun — MAY, — ¢al?

= JJun = plI* = llgn — unll® + 220 (AYn, p — @)

= Jlun = plI* = llgn — unll?® + 220 ((Ayn — Av, p — yn) + (Ap, p — yn)
+<Aynayn - Qn>>

|tn — pH2 — [lgn — unH2 + 220 (AYns Yn — Gn)

Hun - p||2 - Hun - yn||2 - 2<un —Yn,Yn — Qn> - ||yn — QGn
+2)‘n<Aynayn - qn>

| tn — pH2 — [ty — yn”2 — [[yn — anz + 2(ty, — M AYn — Yn, G — Yn)-

IAIA

I

Now, y, = Po(u, — A\pAu,) and A L-Lipschitz continuous gives that

<Un - )\nAyn — Yn,qn — yn> = <un — MAu, — Ynsqn — yn> + <)\nAun - )‘nAyna qn — yn)
< ANLllun = Ynllllgn — yall-
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Therefore

< lun — ])“2 — |lun — ynH2 — lyn — anQ + 2An Lllwn — ynlllgn — yall
<l = pl* = 1w = yall® = 190 — @ull* + XL [t = ynll* + llgn — |

= ||Un_p||2+(/\121L2_ 1)”un_yn|l2

ol (14)

gn — pI”

IN

Now using the fact that A is L— Lipschitz continuous and monotone, we have

lyn —pII° = [|Po(un — XoAu,) — Po(p — X\, AP)||?
< Hun_p_)\n(Ap_Aun)H2
< lun = pll* + L2A2 ug — plI? + 2L | un — p|1?

= (1+ LX) |lun = plI*
Hence by we have
[yn —pll < (1 + LAn)[Jzn —pl| VR 21 (15)

We have

|21 =2l = (1= Bn)Tn + BrSn — an(zn —u) — pl|
= [|(1 = Ba)(@n — p) + Bu(S¢n — p) — an(w, — u)|
= [[(1 = Bn)(@n = p) + Bu(Sqn — p) — an(Tn — p) + an(u —p)||
[(1 = Bn — an)(Tn — p) + Bu(SGn — p) + an(u —p)|

Using , and lemma we have
lp = Saull* = 1Sp = Saull® < lIp = @ull* < ll2n — pII* (16)
Hence
[Zner —pll < (1= Bn = am)l[zn = pll + Bullzn — pll + anl/(u = p)|

= (1= ap)llzn —pl + anflu = pl
< max{||z, = pl, [[u = pll} (17)

Inductively, we get
20 — pll< max{||z1 — pll, [lu = pl|}-

Hence, {z,} is bounded. From (13), and we as well obtain that {u,},{q¢,}
and {y,} are bounded.

Since the mapping A is Lipschitz continuous, we also obtain the boundedness of the
sequences { Az, }, {Au,}, {Ayn}.
Also, since S is nonexpansive, we obtain that {Sx,} and {Sg,} are bounded, using lemma

23).
Indeed,

Han_pH: ||an_5p||< “xn_pH (18>


User
Highlight


and

IS¢, — pll= |1S¢n — SpII< |lgn — pl|- (19)

Hence, boundedness of {Sxz,} and {Sg,} follows from the boundedness of {z,} and {g,}
respectively.

Step 2

Let {s,} be a bounded sequence in C. We shall show that

lim ||G}'s,, — G150 = 0. (20)

n—00

By step 2 of the proof of Theorem 3.1 in [5], it follows that for any k € {1,2,--- ,m},

Hm |10, 180 — Tk s,]|= 0. (21)

Tk,
n— 00 ks

Using condition 2 of lemma ([2.7) (7%
have

., 1s nonexpansive) and the definition of GI'', we

1G7 sn = Grliasnll TG s = Tt 1 Gt sl

Tm, Tm,n+1~"n+1
< ||Trljn"fnG?_15n - T@"anG?‘lsnll+||T£I'?n+1G?‘18n - T?f:nJrl ?Ifsnll
< HTrIjZnGnm_lsn - Tri:y:n+1GZL_13nH+HG;n_13n - G;n-s—_llan
< T G s = T G s [ Tt G2, — T G2, |
G 25, — Gl
< NTEr G sy = TEn G s | T G2y — TE ) G2, |
o+ T2 Glsn — T2 A Grsal HITE s — TE sl

from which follows by .

Step 3: lim,, o0 ||Tpi1 — zn]|= 0.
We know that u,, = G})'w,, and u,41 = G} ;741 We then have that

”un - un—f—l” = ”GqTIn - G?+1xn+1||
< [|GYan — G|+ GRlin — Gl ||
< ”ngn - Gnm+1$n+1||+||$n — Ty |- (22)

Now observe that

i1 — anll = [[Pe(tngr — Ans1AYny1) — Po(un — AAyn) ||

[ (Unt1 = Ang1AYns1) — (Un — AnAyn) ||

Hun+1 — Up — )\n+1 (Aun+1 - Aun) + )‘n+1(Aun+1 - AynJrl - Aun) + AnAyﬂ)H
tnt1 — vn|[+Ans1 | Atngr — At ||+ [[Atn gy — Ayngr — Aug ||+ ]| Ays |
tni1 — Un [+ LA g1 [[ At g1 — At ||+ 1 [[ At — AYngr — At || +A0 ]| Ay, |
[ttnt1 = un [+ (Anta + An) M, (23)

IN

IAIN A



where M is a constant such that

M > sulla{kHAunH — Aup|[+[[Atng1 = Ayns1 — Aupl|+[| Ay}
nz

Hence, from and we have
lGni1 —anll = [IG2n — Gnm+1xn||+||xn — Tnpa ||+ (Angr + An) M.

We define the sequence {z,} to be such that for any n > 1,

Therefore
. Tpy2 — (1 - 5n+1)xn+1 Tpy1 — (1 B ﬁn)wn
|2n41 — 2| -
5n+1 571
_ || (1 - ﬁnJrl)anrl + Bn+1SQn+1 — Q41 (anrl - u) B (1 B BnJrl)anrl
6n+1
B
an an
= HSQH+1 - SQTL - —+1<xn+1 - U) + _(xn - u)
Bn—‘rl Bn
(07NN ] Oy
< Ngnsr = gl + 7w = Zpga || + - llu = 2| (25)
Bn—H n
Hence, by and , we obtain
m m (07NN ] (87%
ns = 2l e = @wsall < |G — Gl + 2 = ]|+ 22—
6n+1 ﬁn

(st — An) M.
Therefore, by conditions (B1)-(B3) we have

limsup (||zne1 — 2ul|—||Tn — Znaa]]) < 0.
n—00

By lemma (2.5)), we then have

lim ||z, — z,|| =0,
n—oo
from which it follows that
lim ||z,41 — x| = lim B,]|z, — x| = 0.
n—oo n—oo
We obtain also from , and that
lim [|gns1 — @ul| =0
n—oo
and
lim ||up41 — un|| = 0.
n—oo
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Step 4: lim,,,o||tun — ¢u||= 0.

We know that

Observe that

| 2n — Sqnl|

Hence,

Tpt+1 = (1 - Bn)xn + BnSQn - an<xn - u) (26)

g ”anrl - an + Hxn+1 - SQnH
< Nzt — @all + (1 = Ba)llzn — Sgull + anllzn — ul|. (27)
Ballzn = Sqnll < [Tni1 — 2l + anl|zn — ull. (28)

It follows from conditions (B1) and (B2) that

Now

lim ||z, — S¢,||= 0. (29)
n—oo

||yn — |l < “PC(un — A Ayn) _PC(un_/\nAUN)H
< AL[yn — ua|
< M LM, for some M; > 0. (30)

Therefore by condition (B3), we have

Tim [y — gnl|= 0. (31)

Now , let p € €2, using lemma ([2.8)), and , we have

41 = pI*

It follows that

[|n —

N

(1 = Bn)Tn + BrSqn — an(Tn —u) — pH2

1(1 = Bu)n + BuSdn — plI* + 200m|lzn — ull[[(1 — Ba)zs + B2 Sqn — pll
+ag |z, — ull?

(L= B)llzn = plI* + Ball Sgn — pII®

20|z, — ull|(1 = Ba)zn + BuSen — pll + i [lzn — ul®

(1= Bu)llzn = plI* + Ballgn — plI* + 20|z — ull[(1 = Bp)z
5080, — pll + g |z — ul]?

N

N

VAN

< (1 - Bnmxn _p”2 + Bn [Hxn - p”2 - (1 - )‘iL2)Hun - ynHQ}
20|z — ul[[(1 = Ba)wn + BSan — pll + iz, — ull*. (32)
1> < ;[(II =Pl + l[znsr = pID 201 — @
Yn X 1 — )\%LQ Tn P Tn+1 p Tp+1 Tp
+abllz, — ullll(1 = Ba)wn + BSqn — pll + alllz, —ul’]. (33)

By condition (B1) and step 3, we have

lim ||u, — y.|= 0. (34)
n—oo

10



Hence, since

[t = ull < lJun = yall + 1yn — anll, (35)
we have
lim [|u, — gu||= 0. (36)
n—oo
Step 5: lim, o ||GEz, — GE 2, ||=0, k=1,2,--- ,m.
Let p € Q. Firmly nonexpansiveness of 7 f; & for each k =1,2,---  m gives
IGrzn —pl* = T5k.Gr e — T pl?

< (Gran —p, Gy, — p)
= 2 (I wn —pll + G — I Gl — G ll?) . (37)
Therefore, we obtain that
1Grzn —plI* < NGy = pl® = |Gran — Gilanl?, - for k=1,2,--,m, (38)
which implies that for each k € {1,2,--- ,m},
IGrzn —pl° < Gz —plI* = [Ghan — GR 7 aal* — |G e — G721
- ||G3an - lev,an2 - HGixn - G?LITLH2
< lan = plPP = |Gran — G (39)
Now, using the fact that w, = G}z, and , we have
|11 _sz = [[(1 = Bn)xn + BnSqn — an(n —u) — pH2
1(1 = B = an)(@n = p) + Ba(Stn = p)|I* + 20 (u — p, 2ns1 — p)
111 = (Bn + an)l(zn — ) + (@ + Ba)(Sqn — p) — n(Sgn — p)|I?
+2a,(u — p,Tpi1 — p)

N

< [1_ (ﬁn+an)]||xn_p||2+(@n+ﬂn)”un_p”2
200, (p — S, Trp1 — P) + 200, (U — P, Ty — )
< 1= (Ba+ an)lllzn — 2l + (a0 + Bu) Gz — pl|®

+200(p = S, g1 — P) + 200 (U = P, Tn1 — )
Therefore,
(an + Bn)HGﬁxn - Gﬁ_lanQ < lzn = pl? = Nz — I
+2an |21 — pllllen — pll + llu = pllllznes — pl]
< (len = pll + |20 = Pl lensa — zall

+2an |21 — pllllen — pll + llu = plll|2ns — pl]

Using condition (B1) and that ||z,41 — x,|| — 0, we obtain that
lim |GFz, — G5 ta,||= 0. (40)

n—oo
Step 6: lim,, . ||Sy, — yn||= 0.
Observe that
159 = ynll < 1SYn — S@ull 1560 — nll+[|Grzn — Grn||+]|Gran — Ghzy||
+o G e, — Gl lun — yall
< Yo — @ull+1Sqn — xn||+||G91xn - Grlzan‘}'HGrlzxn - Gian
o |G e — G|, — gl (41)

11



Therefore,
Tim [[Syn — yn|= 0. (42)

*

Step 7: limsup,,_, . (u — z*, x, — 2*) < 0 where 2* = Py(u),
Le,(* —u,z—a*) 20 Vze .
Let {x,,} be a subsequense of {z,} such that

lim (u — 2%, 2,, — 2*) = limsup(u — 2%, z, — 7). (43)
J—0 n—00
Using the boundedness of {z,}, there exist a subsequence {z,, } of {,;} such that
Tp;, — W.
Without loss of generality, we assume that x,, — w.
We show that w € Q.
By step 5,
|Gz, — GF || = 0 for each k=1,2,--- m,

which implies that Gﬁxnj —w foreach k =1,2,--- ;m.

Since ||un — yn|| — 0 and |Ju, — gn|| — 0, we have that u,, — w, y,, — w and ¢,;, — w.
Also, {u,,} € C and C' is closed and convex implies that w € C'.

(1) We show that w € Fiz(S) = Fix(T).

By lemma and step 6, we obtain that w € F(S) = F(T).

(i) We show that w € (-, EP(Fy).

By lemma (2.6)), for each k =1,2,--- ,m, we have

Fk (Gﬁxnay) + ’l“i <y - szxm szxn - sz_lxn> > 0, Vy eC.

It follows from (A2) that

1
- <y - szm szn - Gz_lxn> > Fk (y, G,’il‘n) ) vQ eC.
Therefore, for each £k =1,2,--- ,m, we have
k Gy, — G, k
y - anxnj, r 2 Fk (y’ anxnj) ) vy E C
nj

By (A4), we have

k k-1
G, tn; — Gr Ty,

— 0 and Gﬁjxnj — w.

T'n;

Hence, for each £k =1,2,--- ,m,
Fr(y,w) <0, Yy € C.

Define
ys = (1 — s)w + sy, Vye C and s € (0,1].

By the convexity of C', we have that y, € C from which it follows that

Fi(ys,w) <0, for each k =1,2,---  m.

12



Using (A4), we have

O = Fk(Z/S’yS)

Since s # 0, we obtain that

Fiu(ys,y) = 0.
By (A3), for any y € C, Fi(w,y) = sh—glo Fr(ys,y) =2 0, for each k =1,2,---  m.
Therefore for each k =1,2,--- ,m, w €EP(F}), which gives that

w € (EP(Fy).
k=1

(iii) We show that w eVI(C, A).
Define the set-valued mapping 7' from H to 29 ie., T : H — 2% by

Awy + Newy, wy € C,
Tw1 =
@, w1 ¢ C

Where N¢ is the normal cone to C' at wy € C.
The mapping 7" in this case is maximal monotone, and 0 € T'w; if and only if wy; €VI(C, A),
see[22)].
Let (wy,h) € G(T). Tt follows that Tw; = Aw; + Nowy, therefore h — Aw; € Neow;.
Hence we obtain that (w; — s,h — Aw;) > 0 for any s € C. Since ¢, = Po(un — A\Ayy)
and w; € C, we have

<un = M AYn — @y G — w1> = 0.

Therefore
n — Un
(w1 — g, a 3 + Ay,) > 0 for each n > 1.
Hence
<Qn]- — Wy, h) < <Qn] — Wy, AU}1>
Gn; — Up,
< (G, — w1, Awy) — (g, — w1, % + AYn;)
n;
Gn, — Unp,
= <QTL] - w17 Awl - AyTLJ - ;>
)\nj
= <qn] — Wi, Awl - AQTL]> + <qng — wy, Aan - Aynj>
Qn- — Up,
_<an — Wy, ]T]J>
So
an - U’nj

)

<an — Wy, h> < <Qn] — Wy, AQRJ - Aynj> - <QRJ — Wy, A

J
Hence it follows that
(wy —w, h) > 0.

13



Since T is maximal monotone, we have w € T'0, and it follows that w eVI(C, A).
(1),(ii) and (iii) give that w € Q.

Therefore
limsup(u — 2", 2, —2") = lim (u — 2", 2,, — %)
n—00 J—ro0
= (u—z",w—2a") <0. (44)

Step 8: lim,, ||z, — 2*[|=0

|21 — l‘*H2 = (1 = Bu)rn + BnSqn — (v —u) — x*HQ

= [I(1 = B)(@wn — 2%) + Bu(Sqn — 27) — anlwn — 2%) + ap(u — 27)||?
1(1 = 8o — ) (2 — 2%) + Ba(Sgn — %) + an(u — 27)||?
[(1 = Bn — an)(zn — %) + Bu(Sgn — x*)Hz + 20, (u — 2%, Ty — 27)
(1 — an)?|zn — 2% + 200 (u — 2%, Tpy1 — )

NN

Oén * * *
(1 = 20|20 — 2*]|* + 20, [EHiL‘n — 2?4+ (u— 2, 2y — 7).

Using lemma(2.4) and (44), it follows that nh_)rgo |zn, — ™| = 0.

Using (14)),(13) and we obtain that the sequences {¢,}, {u,} and {y,} converge to
x*. This completes the proof.

4 Applications

The following are direct applications of our main result:

Corollary 4.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
For each k =1,2,--- ,m, let F, be a bifunction from C x C to R satisfying (Al)-(A4) and
A be a strongly monotone and L-Lipschitz continuous mapping of C into H. LetT : C —>
C be a nonezxpansive mapping such that 0 := Fiz(T) N VI(A,C)N (N, EP(F}y)) # 0.
Suppose {x,}°2, is iteratively generated by u,x; € C,
( —TFmTle- TFQTlen,

Yn = PC’(un - )\nAun)a

(45)
dn = PC(un - )\nAyn)a

\ Tn+1 — (1 - B’n)xn + 6nTQn - an(xn - u)

foralln=1,2,---, and {a,}, {Bn}, {M} and {ri,}, k € {1,2,--- ,m} are sequences of
real numbers satisfying the following conditions:

(B1) lim, oo, = 0 and Y7 | a = 00;

(B2) 0 < liminf,, . B, < limsup,,_, B, < 1;

(B3) lim, 00 A\, = 0;

(B4) liminf, o 76, > 0 and limy, o |7k nt1 — Tkl = 0 for each k € {1,2,--- ,m}.

Then the sequences {z,}, {un}, {q.} and {y,} converge strongly to the common point
x* € Q, given by x* = Po(u).
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Proof. The conclusion follows immediately by Theorem 3.1, since we have that T is a
nonexpansive mapping.

Corollary 4.2 Let C' be a nonempty, closed and convexr subset of a real Hilbert space
H. Let A be a strongly monotone and L-Lipschitz continuous mapping of C into H and
T :C — C be a nonexpansive mapping such that T' ;= Fix(T)NVI(A,C) # 0. Suppose
{z,}50, is iteratively generated by u,x, € C,

Yn = PC’(£n - )\nAxn)a
(46)
Tnt1 = (1 = Bn)xn + BT Po(xn — MAyn) — ap(x, — w)

for allm = 1,2,--- | and {a,}, {Bn} and {\.} are sequences of real numbers satisfying
conditions B1-B3.

Then the sequences {x,} and {y,} converge strongly to the common point

z* €T, given by * = Pr(u).

Proof. Let Fy(x,y) =0 for any k € {1,2,--- ,m}, for all z,y € C and r, =1 V¥n € N
in Theorem 3.1. It follows that T,i"jn = [ (the identity mapping) Vn,m € N, ie., u, =
r, Vn € N. Clearly the conditions of Theorem 3.1 hold. Therefore we obtain that the
sequence {x,} generated by [46| converges to the point z* € I with z* = Pr(u).

Corollary 4.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let A be a strongly monotone and L-Lipschitz continuous mapping of C into H. Suppose
{x,}°°, is iteratively generated by u,z, € C,

Yn = PC(xn - )\nAxn)7
(47)
Tp+1 = (]- - Bn)xn + 5nPC'(£En - AnAyn) - Oln(l'n - U’)

for allm = 1,2,--- | and {a,}, {Bn} and {\,} are sequences of real numbers satisfying
conditions B1-BS3.
Then the sequence {x,} converges strongly to * € C, given by x* = Pyacy(u).

Proof. Let Fy(z,y) =0 for any k € {1,2,--- ,m}, forall z,y € C and r, =1 Vn € N
in Theorem 3.1. It follows that T, = I (the identity mapping) Vn,m € N, ie., u, =
x, Vn € N. Letting T' = I (the identity mapping), clearly the conditions of Theorem 3.1
hold. Therefore we obtain that the sequence {z,} generated by 47| converges to the point
z* € VI(A,C) with * = Pyrac(u).

Remark 1 Using Corollary 4.3, we have an iterative scheme to obtain the solution of a

variational inequality problem involving a monotone and L-Lipschitz continuous mapping
A.

We apply Corollary 4.3 directly to the following variational inequality problem.

Proposition 4.1 Let M be a n X n positive definite matriz, let C' be a M -invariant closed
subspace of R" and b € C. We define F: C — C by F(x) = Mz +b. Suppose {,}2,
is iteratively generated by u,z, € C,

Yn = PC(xn - )\nAxn)a
(48)
Tnt1 = (1 - Bn)xn + ﬁnPC<xn - )\nAyn> - an<xn - 'LL)
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for allm = 1,2,--- | and {a,}, {Bn} and {\,} are sequences of real numbers satisfying
conditions B1-BS3.
Then the sequence {x,} converges strongly to a unique point x* € C, given by z* =

Pyrac(u).

Proof. Since M is positive definite, we obtain that F' is strongly monotone. It is
also easy to see that F' is a Lipschitzian mapping with Lipschitz constant ||M||. The
strong monotonicity of F' guarantees a unique solution z* € VI(F,C). Therefore, by
Corollary 4.3, the sequence {x,} generated by [48| converges to the point 2* € VI(A, C)
with x* = PVI(A,C) (u)
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