BERNOULLI POLYNOMIALS AND CONVOLUTION SUMS

AERAN KIM

Abstract In this paper, we study the summations 3, , »ens (f(a +0) + f(b+¢) + f(c +a))
a+b+c=n
and 3° ,pcaqent (flatb+e)+ f(b+c+d)+ f(c+d+a)). Especially, for the

a+b+ct+d=n
first summation we obtain some relations related to Bernoulli and Euler polynomi-

als.

1. Introduction

The study of arithmetical identities is classical in number theory and such in-
vestigations have been carried out by several mathematicians including the legend
Srinivasa Ramanujan. For n € N with [ € NU {0}, we define some notations which
also appear in many areas of number theory:

n—1
o(n) =Y _d, Si(n)=>Y_ i S1)=0,
d|n i=1

and [z] called the floor of x, denotes the greatest integer that does not exceed x.
The Bernoulli polynomials B,,(x), which are usually defined by the exponential
generating function

tezt e m
et — 1 - Z Bm(z)ﬁ,
m=0
play an important role in various areas of mathematics, including number the-

ory and the theory of finite differences (see [2]) . The Bernoulli polynomials satisfy
the following well-known identities :

and

"~ Bmi1(n+1) — Byiq(0)
(1) D= e (m € N),

where N denotes the set of positive integers. We set B, := B,,(0). It is obvi-
ous ', from the way the polynomials B,,(z) are constructed ;, that all the B,, are
rational numbers. It can be shown that Bs,,11 = 0 for m > 1, and is alternatively
positive and negative for even m.
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Let n be a positive integer and let f : Z — C be an even function. In 1858 Liou-
ville stated the surprising result that the sum called the third identity of Liouvile

> (fla=b) = fla+D))

(a,b,z,y)EN*
ax+by=n
2n d
— 1O a0) = ool + 3 (145~ ) st 2 3 (Z f(v)>
i s\

can be evaluated in terms of sums over the positive integers d dividing n (see
[5, p. 247]). In 2000 Huard, Ou, Spearman and Williams (see [7]) proved a far

reaching generalization of Liouville’s Identity as Proposition 1.1. We introduce
Proposition 1.1 which is the motivation of our results Lemma 2.1 and Lemma 2.3.

Proposition 1.1. [7, Theorem 13.1] Let f : Z* — C be such that

(2) f(a’7 b,x, y) - f(x’ya a, b) = f(_a’7 —b,z, y) - f(l’, Y, —a, _b)

for all integers a,b,x and y. Let n € N. Then

Z (f(a,b,x,—y)—f(cu—b,:r:,y)—|—f(a,a—b,a:+y,y)

(a,b,z,y)eN*
ax+by=n

_f(a’ a—l—by—m y)+f( —a,b,x,x—l—y)—f(a—l—b,b,x,x—y))

3

(3) =S xd )+ (2 O,d,x)Jrf(%,%,dfz,,x)
i
7f(x7x7d’%’%)7f($7d707%)7f(d7x7%70))7

where the sum on the left hand side of (3) is over all positive integers a,b,x,y
satisfying ax + by = n, the inner sum on the right hand side is over all positive
integers x satisfying x < d, and the outer sum on the right hand side is over all

positive integers d dividing n. (See also [3, Theorem 1])

In this paper we will find a special formula of the summation

> (fla+b)+ fb+c)+ fc+a))

(a,b,c)EN®
a+b+c=n

and so , by using this, we will present some relations related to Bernoulli poly-
nomial and the generalized Riemann zeta function :

Theorem 1.2. Let n € N. Ifl € N, then we have
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l—itj

! i
o l i 1 —
Albm) 'Z<i>2(j)l+1—i+j 2 (-1
=0 7=0 m=0
. . n—2
y <l +1—1 Jr])Bm Z(n — k)i — k — 1)l
m
k=1

(1 +1) (Big2(n) — Biyz) — (1 + 2) (Big1(n) — Biya)
(+2)(0+1)

Furthermore, if | € NU {0}, then we obtain

A(l,n) = Siy1(n) — Si(n).

Corollary 1.3. Let t,l € NU{0}. Then we have
(a)

ZA(Z, n) = S¢r1(n) — So(n).

1=0
(b) Let A(l,n) = Si+1(n) + Si(n). So

t
> A(Ln)A(lLn) = S741(n) - 55(n).
1=0
Corollary 1.4. Letl,n € N. Then we have
1 1
9+ 4 (17 [”;r D ~A(n) + 218, ([”; D

B (0) — Bi(0) — (~1)" (Epya(n) — Ei(n))

2
where Buler polynomials Ey(x) are defined by Y°7% Ey(w)y = 247

)

2. Proofs of Lemma 2.1, Theorem 1.2 and Corollary 1.3

Using the four basic theta functions, one is led to the formula (see [7, p. 14]) :

(4) Yo (@+bn)*—(a=b) = > 2%m*H (kneN).
(a,b,z,y)EN* mfN
e 2 odd

There are several arithmetical formulae due to Liouville. A classical one of

Liouville very often used in elementary number theory (completely avoiding the
hard analysis) is that (see [4, p. 144]) : For n € N and for f : Z — C an even

function, the identity

(5) ) (fla+b) = fla=b)) = > (f(2m)— f(0))
(a,b,x,y)EN meN
ar+by=2n ﬁmcl:clid

a,b,z,y odd
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holds.

Lemma 2.1. Let n > 3 be a positive integer. Let f : 7 — C be a function. Then

> | (fla+b)+ f(b+c)+ f(c+a)) =3z_:(n—k— 1) f(n —k).
Pt =
Proof. We note that
> (fla+b)+ fb+c)+ flc+a))
(a,b,c)GN3
a+b+c=n
=3 > flat+b)=3)_fk) > 1
a-+b+c=n k>1 ajz_-?-—ltii"
=3{(n=2)f(n =)+ (n=3)f(n=2)+---+ (n—(n—-1)) f(2)}
=3 (n—k—1)f(n—k).
k=1

We can see the arithmetic function Fj(n) given by

1, []|n,
Fl(n)::{o lJ(n

for I,n € N in [7, p. 32]. Using this function we introduce Example 2.2 and
Example 2.4.

Example 2.2. Let us consider the function f(x) = Fs(x) in Lemma 2.1 . If n is
even, then the left hand side of Lemma 2.1 1is

S (fla+b)+ fb+c)+ fc+a))

(a,b,c)EN?
a+b+c=n
n even
=3 Y  FRa+b=3 > 1
a+b+c=2n a+b+c=2n

2|(a+b)

and the right hand side of of Lemma 2.1 is



CONVOLUTIONS SUMS 5

2n—2 2n—2
3 @2n—k-1)f2n—k) =3 (2n—k—1)F2n—k)
k=1 k=1
2n—2 2n—2
=3 Y @n-k-1)=3) @n-k-1)
o\ Grtk) 20k
n—1
=3) (2n—2k—1)=3(n—-1)%
k=1

where we use Y ;_, k= "("TH) These facts show that

(6) S 1= (n-1p
a+b+c=2n
2|(a+b)

Also, if n is odd, then we obtain

Y (flatb) + fb+o) + flcta)

(a,b,c)EN?

neN

a+b+c=2n—1

=3 > FRa+b)=3 > 1

a+b+c=2n—1 a+b+c=2n—1
2|(a+b)

2n—3 2n—3

=3> @n-2-k)F2n—1-k) =3 >  (2n—2-k)
(7) P

k=1
2|(2n—1—k)
2n—3 2n—3 2n—3
=3> (2n—2-k)=3¢> (2n—-2-k) - > (2n-2-k)
k=1 k=1 =1
21k 2/k
2n—3 n—2
:3{2(2n—2—k)— (2n—2—2k)}:3(n—1)2
k=1 k=1

Therefore, by (6) and (7) , we conclude that

> ()

a+b+c=n
2|(a+b)

We can prove Lemma 2.3 in a similar manner as in the proof of Lemma 2.1
as follows :



6 AERAN KIM

Lemma 2.3. Let n > 4 be a positive integer. Let f : 7 — C be a function. Then

3%
( bZdGN4 (fla+b+c)+ fb+c+d) + flc+d+a)) 52 2)f (k).
ai’bféjzd:n

Proof. We observe that
> (flatbt+o)+ fb+ct+d) + fle+d+a)

(a,b,c,cl)EN4
a+b+c+d=n
=3 Z f(a+b+c):32f(k) Z 1

a+b+ct+d=n k>1 a+b+ct+d=n

a+b+c=k
— (k—1)(k—-2)
Z J{1+2+ ..+ (k— 2}732]0 =
=3 k=3
3 n—1

= 23 k- 2) 5 (k)

k=1

O

Example 2.4. We apply the function f(x) = F3(z) in Lemma 2.3 . If n is even,
then the left hand side of Lemma 2.3 is

Yo (flatb+o)+ fb+ce+d) + fle+d+a))

(a,b,c,d)eN*
neN
a+b+c+d=2n
=3 >  Bla+bto=3 Y 1
a+b+ct+d=2n a+b+ct+d=2n
2|(a+b+c)
and the right hand side of of Lemma 2.3 is
3 2n—1 3 2n—1
S - 1E- 2SR =5 3 (= 1)k - 2)B(k)
k=1 k=1
2n—1 n—1
3 3
== —1)( = (2k—1)(2k—2
5Dk =3 > (2k k—2)
k=1 k=1
2|k
n—1

:% {4k2—6k+2}:%{4n3—15n2+17n—6},

where we use Y p_, k? = w These facts lead us to

1
(8) > 1= {4n® — 15n® + 170 — 6} .
a+b+ct+d=2n
2|(a+b+c)

Similarly, if n is odd, then we have
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> (fla+tb+c)+ fb+c+d) + flc+d+a))
(a,b,c,d)eN*

neN
a+b+c+d=2n—1

=3 Z Fyla+b+c)=3 Z 1

a+b+c+d=2n—1 a+b+c+d=2n—1
(9) 2|(a+b+c)
3 — 3 2n—2
52 (k=2)Fa(k) =5 > (k—1)(k—2)
k=1 2|:k;1
3 n—1
=5 @k-1)2k-2)=7 {4n 15n% +17n — 6} .

e
Il

1
Therefore, by (8) and (9) , we conclude that
Z 1_1 4n—|—13_15 n+1 2+17 n+1 6
= 6 2 2 2 '

a+b+ct+d=n
2|(a+b+c)

Proof of Theorem 1.2 . Let [ € NU {0}. We apply f(z) = ' in Lemma 2.1.
Then the left hand side is

> (fla+b)+ fb+c)+ fle+a)

(a,b,c)€N3
a+b+c=n
=3 Y fla+b)=3 > (a+Db)
a+b+c=n a+b+c=n
(10) Lo
_3 l—ipi
>3 ()e
a+b+c=n 1=0
Lo/l
= <> Z a' i,
=0 ¢ a+b+c=n
Here, we can observe that
Z al*ibico
a+b+c=n
(1) _ Z Al =ipi10 4 Z al=ipiod 1.y Z =i (n
a+b=n—1 a+b=n—2 a+b=2
_ Z al_ibi—l- Z al_ibi+~-~—‘r Z al =i
a+b=n—1 a+b=n—2 a+b=2

Then we can calculate the first term of (11) as follows :
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n—2
Z a7t = Z a = {(n-1)—-a}'
a+b=n—1 a=1
n—2 % .
= al™? Z <Z> (n—1)"7(=1)d’
a=1 i=o M
i n—2
_ z) (n—1)=9(—1)/ Z gl—i+i
j=0 J a=1

;) (n— 1)i—j(_1)jl+11wl§j(_1)m (l+ 1”—12’4-]')

m=0

X B77L(n _ 2)l+17i+j7m

i, l—i+j S
1 U+ 1—
_ Z . Z (71)m+j + 1+ Bm
—\J l+1—i+y m

j m=0

% (n _ 1)i—j (n _ 2)l—|—1—i-§—j—m7
where we use the Faulhaber’s sum (see [1]) as
" 1 & , 1 ,
S = Sy (VT B
k=1 P+l J

with the Bernoulli numbers B;. Also we can apply the same method into the
other terms of (11). So (11) becomes

Z CLl—ibiCO

a+b+c=n
% . l—i+j . .
=3 (Vi e (),
= J)l+1—i+73 = m

X {(n—=1)"" (n—2)F1 I 4 (n — )17 (n = B)H T T

bt n—m—2)" (n—(n— 1))l+1—i+j—M}

) i <z> 1 lﬂij(fl)m” <l+1—i+j>B
pr AV I+1—itj 4= m
n—2 o
x> (n—k) (n—k— 1),
k=1

So (10) can be written as
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S (fla+b)+ fb+c)+ fle+a)

(a,b,c)EN3
a+b+c=n
LN e/ 1 l—itj
T T Do 1) L
im0 \V/ 2o M b+1—it] m=0
. . n—2
I+1—i+7 i—j I+1—iti—
B, — k) (n— k= 1)tTirimm,
() By Y - - k- 1)

k=1

On the other hand, the right hand side of Lemma 2.1 is

— 32_: {(n—k)" —(n—k)'}
k=1

=3 [{(n =) = (=)' + {0 -2~ (0 —2))
4o+ {3 =31 4 {2l — 2t}

n—1 n—1
:3{Zkl+1 —Zkl}.
k=1 k=1

Equating (12) and (13), we obtain

(13)

= E ) et £

7=0 m=0
(14) x

R

I+1—i+y = i—j I+1—itj—m
m >Bm2(n—kj) Tn—k—-1) J
k=1
n—1 n—1
S 370
k=1 k=1

For [ € NU {0}, we can write A(l,n) = Si11(n) — Si(n).
Now, let [ € N. Then, by (1) and B; = B;(0), the right hand side of (14) is

n—1

n—1
SR =N CE
k=1 k=1
(15) _ Bl+2(n) - Bl+2(0) _ Bl+1(n) — Bl+1 (O)

[+2 [+1
(I +1)(Big2(n) — Biy2) — (14 2) (Biy1(n) — Biya)
B (I+2)(1+1) ’

so that we have



10 AERAN KIM

(+1) (Bi+2(n) = Biyz) = (1+2) (Biya(n) = Biar)

All,n) = (+2)(1+1)

O
Remark 2.5. We recall the Riemann zeta function and the generalized Riemann (or Hurwitz)

zeta function are given by ((s) = > o | L and ((s,q) = Y rey m, respectively.
Equation (13) can be written as

n—2

3 (n—k—1)(n—k)

k=1

_32{ )= (n— k)1

—3{6( n) —C(=l—=1,n) = (=) + (-1 -1)}.
Indeed, observe that

Z { ) (n — k)l}

_ {1l+1 2l+1 3l+1+._'+(n_2)l+l+(n_1)l+l}
—{'+2'+3 4+ (n =2+ (n—1)!}

and
(- - NGRS
k=0
={1l+1+2l+1+-~-+(n— )l“+nl“+(n+1)l+l+'“}
M DT (2 ()
— L ol gl 9)F (1)L
Furthermore,
C(=1) = ¢(=1,n) Z = (k+n)
n=1 k=0
=1+ 43+ 4+ (n—-2)+ (-1

Thus we can rewrite (14) as
A<l?n) = C(_l7 n) - C(_l - 1,7’7/) - C(_l) + C<_l - 1)
Example 2.6. Ifl =3 in Theorem 1.2, then we have

1
A(3,n) = " (12n* — 45n® + 50n> — 15n — 2) .
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Proof of Corollary 1.3 . (a) From Theorem 1.2, we obtain
t n—1 n—1 n—1 t¢
ZAZ n :Z{Zkl+l_zkl} :ZZ{kl+1_kl}
— 1=0 k=1 k=1 1=0

= Z{(k—1)+(k2—k)+(k3—k2)+---+(kt—kt_1)+(kt+1 —k"}
k=1

— i: {1 =1} = Spi1(n) — So(n).
k=1

(b) By the definition of A(l,n) = S;+1(n) + S;(n), we have

Ty(n) := Y (—1)%"
i=0
Ty(n) = Ey(0) — (;1)”El(n) _gltlg, ([T]) —Si(n),

for I,n € N. These facts lead us to

Tis1(n) = Ti(n)
_ E1(0) = (=1)"Epa(n) — E(0) — (=1)"Ei(n)
2 2
_ Ei11(0) = Ei(0) — (=1)" (Ei11(n) — Ei(n))
5 :
On the other hand, T;1(n) — T;(n) can be rewritten as

(17)

T{(Qis”(){nglp s}~ {2051 ([41]) si00)
o = (P2 s (3D ()

—{Si41(n) = Si(n

_ gty <z, {" ; 1D + 2l+151+1 ({” ; 1D — Al n),
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where we use Theorem 1.2. Equating (17) and (18), we obtain the proof.
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