THE MULTINOMIAL COMBINATORIAL CONVOLUTION SUM

AERAN KIM

Abstract In [1] and [3] we can find some formulas of binomial combinatorial
convolution sums involving divisor functions . And starting from these formulas,
we obtain a multinomial combinatorial convolution sum.

1. Introduction

Let N denote the set of positive integers. Furthermore let N,d € N and s €
NU {0}. Throughout this paper, we define

oo(N) =) _"d*, oi(N)= > d,

d|N d|N
N/d odd

We can deduce the property

1) o (2N) = 2°0* (N).

For example, we can see that

Y oi(m)of(N —m) = i (03(N) = Noj(N))

N-1
m=1

in [3, Example 12.4]. We introduce very important Proposition 1.1 and Proposition
1.2, which is the starting point of our paper.

Proposition 1.1. (See [3, Theorem 12.3]) Let k, N € N. Then

kz_:l <252_]T_ 1) (ZZ: Oak—2s-1(m)02s41(N — m))

s=0

k
2k +3 k 1 2k +1
= N —— N _1(N B _9:(N).
4k+20'2k+1( )+(6 )Uzk 1( )+2k+1j2—2( 9 ) 2j02k4+1—25 (V)

Proposition 1.2. (See [2, Theorem 10])
Let I, N € N with 8| N and define
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12
= {(ml,mz, coma,mag) € NP Tmy = N, 2|(ma 4 ma),  2|(ms +ma),
i=1
2|(ms +mg), 2[(m7+mg), 2[(mg+mio), 2[(m11+mi2),
4|(m1 —|—m2—|—m3—|—m4), 4|(m5+m6—|—m7—|—m8),

8|(my + mio + mi1 +ma2)}.

Then for odd positive integers a;, we have

Z (a1 + az)(as + aq)(as + ag)(ar + as)(ag + ai0)(a11 + a12)

12 _
im1 @i =21

a; odd
X (a1 4+ a2 + az + aq4 — 3)(a1 + az + ag + ag — 2)(as + ag + a7 + ag — 2)

21
X (ag + a0+ ar1 + arz — 2)

ai,az,as,aq,as, as, ar, ag, ag, aio, @11, @12
(_1)m1+m3+m5+m7+m9+m11

X
EC: (m1 + ma)(ms3 + mya)(ms + me)(mz + mg)(mg + mio)(mi1 + mi2)
(=1)
(m1 4+ mg + mg + myq)(ms + me + mz + mg)(mg + mig + mi1 + Mma2)
12
x [[ s, (m2)
i=1

=2716(20) N {051 _9(N) —8No5_1;(N)}.

mi+tmotmgtmy | mitmg | mgtmg | mgtmig
1 t—t =t pl

Similarly, getting an idea from Proposition 1.2, we obtain a multinomial com-
binatorial convolution sum as follows :

Theorem 1.3. Let I, N € N with 16|N and define

24
D = {(ml’m27~-~m23,m24)€N24’Zmi:N, 2|(m1 +m2), 2\(m3—|—m4),
i=1

2|(ms +meg), 2|(m7z+msg), 2[(mg+mig), 2|(m11 + mi2),

2|(ma3 +mia),  2[(mas +mie),  2[(ma7 +mag),  2[(mig + mao),

2[(ma1 +maz), 2|(mas +maq), 4[(m1+ma +m3z+my),

4(ms +me +mr +msg),  4|(mg +mio +mi1 +mi2),

4[(maz +mig +mas +mae),  4|(mar + mag + mig + mao),

4f(ma1 + mag +maz +mag),  8|(m1 + ma + m3 + my + ms + me + my + msg),
8|(mg + mio + ma1 + miz2 +mi3 + mig + mis + mae),

16](m17 + mig + mig + Mmag + Ma1 + Mag + Moz + Mag) } .

Then for odd positive integers a;, we have
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(2)
Z (a1 + a2)(as + as)(as + ag) (a7 + as)(ay + aio)(ar1 + a12)

24
ey ai=2l

a; odd
a13 + a14)(a1s + a16)(a17 + a13) (@19 + a20)(az1 + az2) (a3 + ag4)
a1 +a2+a3+a4—2)(a5+a6+a7+ag—2)(a9+a10+a11 + a9 —2)

a1+ az + as + a4 + a5 + ag + a7 + ag — 6)

X
X
X
X
X (a9 + a10 + a11 + a12 + a13 + a1a + a15 + aig — 6)
X

x (
(
(
(a1 +as+az+ags+as+as+ar+as—7)
(
(
(

a7 + aig + aig + ago + a1 + a2 + a3z + azy — 6)

a13 + a14 + a15 + a16 — 2)(a17 + a1s + a9 + azp — 2)(ag1 + agz + ags + ass — 2)

21
X
a, az,as,aq,as, as, ar, ag, ag, aio, aii, @12, @13, di4, ais, @16, @17, 418, 419, 420, @421, 422, A23, 424

X § (_1)m1+m3+m5+m7+m9+m11+m13+m15+m17+m19+m21+m23

]

my tmytmgtmytmstmetmytmg | my+mytmgtmg
8 1

mgtmigtmyitmyo + myi7tmigtmig+mag
1 £

mitmotmstmetmotmigtmiztmygtmyrtmygtmog tmog
2

1

(m1 + ma)(ms + my)(ms + me)(m7 + mg)(mg + mio)(mi1 + mi2)
1

(mas + maa)(mas + mig)(miz + mag)(mig + mag)(ma1 + maz)(mas + maa)
1
(m1 +ma 4+ m3 + my)(ms + me + my +mg)(mg + mig +mi1 +mi2)
1

(maz + maa + mas + mag) (Mar + mag + mag + mag) (Ma1 + Mmaz + maz + Maa)

1

(mq 4+ mo + mg3 + my + ms + mg + mr + mg)
1

(mg + mig + mi1 + miz + mag + mig + mis + mag)

X

X

24

; IR
on (m;
(m17 + mag + mig + maog + ma1 + Mag + Mas + Mayg) ’

=1
- (20)22N {O—;l—Ql(N) - 16N0;l—23(N)} .

2. Proof of Theorem 1.3

It is similar to Proposition 1.2. From 16|N, we have 8|% Let a1 + ag := 2k,
asz + a4 := 2ko, as + ag := 2ks, a7 + ag := 2ky, ag + a1o := 2ks, a11 + a2 := 2kg,
a13 + a4 = 2k, a15 + a1 1= 2kg, a17 + ag := 2kg, aig + ago := 2k10, az1 + a2 =
2k11, as3 + as4 := 2k12. And the condition
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24
D = {(ml,m27..'m23,mg4) €N24|Zm¢:N, 2|(m1 +m2), 2|(m3+m4),
i=1

2|(ms +me), 2|(m7+ms),  2[(mg +muo), 2|(m11+mi2),
2[(maz +maa), 2[(mis +mae), 2[(mir +mag), 2[(mig + map),
2|(ma1 +ma2), 2[(mas +mas), 4|(m1 +ma +mz +my),

4|(
(
(

4|(mag +mig + mis +mae),  4|(mai7 + mig + mig + map),

ms 4+ me +my +mg),  4|(mg +mig + ma1 +miz),

4)(ma1 + mag + maz +maa),  8|(my1 + ma + mg + ma + ms + mg + mz + ms),
8|(mg + mig + mi1 + miz2 + miz + mig + mis + mas),

16‘(77117 + m18 + Mi9 + Moo + Ma1 + Moo + Ma3 + m24)}

shows us that

my1+mo =2N1, mg+myg =2Ny, ms+ mg=2N3,

my7 +mg = 2Ny, mg+mio=2N5, mi+miz2=2Ng,

mig +mig = 2Nz, mas +mig = 2Ng, mar +mig = 2Ny,
mig +maop = 2N19, Mo1 + Moz = 2N11, ma3 + Moy = 2N12

and these facts and the leaving conditions of D lead that

(3)
12 N

E .= {(N17N27~-~N11,N12)ENlQIZNi:2, 2|(N1 —|—N2), 2|(N3+N4),
=1

2|(Ns + Ns), 2|(N7+ Ng), 2[(Ng+ Nio), 2[(Ni1+ Ni2),
8|(Ng + N1p + N11 + Ni2)}.

Considering (3), we can write (2) as follows :
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(4)
> (a1 +a2)(as + as)(as + ag)(ar + as)(ag + aro)(an + a12)

?il a; =2l
a; odd

X (a13 + a14)(a1s + ai6)(a17 + aig)(aig + ago) (a1 + azz)(az3 + azs)
X (a1 4+ as + as + ag — 2)(as + ag + a7 + ag — 2)(ag + a10 + a11 + a12 — 2)
X (a13 4 a14 + a15 + a16 — 2)(a17 + a1s + a9 + a0 — 2)(az1 + azs + azs + azs — 2)
X (a1 +as+az+as+as+ag+ar+ag—7)
X (a1 + az + ag + a4 + as + ag + a7 + ag — 6)
X (ag + aip + a1 + ayz + a1z + a4 + ays + a6 — 6)
X (@17 + a18 + a19 + az0 + a1 + a2z + ass + agy — 6)
21!
8 (a1 + a2)!(az + ag)!(as + ag)!(a7 + ag)(ag + a10)!(a11 + ai2)!
1
(a13 + a14)!(a15 + a6)!(a17 + a1g)!(a19 + az0)!(az1 + a22)!(a23 + az4)!
(a1 +a2)! (a3 +a4)! (a5 +ae)! (a7 +as)! (ag+aiw)! (a11 + are)!

X

a1!a2! a3!a4! a5!a6! a7!a8! aglalo! a11!a12!
(a13 + a1a)! (a15 +a16)! (a7 +ais)! (@19 +az0)! (az1 +az)! (azs + az)!
ai3'aq4! aislare! ayrlagg! a19'ag! az'ags! ag3lagy!

y Z (_1)m1+1 (_1)m3+1 (_1)m5+1 ' (_1)m7+1 (_1)7719+1 (_1)m11+1

5 (m1 + ma) . (mg + my) . (ms 4+mg) (m7 +mg) ' (mg + mao) . (ma1 +maz2)

(,1)m13+1 (,1)m15+1 (,1)m17+1 (71)m19+1 (71)m21+1 (71)m23+1

miz +mia) (mas +mig) (miz+mag) (mig +mao) (Mo +maz) Moz + Mo
'm,l+'m,2+m,3+m,4-§m,5+m,6+m,7+m,8+m/1+m/21—ms+m4

mgotmigtmyytmyo + my7tmigt+migtmag
1 1

mi1+motmst+mgtmgt+migt+miz+migt+miyrt+migtmor+mos
2

1

(m1 + ma + ms3 + my)(ms + me + my7 + mg)(mg + mig + mi1 + mi2)
1

(mag + maa + mas + mag) (M7 + mag + mig + mag) (Ma1 + Mmaz + Maz + Maa)
1

(my + mg + m3 + myg + ms + mg + m7 + mg)
1

(mg + myg + m11 + miz + mag + mig + mis + mag)
1

o’ (m;).
(m17 + mig + mig + Mmoo + Ma1 + Moz + Moz + May) };[1 o (ms)

X

X

24

Then applying the [1, (16)] as the following form
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- s 1( 1)m+102k 95-1(M)03, 1 (2N —m) o« N
Z 2 + 1 > N = o2k-1(2N)
s= m=1

into (4), we obtain

(5)
> 2k ko + ks + ks —2) = 3) (2(ky + k2 + ks + ks —2) — 2)
32 ki=l
ki >1
X (2(ks + ke + k7 + ks —2) — 2) (2(ko + k1o + k11 + k12 — 2) — 2)
X 2(k1+ ke —1)-2(ks+ ks —1)-2(ks + k¢ — 1) - 2(ky + ks — 1)
X 2(k9 —+ klO — 1) . Q(kll + k’lg — 1)
X 2]€1 . 2k}2 . 2k}3 . 2k’4 . 2k’5 . 2k’6 . 2k‘7 : 2k‘8 . 2]459 : 2]@‘10 . 2]<)11 . 2k12
21!
' . 2]{:2' . 2k33' . 2]{:4' . 2k35' 2]{:6' 2]€7' 2]{58' 2]€9' 2]{510' . 2k11' . 2](512'
( 1)N1+N3+N5+N7+N9+N11
221 Z (N1 4+ N2)(N3 + Ny)(Ns + Ng)(N7 + Ng)(Ng + Nig)(Ni1 + Ni2)
(_1) N1+N21N3+N4+N1;N2+N ;rN6+N9+2N10
X
12
X HJZ%FI(QN)
i=1
1
= ﬁ(Ql)(Ql —1)(2l —2)(2l — 3)(21 — 4)(2l — 5)(2l — 6)

x (20 — 7)(21 — 8)(21 — 9)(21 — 10)(2] — 11)
XY 2ky 4k — 1) 2(ks + kg — 1) - 2(ks + kg — 1)

Si2y k=l
ki>1
X 2(ky 4+ kg — 1) - 2(kg + k19 — 1) - 2(k11 + k12 — 1)
X (2(k1 + ko + ks + kg —2) —3) (2(k1 + ko + k3 + ks —2) —2)
x (2(ks + ke + k7 + ks — 2) — 2) (2(ko + k10 + k11 + k12 — 2) — 2)
y 2(1 —6) )
2ky — 1,2ko — 1,2k3 — 1,2k — 52k — 1,2k — 1

( 1)N1+N3+N5+N7+N9+N11
ZE: N1 + N2)(N3 + Ny)(Ns + Ng)(N7 4+ Ng)(Ng + Nio) (N1 + Ni2)

Ny +No+N3+Ny | Ny+Ny | N5s+Ng |, No+Njg
(71) 1 t—a =t + 2

X
(N1 + N+ N3 + Ny)(Ns + Ng + N7+ Ng)(Ng + N1g + Ni1 + Nio)

12
201—12 *
X 2 Hamﬂ(m),
=1

X
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where we use (1), and the facts 312 k; = [ and 312, a?*=1 = =12, So we
insert | -1 —6 and N — % in Proposition 1.2 and we apply this induced formula
into (5), thus (5) becomes

2721(20)(21 — 1)(21 — 2)(21 — 3)(21 — 4)(21 — 5)(21 — 6)
x (20 — 7)(21 — 8) (21 — 9)(2 — 10)(20 — 11)
x 2716 2(1—6) (2(1 —6) — 1) (2(1 — 6) — 2) (2(1 — 6) — 3)
x (2(1—6)—4)(2(1-6) =5)(2(I - 6) - 6)
2(1-6)—7)(2(1—6) —8)(2(l - 6) —9)

« 22l 12, 2 {JQ(I 6)— 9( B ) —8- 202(l—6)—11(2)}
=272 (20)0sN {‘751—21(]\7) - 16NU§1—23(N)} ’

where we use (1) again and the definition of (a)y
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