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Abstract

In this work we investigate the Neumann boundary value problem in the unit ball
for a non-homogeneous biharmonic equation. It is well known, that even for the
Poisson equation this problem does not have a solution for an arbitrary smooth
right hand side and boundary functions; it follows from the Green formula, that
these given functions should satisfy a condition called the solvability condition.
In the present paper these solvability conditions are found in an explicit form for
the natural generalization of the Neumann problem for the non-homogeneous
biharmonic equation. The method used is new for these type of problems. We
first reduce this problem to the Dirichlet problem, then use the Green function of
the Dirichlet problem recently found by T. Sh. Kal’'menov and D. Suragan
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1 Introduction

LetQ = {z € R" : |z| < 1} be the unit ball, 9Q = {z € R" : || = 1} be the unit sphere.
Consider on the domain €2 the Neumann boundary value problem:

Au(z) = g(z), = € Q, (1.1)
U a) = w(a), w €00, (12)
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where v is the unit outer normal vector to sphere 99, g(x) and v (z) are given functions; we always
suppose that the right hand side and the boundary functions are sufficiently smooth and from here
on do not pay any attention to their smoothness.

It follows from the Green formula, that unlike to the Dirichlet problem, this problem does not have
solutions for arbitrary (even, as we supposed, smooth) functions g(z) and ¥ (x) (see, for example,
(6)); these functions should satisfy the necessary and sulfficient solvability condition:

/ g(x)dx = Y(x)dSs.
Q o0

In the paper (9) by B.E. Kanguzhin and B.D. Koshanov the general Nuemann problem for the
polyharmonic equation:
(—=A)"u(z) = g(z), = € Q, (1.3)
okiy )

(%—k](w) =i, (x), j=1,...m, © €00, (1.4)
was considered, where m is any positive integer, 0 < k; < k; <2m —1, 1 < ¢ < j < m. The authors
found a solvability condition for the problem (1.3), (1.4) (see (9), Theorem 4.2). This condition follows
from equality to zero of the determinant of a m x m matrix, one column of which consists of integrals
Loo [t (@) — 0% J0v* (emm * g(2))]dSa, Emm = dm.n|z|*™ ™ and dm.n is a constant. Note, the
equation which one has as a result is very difficult to verify.

There are no work yet where these conditions are simplified in the general case. But the authors
of the paper (11) considered a particular case of the problem (1.3), (1.4), i.,e. m = 2, k1 = 1 and
k2 = 2 and presented the solvability condition in a different form, which could be easily verified:

T
/g 2 g(m)dﬂc—/m[wz() 1 (x)]dS,.

This result was generalized for an arbitrary m and k; = j by authors of this paper (15) (see also
(13)).

If we compare the Neumann problem (1.1), (1.2) with the Diriclet problem (i.e. u(z) = ¥ (z),z €
0f) for the same equation, then we can note that in the boundary we have different functions (i.e. the
function itself and its derivative).

If we generalize in the same way the Neumann problem for the biharmonic equation (i.e. m = 2),
then we should take k; = 2 and k2 = 3 (instead of k; = 1 and k2 = 2 as in (11)). So the more natural
generalization of the Neymann problem for the biharmonic equation has the form:

Au(z) = g(z), z € Q, (1.5)

, (1.6)

Note in the Dirichlet problem for the equation (1.3) with m = 2 one has k1 = 0and k2 = 1in
(1.4).
A function u(z) € C*(Q) N C3(Q) is called to be a solution of problem (1.5), (1.6), if it satisfies
(1.5), (1.6) in classical sense.
1.6 1.5
4

The main goal of the present paper is to find solvability conditions for the Neumann problem (1.5),
(1.6). 4.1 5.1

1.5 (1.6

It should be noted that in our study of problem (1.5), (1.6) the Green function of the Dirichlet
problem for equation (1.5) is essentially used. In the paper (16) a similar method was used in
the solution of the boundary value problem for the Poisson equation with the boundary operator
of fractional-order.

101



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

2 Properties of some integro-differential operators

Let u(z) be a sufficiently smooth function in Q2. Consider the following operators

Tofu)(z) = (r% + c) w(z), T u)(z) = /01 u(te) dt, @2.1)

where r = |z| and ¢ > 0 is a constant.
Note that in the class of harmonic functions in a ball the properties of operators I'. and I'; ! have
previously been studied in the paper (3).

Lemma 2.1. Letu(x) be a smooth function. Then for any x € Q2 one has
Lol ull(2) = T Pe[ul](z) = u(2). (2.2)

Proof. We have

/0 %[tcu(tx)]dt:/ tc‘l[cu(tx)th%u(tx)}dt:/ o7 0 u] (tz)dt.

0 0

Therefore, .
u(z) = / £ D fu] (tz)dt = T [Ceful](2),

Hence the second equality of (2.2) is proved.
Now apply to the function T'; * [u](z) operator T'.. Then

1
L0 [u]) () = / £, [u] () dt = ().
0
Hence the first equality in (2.2), and therefore the lemma is proved. O

Corollary 2.2. Letciand ¢, be positive numbers and u(x) be a smooth function. Then for any x € Q
one has
I5 T8 Doy Pep[u]](2) = Doy Tey [P T3 [ul)(2) = u(). (2.3)

The following statement can be proved by direct calculation.
Lemma 2.3. Letu(x) be a smooth function. Then for any x € Q2 one has
AT.[u](z) = Tesz[Au](2),
AT [u)(z) = Doy [Au](x).
Corollary 2.4. Letu(x) be a smooth function. Then for any = € Q2 one has

AP fu)(2) = Tera[ A% (), (2.4)

AQFQI[u] (z) = F;&4 [A2u] (2). (2.5)

Corollary 2.5. Letciand ¢, be positive numbers and u(x) be a smooth function. Then for any x € Q
one has
ATe, [Tey[u]](2) = Doy a Loy 4a[A%]](2), 2 € (2.6)

AT W]l (2) = T 0 [A]] (). (2.7)

Remark 2.1. It is not hard to show that the equality (2.6) is true for any real numbers ¢; and cz.
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3 Some properties of the solutions of the Dirichlet problem
Let v(x) be a solution of the Dirichlet problem

A?v(z) = gi(z), T €,
k1 3.1
%@):Mx),kﬂ,z z € 09. (1)

Let us first consider the case when ¢1(x) = ¢2(z) = 0. It is known (see, for example, (7; 8; 10)),
that if g1 () is sufficiently smooth function, then the solution of problem (3.1) exists, it is unique and
has the form

o(z) = / G (2, 9)g1 (0) g, (3.2)

where G,.»(z,y) is the Green function of the Dirichlet problem (3.1).

We note that the Green functions for many type of the Dirichlet and the Nuemann problems for
equation (1.5) were constructed by (4) (see also the references therein).

We make use the following explicit form of the Green function (7):

if n is odd, or even and n > 4, then

GQ,n(m:y) = d2,n [l.l’ - y‘4_" - ’$|y| - l|4in_

|yl

n Y |2—n 2 2
2= Plalyl = G170~ =)0 = lwP),

where n
(- —2)
don = —2—;
2n n )
T2 42
if n =2 orn =4, then

2
Gon(z,y) = don [|lz —y[*™" (ln |z —y|* —In|z|y| — % > +
y 2—n
2 2
ol = 2 = leP) - )
|yl
where -
_1 -n
hor = (=D

T onsa2(2_n/2)

To use the explicit form of the Green function we shall deal only with the case n is odd or even
and n > 4, the other cases being exactly similar.

Lemma 3.1. Let gi(z) = I'4[I's[g]](z) and ¢1(z) = 2(x) = 0 in the Dirichlet problem (3.1). Let v(x)
be the unique solution of this problem. Then

1
o0) = 1 [ (1= P ITalgl Wi (33)
wn Jo
where w, = 25 - the measure of the unit sphere.

Proof. Let v(x) be the solution of problem (3.1). Then it has the form (3.2). Therefore,

o0) = o [ [1ol' " =1+ (2= §) (1= )] sr(w)a.

103



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

If we denote p = |y| and £ = ‘ , then the last integral can be rewritten as

1
=d n n—1lr 4—n _ 4_777‘ 2 dodé —
0) = do, /m:l/o P I+ ——(-p )] g91(p, §)dpdé

/ 1(€)ae.
[€]=1

Now we consider the inner integral I(¢). Noting that g1(p, &) = (pa% +4)TI'3[g](p, &), we introduce
the following two integrals:

L) = /O [ap* + L2 =1 (22_ Mo L2 (42_ ™) 54214 g] (o, ),

1 —_ J—
L) :/0 0"+ 2 znpn 4 np"“}agpf‘g[g](p,ﬁ)dp.

2
Obviously, I(¢) = I (&) + I2(&).
Integrating by parts in the integral 7>(¢) we obtain

() =/0 [—4p° - (2_5) T4 (4_n)é(wr2)/)"“]1“3[9}(;)76)@-

Therefore

1) = 1) + @) = B 0= [t g ey

By virtue of the equality

g = L.t
2T om 2(n—2)(n—4)

we have for v(0) the following

n—1
= o /ﬂ 1/ (1= p")Ts[g](p, €)dpd§

and going back to the Cartesian coordinate system, we finally obtain

0) = oo [ (0= WP Tslsl)dy

O
Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied. Then
Ov _on 12 c
5o 0) = 1= [ 0=y Talal0)dy, 5= 1.2, 34)

Proof. ltis not hard to verify, that

0 n 4—n n
a%p; uI' = e =y 2(a - ) e —(d =)yl "y
4—n 2—n
Y 4—n Y < )
—|z|y - = — Y| — y 4—n Yjs
and
' y 2—n 2) —n ;
oo~ L (el ——Mv— (W|—)m
o, | i vl
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2—n

(1—1|a*) + (—2z;)

Yy
=yl =1y

=—(2-n)y;.
z=0

Therefore

ax] /*GznOygl()dy:

o m 2—-mn
~ = [ | = 5 = 250 )
Q

Passing to the polar coordinate system p = |y|, £ = ‘y‘ , we have
wO) _ ., N T
Bu; AT mden / & / P [P i p]m (P, €) dpdg.

lgl=1 0

Now we consider the inner integral. Noting that g1 (p,&) = T4[l's[g]](p, &), we introduce the
following two integrals:

1
Ji= / {302 - %np" - @p””] Lafg] (p,€) dp,
0

T :/ [ps _ gpn+l B @anrS} a%r“[g] (p, &) dp.

Integrating by parts in J> gives

1

T = / {—3p2 n n(n+1) o (2—n)(n+3) pn+2] Talg] (p,€) dp.

2 2
Therefore
J1+J2:/ [n(n2— 2)pn+n(22—n) n+2:| P4[ }( f)dp:
0
1
nn -2 — p"**] Talg) (p. €) dp
g
Hence
1
0v(0)  n(n—2)(n—4) B
o = ) dz,nl5 [ | 0/ o™ (1= 07| Talg] (p, €) dpdé =

1
1n e
[ e [ Il 6. €) dpd
[gl=1 0
Note p¢; = y;. Therefore going back to the Cartesian coordinate system, we finally obtain
ov n

g2, O = 1o | W= yP)Tale) @)dy.
Q
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Now we investigate the properties of the solution of problem (3.1) in case of g1 () = 0.

Lemma 3.3. Letg:(z) =0 and p1(z), p2(x) be sufficiently smooth functions. Then the solution v(x)
of problem (3.1) satisfies the following conditions:

1

v(0) = 5~ | [2¢1(y) = w2(y)]dSy, (3.5)
"é0
851(3(])) = % /yj [3§01(y) - (pQ(y)] dSuv] =12,..,n. (36)

oQ

Proof. Let v(z) be the solution of problem (3.1) with the function g:(z) = 0. Making use of the
Almansi formula (see, for example, (5), p.188) we write the solution of problem (3.1) as

v(z) = vo(x) + (1 — |z|*)vr(2), 3.7)

where v;(z) are harmonic functions in the ball Q.
Substituting the function (3.7) into the boundary condition of (3.1) we obtain two Dirichlet problems:

Avo(z) =0, z€Q,
{ vo(z) = ¢1(z), =€dQ, (3.8)
A’Ul(ﬂ,’) =0, T € €, is
{ Ul(x)zfé[SDQ(m)f%(x)] xeaﬂ ( . )

We represent the solutions of these problems as the Poisson integrals:

1 (11— |z

UO(‘T) = ; ‘x — y|n<p1(y)d5ya
7L89
_ 1 1—|z)? Avo(y)
0@ =g [ LI et - 250 as,,

o0

0w (y) ;o _
/ S40ds, =0
N

Then, using the property

of harmonic functions, we have

o0 = 0w+ 00 = = [ eras, ~ 51 [ [oaw) - 220 as, =
o0

n

5 | 220 =200+ 250 a5, = - [ ) - eatw s,
o0 50

Thus equality (3.5) is proved.
Now we turn to the proof of (3.6).
A direct calculation gives

duo(0) _ 1 /{ —2z; n 1—|z _Q(xj,yj)}

ox;  wn) [lp—ylr 2]z -yt
o

w1(y)dSy =

=0
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’fL

wn yj@l( )dS
o0
a”ﬂO)—_L/ e el
dr; 2w lz—yl* 2|z —y[nT? 2(z; — y;) z:ox
9 9
{W( )= vaO( )} dSy __7/% [902 ”80( )] ds,.

If we denote z1(y) = y;, 22(y) = vo(x) and note that these are harmonic functions, then by the
Green formula we have

[ rsnm) - awanela = [ |amZ2 - 22000, @i

Q 1519}
Now we substitute the equality

0x(y)
ov

to the Green formula (3.10). Then

0 —aé [yj 81;(;153/) - ijo(y)] dSy —84 [yj 81;801(/3/) - yﬂPl(y)} dSy,

S
_ o
o9 P

N, O
=y "

i
o0 i=1 9 v

=Yj |an
a9

or
ov
/ j gl(/y) Sy = /yj‘Pl(y)dSy
o o
Therefore
ov1(0 n Ov n
alm(, ) _ e {yjsoz(y) —Yj %} dSy =~ 5= [ ¥i [p2(y) — 1 (y)] dSy.
’ na&l naﬂ
Since

ov(0) _ Auo(0) n Av1(0)

Oz Oz, Oz '
we finally have
ov(0 n n
o = 2 [ erwas, 5 [ leas) - (] as, -
o0 o0
n
o [ 05 Ber ) ~ e20)) 45,
o0

O

Lemma 3.4. Letg(x), ¢1(x) and p2(z) be sufficiently smooth functions and g1(x) = T'4[I's[g]](x). Let
v(z) be the solution of problem (3.1). Then
1) v(0) = 0 if and only if

5 [ (1= 1uP) Palat)ldy + / 201(9) ~ p2(0)] S, = 0 3.11)

Q
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22O _ o toralj=1,2,...n, if and only if
89[:]-
1 )
3 /yj(l — |y*)Ta [g] (y)dy+/yj [Be1(y) —p2(y)]dSy = 0,7 =1,2,...,n. (8.12)
Q N

Proof. We represent the solution of problem (3.1) in the form

x) = / Gon (2.9) @1 () dy + o) + (1 — |z2)on (=),
Q

where vy (z) and vi(z) are the solutions of problems (3.8) and (3.9) correspondingly.
If we make use of (3.3) and (3.5), then we obtain

— / Garn (0,) g1 () dy + v0(0) + 01 (0) =

1
— [ (1= y*) T's[g( )]dy+— [2¢1(y) — p2(y)] dS, = 0.
w ! ]

Thus (3.11) is proved.
Similarly, making use of (3.4) and (3.6) we have

ov(0 Ovg(0) | Ov1(0)
8% /8 G2, (0,9) g1 (y) dy + o1, + 9u;

/yg (1= y*)T4[g] (y dy+—/yJ [Bp1(y) — w2(y)] dSy =0,
Q o0
j=1,2,...,n, which proves (3.12).

n
dw,

4 The Neumann problem in the general case

In this section we consider the Neumann problem (1.5), (1.6) and prove the following main result of
the present paper.

Theorem 4.1. Letyr(x), k = 1,2 and g(x) be sufficiently smooth. Then the necessary and sufficient
solvability conditions for the Neumann boundary value problem (1.5), (1.6) have the form

1
5 [ (L=1y1*) Tslg(w)ldy = | v2(y)dS,, (4.1)
- /
5 [ 50— 00l @y = [ 45 [2(0) — 1 ()] dS,.5 = 1,2, “2)
Q o0

If a solution exists, then it is unique up to a first order polynomial and can be represented as

1

u(z) = co + icjxj + / (1 —s)s v(sz)ds, (4.3)
j=1

0

where cj,j = 0,1, ...,n, are arbitrary constants, v(z) is the solution of Dirichlet problem (3.1) with the
functions g1 (xz) = (r% +4) (r% +3) g(z), p1(z) = P1(z), p2(x) = Ya(x) + 2¢1(x) and with the
additional conditions
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ov(0)

v(0) =0, o1

=0, j=1,2,..,n. (4.4)

Proof. Let the solution of problem (1.5), (1.6) exist and let us denote it by u(x). We prove, that
1) conditions (4.1) and (4.2) are satisfied;
2) the solution u(z) has the form (4.3) and function v(z) has the properties (4.4).

We apply the operator 72 (r-2 — 1) to function u(z) and denote v(z) = rZ (rZ — 1) u(x).

Now we define an equation and boundary conditions for the function v(x). By virtue of equality

(2.6) we have
A%v(z) = (T% + 4) (r% + 3> Alu(z) =

(r% + 4) (r% + 3> 9(x) = g1(2).

It is not hard to verify, that for any £ = 1,2, ... and all z € 992 one has (12)

2012 ()-8

Therefore 5
o= g (rar =) uo)| = D] —ua
81“;(5) aQ N rag(f) a0 - r% [T% (r% - 1)} e 9 B
r? 62%1:) +2r° 62871(2“7) =
835:/(5 ) | 2821:(53) =t (x) + 291 ().

Thus, if u(z) is a solution of problem (1.5), (1.6), then the function v(z) = 72 (r& — 1) u(z) will
be a solution of the Dirichlet problem (3.1) with the functions

() = (7% 4 4) Q«% 4 3) 9(@), (4.5)

and
e1(2) = v1(2), p2(x) = Ya2(z) + 2¢1(2). (4.6)
Moreover, a direct calculations show, that the function v(z) satisfies the conditions (4.4).

According to Lemma 3.4, the conditions (4.4) are fulfilled if and only if the conditions (3.11) and
(3.12) are satisfied. Since 1 (z) = ¥1(x) and p2(z) = ¥2(x) + 291 (x), one has

[ o) - pawlds, =- [ ewds,,
o0 o0

/ y; Ber (v) — 0a(y)] dS, = / Us (91 (W) — $2()]dSyd = 1,2, m.
1519}

o2

Thus the statement 1) is proved.
Now consider the integral
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We can rewrite it as

1

1
2
J= /(1 — 5)5725261 Zﬁjx) ds = /(1 — s)sigsdifg <Sdis — 1) u(sz)ds.
0

0

Integrating by parts gives

1

J:/(l—s)d u(sw)dS: (1_S)du(sx)

) ds? ds s—0 ds
du(0)
s + u(z) — u(0).
Due to equality s-& (s — 1) u(sz) = v(sz) one has
1
u(z) = u(0) + dq;i()) + / (1 —s)s™v(sz)ds. (4.7
0

If we denote y; = sz;, 7 =1,2,...,n, then

du(s) "~ du dy; = ou
=2 A g T2 Tin s
ds = Oy; ds 322:1 Oy,
or
du(0) "L 9u(0)
= j———. 4.
ds ;xj ayj ( 8)

Denoting u(0) = co, f’g;? = ¢, and substituting (4.8) into (4.7), we obtain the statement 2).

Now we suppose that the statements 1) and 2) are satisfied and prove the existence of the
solution of problem (1.5), (1.6).

Let v(x) be the solution of the problem (3.1) with functions (4.5) and (4.6). From the statement
1) it follows that v(z) satisfies the conditions (4.4). Therefore the following function

1

u(x) = co + chxj + / (1 —s)s 2v(sz)ds

0

is well defined.
Next we prove that this function is a solution of problem (1.5), (1.6).
Apply operator A? to u(z). Then

Au(z) = /0 (1—s)s’g1(sx)ds =

Al(l —5)s’ (s% + 4) (sdis + 3) g(sz)ds = /ol (1 —5)s’T'4 [['3 [g]] (sz)ds.
On the other hand

1 1
le [F;l [gl]] (.’L‘) = /t?/t§g1(t1t2.’f)dtzdt1.
0 0
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By changing variables s = ¢:t2 one has

ty

1 1 1
I [F;l [91]] () = //32g1 sr)dsdti = /ngl(sa:)/dtlds =
0 0 s

1

/ 1 —s)s’gi(sx)ds.
0

Thus
Au(e) =T7" 5" [91]] (@) = T7" [T5 7 [T [Ta [g]]] (=),
and according to (2.3) we have A%u(z) = g(x).
Now we only have to prove that u(z) satisfies the boundary condition (1.6).
By changing variables sr = £, ds = r—'d¢ we obtain

/1(1 — 5)s*v(sz)ds = / (1 - %) r2e2u(e0)rtde —/(r — &) & u(e0)de.

Therefore, using the equality r 242 = 377 | 2, %), one has

z) = chmj —1—1“/57211(3913)0357
j=1

(r2-1)r2uto = (2 1) lz fer ] _

ZijEj +7r /572v(sm)ds +r? o (x) — chxj — T/§72v(sx)ds = v(z).
Jj=1 0 j=1 0
ov?

0 0
o (W - 1) o @)
In the same way

( % - 2) ( % - 1) r%u(m) = (r% - 2) v(r) = Tava(f) - 2v().

Then )
9 u(x) v(2)] 50 = w1(x) = P1(x).

o0

Hence
8u(x) _ Ovu(x) _ _
G|, = ay ~2@)| =) = 201(0) = vala),
i.e. function u(x) satisfies the boundary conditions (1.6). O

Example 4.2. Consider the follwing Neumann problem
Au(z) =1, z€Q

0%u(zx)

52— T € 09,
u(z)

s b, x €09,

where a and b are given constants. Applying Theorem 4.1 we will find solvability conditions and the
solution of this problem.
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We have g(z) = 1, ¥1(z) = a and 2(z) = b. Therefore I's[g](z) = 3, I'4[g](z) = 4 and
[3[L4[g]](z) = 12.

We first check whether or not the boundary functions of the considering problem satisfy the
conditions (4.1) and (4.2). It is not hard to verify, that

_ 1—|y? _ 3wn
[ vat)as, = b [ TRy = 2

Therefore condition (4.1) has the form b = %
Since the function y; is odd, then one obviously has

/Qyj ! 72|y| Talg)(y)dy = 0

and
/ y;(b —2a)dS, = 0.
o0

Hence conditions (4.2) are satisfied for any j = 1,2...,n.
Thus the considering Neumann problem has a solution if and only if

3

T nn+2)

Noting this we may write the corresponding Dirichlet problem in the form

Ay(z) =12, z€Q,

_ ov(x) 3
v(z) =a and £ 72a+7n(n+2)’ x € 00.
The solution of this problem can be written as (see (14)):
o3 2 3 4
v(z) = (2a o 2))|£E| + nln £ 2) ||

It is easy to verify that this function satisfies conditions (4.4).
According to formula (4.3), after some routine calculation, we obtain the solution of the considering
Neumann problem in the form

n a 3 2 1 4
u@ =eot D et (G~ )l Gl
j=1

5 A different formulation of the main result

If we integrate by part in the integral (3.3) one more time, then we obtain

1 n-1 1 n-3
o0) = " [ wlatwdn— 5" [ oty

Wn

Integration one more time in the integral (3.4) gives

8v(0)_iin(n71)/ o2 _i’n(n73)/ _
On, won 4, yilyl“g(y)dy o 1 ) v;9(y)dy,

j=1,2,...n.
Having this done, if we repeat the other part of the proof of Theorem 4.1, then we have the
following formulation of the main result.
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Theorem 5.1. Let i (z), k = 1,2 and g(x) be sufficiently smooth. Then the necessary and sufficient
solvability condition for the Neumann boundary value problem (1.5), (1.6) has the form

n —

5 ! /Q|y|2g(y)dy*nTizg/Qg(y)dy:/qu(x)dsw
50

n—1 n—3
— / vilylg(y)dy — —— / yig(y)dy =
Q Q

o0

If a solution exists, then it is unique up to a first order polynomial and can be represented as

1

u(z) = co + chxj + / (1 — s)s v(sz)ds,

0

where cj,j = 0,1, ...,n, are arbitrary constants, v(z) is the solution of Dirichlet problem (3.1) with the
functions g1 (z) = (r% +4) (r% +3) g(z), p1(z) = P1(z), p2(x) = Ya(z) + 2¢1(z) and with the
additional conditions

ov(0)

0)=0 =0, j=1,2,...n.
v(0) s , =1, n

6 CONCLUSIONS

a In the section two we study properties of some integro-differential operators, which we then use
throughout the paper.

b In section 3 we investigate the Dirichlet problem for biharmonic equation, making use of the explicit
form of the Green function found in (7; 8; 10).

¢ Then in the following section 4, reducing the Neumann problem (1.5), (1.6) to the considered
Dirichlet problem, we give the necessary and sufficient solvability conditions for the Neumann
problem for the biharmonic equation. This is the main result of the paper. In these conditions
the right hand side of the equation g(x) participates under the operators I's and T's.

d Finally, in section 5, slightly modifying the proof of the main result, we will give it in a different
formulation, where one does not have operators I's and T's4.
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