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ABSTRACT16
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The fractional sub-equation method is proposed to construct analytical solutions of nonlinear
fractional partial differential equations (FPDEs), involving Jumarie’s modified Riemann-
Liouville derivative. The fractional sub-equation method is applied to the space-time
fractional generalized Hirota-Satsuma coupled KdV equation and coupled mKdV equation.
The analytical solutions show that the fractional sub-equation method is very effective for the
fractional coupled KdV and mKdV equations. The solutions are compared with that of the
extended tanh-function method. New exact solutions are found for the coupled mKdV
equation.
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1. INTRODUCTION23

24
Fractional differential equations are generalizations of classical differential equations of25
integer order. In recent years, nonlinear fractional differential equations (FDEs) have gained26
considerable interest. It is caused by the development of the theory of fractional calculus27
itself but also by the applications of such constructions in various sciences such as physics,28
engineering, biology and others areas [1–7]. Among the investigations for fractional29
differential equations, research for seeking exact solutions is an important topic as well as30
applying them to practical problems [8–13]. Many powerful and efficient methods have been31
proposed to obtain numerical solutions and exact solutions of FDEs. For example, the finite32
difference method [14], the finite element method [15, 16], the differential transform method33
[17,18], the adomian decomposition method (ADM) [19–21], the variational iteration method34
[22–24], the homotopy perturbation method [25], the Jacobi elliptic-function method, the35
modified trigonometric function series method, the modified (G´/G) expansion method and36
other methods, have been applied to construct analytical traveling wave solutions for the37
perturbed nonlinear Schrödinger’s equation with Kerr law nonlinearity [26–30]. Several38
important aspects of FPDEs have been investigated in recent years; such as the existence39
and uniqueness of solutions to Cauchy type problems, the methods for explicit and40
numerical solutions, and the stability of solutions [31,32].41
By taking into account the results obtained by [33], Zhang and Zhang [34] proposed a new42



algebraic method named the fractional sub-equation method to look for traveling wave43
solutions of nonlinear FPDEs. The method is based on the homogeneous balance principle44
[35] and the Jumarie’s modified Riemann-Liouville derivative of fractional order [36, 37]. With45
the help of this method, Zhang et al. successfully obtained traveling wave solutions of46
nonlinear time fractional biological population model and (4+1)-dimensional space-time47
fractional Fokas equation [34]. Also the validity and advantages of the method have been48
applied to the space-time fractional mBBM equation and the space-time fractional ZKBBM49
equation [38]. The sub-equation method also has been applied to the space–time fractional50
potential Kadomtsev–Petviashvili (PKP) equation and the space–time fractional symmetric51
regularized long wave (SRLW) equation [39]. The coupled KdV and mKdV equations, which52
were introduced by Wu et al. [40], have been analyzed applying the sub-equation method in53
the integer order limit case, called the extended tanh-function method [41–44]. Also the54
improved fractional sub-equation method has been applied to solve the nonlinear FPDE KdV55
coupled equation in fluid mechanics [45].56
The coupled KdV and mKdV systems are very complicated and not easy to solve by direct57
integration method. Fan [41] has provided a suggestion to construct soliton solutions for58
these equations by using an extended tanh-function method and symbolic computation.59
The aim of this work is to obtain analytical solutions, by applying the sub-equation method60
[34], for the space-time fractional Hirota-Satsuma coupled KdV equation,61
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and the space-time fractional coupled mKdV equation,65
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67
where Dx and Dt are the Jumarie’s modified Riemann-Liouville derivatives.  is a constant68
and  is the parameter describing the order of the fractional derivatives of u(x,t), v(x,t) and69
w(x,t). The obtained solutions would be important for previous works where approximated70
methods [46–49] have been applied to solve the coupled equations (1) and (2). The Hirota-71
Satsuma coupled KdV equation describes the interaction between two long waves with72
different dispersion relations. It is a non-linear equation that exhibits special solutions, known73
as solitons, which are stable and do not disperse with time [50]. In Ref. [40] the authors have74
been introduced a 4x4 matrix spectral problem with three potentials, by which the coupled75
mKdV equation was obtained as a new integrable generalization of the Hirota-Satsuma76
coupled KdV equation.77
The outline of this work is as follows: in section 2, the sub-equation method is presented.78
Section 3 contains the application of the method to solve the coupled KdV and mKdV79
FPDEs. In section 4, we discuss the reliability of the proposed method and the exact80
solutions are compared with the results reported in the literature [41]. Finally in section 581
some conclusions are presented.82



2. DESCRIPTION OF THE FRACTIONAL SUB-EQUATION METHOD AND ITS83
APPLICATIONS TO THE SPACE-TIME FRACTIONAL DIFFERENTIAL84
EQUATIONS85

86
In this section we present the main ideas of the fractional sub-equation method. This method87
considers the Jumarie’s modified Riemann-Liouville fractional derivative of order a [36,37]:88
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91
Some properties for the proposed modified Riemann–Liouville derivative are [36,37]:92
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94
The above properties play an important role in the fractional sub-equation method. The main95
steps of this method are described as follows [34,38,39]:96
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Step 1: Suppose that a nonlinear FPDE, say in two independent variables, is given by:98
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where Dx u and Dt u are the Jumarie’s modified Riemann-Liouville derivatives of u, u =100
u(x,t) is an unknown function, P is a polynomial in u and its various partial derivatives in101
which the highest order derivatives and nonlinear terms are involved.102
Step 2: By using the traveling wave transformation103

( , ) ( ),    ,u x t u kx ct    (6)104
where k and c are constants to be determined later, the FPDE (5) is reduced to the following105
nonlinear fractional ordinary differential equation for u(x,t) = u():106
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Step 3: We suppose that Eq. (7) has the following solution:108
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where ai (i=0,1,2,…,n) are constants to be determined later, n is a positive integer110
determined by balancing the highest order derivatives and nonlinear terms in Eq. (7), and 111
=() satisfies the following fractional Riccati equation:112
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where  is a constant. By using the generalized exp-function method via Mittag-Leffler114
function, Zhang et al. [33], obtained the following solutions of fractional Riccati equation (9):115
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where the generalized hyperbolic and trigonometric functions are defined as:119
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where E(z) is the Mittag-Leffler function, given as:122
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Step 4: Substituting Eq. (8) into Eq. (7) taking into account Eq. (9) and the properties of the124
Jumarie’s modified Riemann-Liouville derivative, Eq. (7) is converted to a polynomial in  i ()125
(i=0,1,2,…). Equating each coefficient of this polynomial to zero, yields a set of algebraic126
equations for ai (i=0,1,2,…), k and c.127
Step 5: Solving the equations system in Step 4, and by using the solutions Eq. (10), we can128
construct a variety of exact solutions of Eq. (7).129
Remark: If 1, the Riccati equation becomes ´ ()=+ 2 (). The method can be used to130
solve integer order differential equations. In this sense the sub-equation method includes the131
existing tanh-function method as special case.132

133
3. FRACTIONAL SUB-EQUATION METHOD APPLIED TO THE KDV AND MKDV134
COUPLED EQUATIONS135

136
In this section we apply the fractional sub-equation method to construct the exact solutions137
for space-time fractional Hirota-Satsuma coupled KdV equation (1) and the coupled mKdV138
equation (2).139
3.1 The nonlinear Hirota-Satsuma coupled KdV equation140

141
To look for the travelling wave solution of Eq. (1), we make the transformation u(x,t)=u(),142



v(x,t)=v(), w(x,t)=w(), where =kx+ct and Eq. (1) can be reduced to the following nonlinear143
fractional ordinary differential equations (ODEs):144
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We suppose that Eq. (13) has the following formal solution:147
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where () satisfies Eq. (9). Balancing the highest order linear terms and nonlinear terms in150
Eq. (13), it is possible to determine the value of mmax, nmax and lmax. Putting together Eq. (14)151
along with Eq. (9) into Eq. (13), we obtain the following two ansätze [41]:152
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where mmax= nmax= lmax =2 and the second ansätz is given by:154
u(x) = u0 +u1f +u2f
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v(x) = v0 + v1f   ,
w(x) = w0 +w1f   ,

(16)155

with mmax = 2, nmax = lmax = 1. Now for the case where mmax= nmax= lmax =2, substituting Eq.156
(15) into Eq. (13) we obtain the following algebraic system equations:157
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Now by setting the coefficients of  i (i=0,1,2,3) to zero, we obtain a set of algebraic163
equations for ui, vi, wi (i=0,1,2), k and c:164
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174
and the tanh-type solution of the coupled space-time fractional KdV equation is given by:175
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Now if we consider the second ansätz (Eq. (16)), setting v2 =w2 =0 into Eq. (20)-(22), the178
value of the parameters ui (i=0,1,2 ), vj , wj ( j=0,1 ), k and c, are given by:179
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and the tanh-type solution of the coupled space-time fractional KdV equation is given by:181
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We note that the solutions (24) and (26) in the limit case 1 with  =-1 are the same183
solutions previously obtained in Ref. [41].184
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3.2 The nonlinear coupled mKdV equation187
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Now to look for the travelling wave solutions for the space-time fractional coupled mKdV189
equation, we make the transformation u(x,t)=u(), v(x,t)=v() where =kx+ct and Eq. (2) can190
be reduced to the following nonlinear fractional ODEs:191
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Balancing the highest order linear terms and nonlinear terms in Eq. (27) it is possible to195
determine the value of mmax and nmax. Putting together Eq. (28) along with Eq. (9) into Eq.196
(27), we obtain the following two ansätze [41]:197
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with mmax =1, nmax =1. Now for the case where mmax =1 and nmax =2, substituting Eq. (29) into201
Eq. (27) we obtain the following algebraic system equations:202
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Now by setting the coefficients of  i (i=0,1,2,3) to zero, we obtain a set of algebraic205
equations for ui ( i=0,1 ), vj ( j=0,1,2 ) , k and c:206

f0 : cau1 = k 3asu1 -3kau1u0
2 +3ka u1v0 +u0v1( )-3lkau1 +3k 2as v2

f1 : 0 = -6kau0u1
2 +3k 2av1 +6ka u1v1 +u0v2( )

f2 : 0 = 3k 3au1 -3kau1
3 +9k 2av2 +9kau1v2   ,

(33)207

obtained from equation Eq. (31), and208
209



f0 : cav1 = -2k 3as v1 -3kav0v1 -3k 2asu1v1 +3kau0
2v1 +3lkav1

f1 : 2cav2 = -16k 3as v2 -3ka v1
2 + 2v0v2( )-6k 2asu1v2

+6ka u0
2v2 +u0u1v1( )+6lkav2

f2 : 0 = -6k 3av1 -9kav1v2 -3k 2au1v1 +3kau1
2v1 +12kau0u1v2

f3 : 0 = -24k 3av2 -6kav2
2 +6kau2

1v2 -6k 2au1v2    ,

(34)210

211
obtained from equation Eq. (32). From these algebraic equations we notice that:212
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(35)213

As we know the equation (27) have the kink-type soliton solution:214

u x,t( )= ka tanha kx + ct( ) , v x,t( )= v0 - 2k 2a tanh2
a kx + ct( ) , (36)215

constructed by Fan [41], for the ansätz proposed in Eq. (29). We can compare this solution216
with Eq. (10) for the tanh-type solution and obtain the following values for the coefficients ui217
and vj , the parameters k, c and the constant :218

u0 = v1 = 0  ,

u1 = -ka    ,

v2 = -2k 2a    ,

v0 = l + 2k 2a    ,

ca = -k 3a    ,
s = -1  ,

(37)219

220
and the solution of the coupled space-time fractional mKdV equation is given by:221

222

u x,t( )= ka tanha kx + ct( ) , v x,t( )= l + 2k 2a( )- 2k 2a tanh2
a kx + ct( ) , (38)223

with:224
3    .c k   (39)225

226
For the second anzätz (Eq. (30)), setting v2 =0 into Eq. (33) and (34), the value of the227
parameters ui , vi (i=0,1), k and c, are given by:228



u1 = -ka    ,

u0 = -
v1

2ka    ,

v0 = l   ,

ca = k 3as +3kau0
2    .

(40)229

We also know that the equation (27) have the kink-type soliton solution [41]:230
       0 1 0, tanh ,   , tanh ,u x t u u kx ct v x t v b kx ct

       (41)231
for the ansätz proposed in Eq. (30), where b is some constant parameter. We can compare232
this solution with Eq. (10) for the tanh-type solution and obtain the following values for the233
coefficients ui and vj , the parameters k, c and the constant :234
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(42)235

and the solution to the coupled space-time fractional mKdV equation is given by:236

       , tanh , , tanh ,
2
bu x t k kx ct v x t b kx ct
k


 

        (43)237

with:238
2

3 3    .
4

bc k k
k


  



 
    

 
(44)239

240
It should be noted that these results are in good agreement with previous results obtained by241
Zhao et al. [51], where they have applied the extended fractional sub-equation method to the242
mKdV fractional non-linear equation.243

244
245

4. DISCUSSION246
247

The reliability of the sub-equation method to solve FPDEs has been demonstrated by248
applying this method to the space-time fractional Hirota-Satsuma coupled KdV equation. For249
the special case =1 and =-1, we have successfully recovered the previously known250
solutions, equations (24) and (26), that have been found in Ref. [41].251

252
However, we note that for the special case where =1 the solutions (38) and (43) for the253
space-time fractional coupled mKdV equation show some differences with the solutions254
previously introduced by Fan [41]:255



u x,t( )= k tanh kx + ct( ) , v x,t( )=
l
2

+ 2k 2æ
èç

ö
ø÷

- 2k 2 tanh2 kx + ct( ) , (45)256

c =
k
2

-2k 2 -3l( ) (46)257

258

u x,t( )=
b

2k
+ k tanh kx + ct( ) ,v x,t( )=

l
2

1+
k
b

æ
èç

ö
ø÷

+btanh kx + ct( ) , (47)259

260

c = -k 3 +
3
4
k b
k

æ
èç

ö
ø÷

2

+
6
4
kl k
b

-1
æ
èç

ö
ø÷

   . (48)261

The differences observed are important for the parameter c and the coefficient v0, and we262
need to be sure that the solutions (38) and (43) here obtained are correct. For the case =1263
the solutions of the present work can be compared with the results obtained with the aid of264
some symbolic mathematical software, like Mathematica. The results obtained with265
Mathematica show that the solutions (38) and (43) are correct. The Mathematica code is266
given by:267

268
In[1]:= u[x, t] := k Tanh[k x + c*t];269
v[x, t] = (L+2.0*k^2) - 2.0*(k^2)*(Tanh[k x + c*t])^2;270
In[2]:= FullSimplify[(1/2)*D[u[x, t], x, 3] - 3*(u[x, t])^2*D[u[x, t], x, 1]271
+ (3/2)*D[v[x, t],x, 2] + 3*D[(u[x, t]*v[x, t]), x, 1]272
- 3*L*D[u[x, t], x, 1]]273
Out[2]= -1. k^4 Sech[c t + k x]^2274
In[3]:= FullSimplify[D[u[x, t], t, 1]]275
Out[3]= c k Sech[c t + k x]^2276
In[4]:=FullSimplify[-D[v[x, t], x, 3] - 3*v[x, t]*D[(v[x, t]), x, 1]277
-3*D[v[x, t], x, 1] * D[u[x, t], x, 1]278
+ 3*(u[x, t])^2*D[v[x, t], x, 1] + 3*L*D[v[x, t], x, 1]]]279
Out[4]= 4. k^5 Sech[c t + k x]^2 Tanh[c t + k x]280
In[5]:=FullSimplify[D[v[x, t], t,1]];281
Out[5]= -4. c k^2 Sech[c t + k x]^2 Tanh[c t + k x]282
In[6]:=Solve[Out[4]/Out[5] == 1, c]283
Out[6]={{c -> - k^3}}284
In[7]:=u[x, t] := (b/(2*k)) + k Tanh[k x + c t];285
v[x, t] = L + b*(Tanh[k x + c*t]);286
In[8]:=FullSimplify[(1/2)*D[u[x, t], x, 3] - 3*(u[x, t])^2*D[u[x, t], x, 1]287
+ (3/2)*D[v[x, t],x, 2] + 3*D[(u[x, t]*v[x, t]), x, 1]288
- 3*L*D[u[x, t], x, 1]]289
Out[8]= 1/4 (3 b^2 - 4 k^4) Sech[c t + k x]^2290
In[9]:=FullSimplify[D[u[x, t], t, 1]]291
Out[9]= c k Sech[c t + k x]^2292
In[10]:=FullSimplify[-D[v[x, t], x, 3] - 3*v[x, t]*D[(v[x, t]), x, 1]293
-3*D[v[x, t], x, 1] * D[u[x, t], x, 1]294
+ 3*(u[x, t])^2*D[v[x, t], x, 1] + 3*L*D[v[x, t], x, 1]]]295
Out[10]= (b (3 b^2 - 4 k^4) Sech[c t + k x]^2)/(4 k)296
In[11]:=FullSimplify[D[v[x, t], t, 1]]297
Out[11]= b c Sech[c t + k x]^2298
In[12]:=Solve[Out[10]/Out[11] == 1, c]299
Out[12]={{c -> (3 b^2 - 4 k^4)/(4 k)}}300



5. CONCLUSION301
302

In this paper we have investigated the exact travelling wave solutions to the space-time303
fractional Hirota–Satsuma KdV and the mKdV equations to illustrate the validity of the sub-304
equation method. For the KdV system, we have obtained the same solutions previously305
known. However, for the mKdV system, we found new exact solutions with important306
differences compared with the solutions obtained before [41]. We have confirmed the307
accuracy of the mKdV solutions here presented by using a symbolic code in Mathematica,308
for the special case when the fractional-order parameter for the mKdV coupled FPDE309
reaches its integer limit. These new exact solutions can be very useful as a starting point of310
comparison when some approximated methods are applied to the mKdV equation [46–49].311
The present work demonstrates the wider applicability of the sub-equation method to312
nonlinear fractional coupled partial differential equations in mathematical physics.313
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