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ABSTRACT11

12
In this paper we generate a new family of odd point ternary non-stationary interpolating subdivision
schemes by using Lagrange identities. It is to be observed that the limiting ellipse, generated by proposed
schemes compared to the existing non-stationary interpolating schemes, has less deviation from being an
exact ellipse. The proposed non-stationary schemes are asymptotically equivalent to converging
stationary schemes [1, 3, 9, 11, 13, 14]. The performance and comparison of the schemes are verified by
examples.
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1. INTRODUCTION16

17
Subdivision defines a curve or surface from an initial control mesh by recursive refinement. Starting with the coarse18
control points = { | ∈ ℤ}, recursive application of the subdivision rule defines a new set of points = | ∈ ℤ ,19
which can be written as20

21 = . . . , ∈ ℤ .22
23

A subdivision scheme is said to be stationary if is the same regardless of ; otherwise it is called non-stationary [4]. The24
important schemes for applications should allow controlling the shape of the limit curve and being capable of reproducing25
families of curves widely used in Computer Graphics, such as conic sections and polynomials. Effectiveness of26
subdivision algorithms, their flexibility and ease make them appropriate for many relative computer graphics applications.27

28
Here we present brief survey of existing literature. Jena et al. [4] proposed a 4-point binary non-stationary interpolating29
scheme. This scheme reproduces elements of the linear space spanned by {1, ( ), cos( )}.Beccari et al. [6]30
proposed a non-stationary uniform tension controlled interpolating 4-point scheme with a single tension parameter having31

continuity. Daniel and Shunmugaraj [8] presented 3-point stationary and non-stationary schemes. They also32
proposed non-stationary approximating scheme in [10] and 4-point ternary interpolating non-stationary scheme [12]33
spanned by {1, ( ), cos( )}. Beccari et al. [15] proposed 4-point ternary non-stationary interpolating scheme with34
tension control. They proposed the shape controlled ternary interpolatory subdivision in [16]. Further they presented the35
interpolating and approximating univariate subdivision by a unified framework [17]. Conti et al. [18] proposed36
approximating to interpolatory non-stationary subdivision schemes with the same generation properties.  In [19], they also37
design interpolatory subdivision schemes by solving Bezout-like polynomial equations. Conti and Romani [20] presented38
algebraic conditions on non-stationary subdivision symbols for exponential polynomial reproduction.  Charina et al. [21]39
proposed reproduction of exponential polynomials by multivariate non-stationary subdivision schemes with a general40
dilation matrix. Siddiqi and Younis [22, 23] proposed 3-point ternary non-stationary approximatingsubdivision scheme and41
4-point quaternary interpolating non-stationary subdivision scheme, respectively. Garnier [24] determined the42



characteristic elements for proper conic defined by three weighted points. He also proposed algorithms to represent an43
arc of central conic building.Garnier et al. [25] proposediterativesubdivisions for the construction ofarcs,ellipsesand44
hyperbolas in the Euclidean affine plane and masspoints.Druoton et al. [26] constructed Dupincyclide characteristic circles45
using non-stationary Iterated Function Systems.Furthermore, there are some other well known schemes [2, 5, 7, 12] in the46
literature suitable for generating basic shapes in computer graphics.47

48
Note thatthe existing non-stationary ternary interpolating schemes are the counterpart of existing stationary schemes49
(without parameter) but our proposed schemes are non-stationary counterpart of existing parametric stationary schemes.50
This property gives advantage to control the shape of the limit curve than the schemes without parameter.51

52
We compare the existing non-stationary ternary schemes, suitable to generate ellipse, with the proposed schemes by the53
following strategy:54

55
 Introduce deviation error function56
 Refine initial control polygon with 4, 5 and 6 initial control points by different non-stationary schemes to generate57

ellipse58
 Compute deviation error and compare the results.59

60
We conclude that the limiting ellipse to be an exact ellipse, generated by the proposed scheme, has less deviation error61
ascomparedwith the limiting ellipse produced by the different non-stationary ternary schemes.62
This paper is organized as follows. In Section 2, we construct some results which are useful for Section 3. In Section 3,63
we present odd point non-stationary ternary interpolating schemes providing the user with a tension parameter that, when64
increased within its range of definition, can generate continuous limit curves showing considerable variations. Section 365
also provides the convergence of proposed interpolating schemes. Section 4 is devoted for comparison and conclusion.66

2. PRELIMINARIES67
68

Given a set of control points = { ∈ ℝ ∶ ∈ ℤ} at level 0, a ternary subdivision scheme for designing curves generates69
recursively a new set of control points = ∶ ∈ ℤ at the ( + 1) level by a subdivision rule:70

71 = ∈ℤ , ∈ ℤ.
72

The set of coefficients = ∶ ∈ ℤ determines the subdivision rule at level and is termed as the mask at -th level. If73
the masks is independent of , the subdivision scheme corresponding to the mask is called stationary otherwise74
it is called non-stationary.75

76
Theorem 2.1. [Equation (2.1), [2]]Two ternary schemes and are asymptotically equivalent if77

− < ∞,
where78 = , ,∈ℤ ∈ℤ∈ℤ .
The proof of the following theorem is exactly similar by [12] to the proof given in (Theorem 8, [2]).79

Theorem 2.2.Let and be two asymptotically equivalent subdivision schemes having finite masks of the same80
support. Suppose is non-stationary and is stationary. If is and81

3 − < ∞,
then the non-stationary scheme is .82

Deslauriers and Dubuc [1] presented the idea to construct subdivision schemes using Lagrange interpolation. Here we83
also use Lagrange polynomial to construct non-stationary schemes. First we define Lagrange fundamental polynomials of84



degree 2 − 2 and 2 − 3, for any integer ≥ 1, corresponding to nodes ( ) and ( )respectively,85 ( ) = ∏ ( ), , = −( − 1), −( − 2), … , ( − 1), (2.1)86

and87 ( ) = ∏ ( ), , = −( − 2), −( − 3), … , ( − 1). (2.2)88

By using algebraic operations, we get following expressions:89

= ( ) ( )!( )( )!( ) ( )!( )! ,(2.3)90 = ( ) ( )!( )( )!( ) ( )!( )! = . (2.4)91
Further, for = − + 1 in (2.3), we get92 = = ( ) ( )!( )!( )!. (2.5)93
Furthermore, we have94 = − = ( ) ( )!( )!( )!( )!.(2.6)95

= = . (2.7)96

For more detail, we may refer to [14]. By perturbing expression (2.4) and (2.7) with sine function we get97

, = ,                                                          (2.8)98

, = ,                                                          (2.9)99

where = − + 2, . . . , − 1 and ≥ 1 is any integer.100

3. (2n-1)-POINT TERNARY INTERPOLATING SCHEME101
102

In this section, we present general explicit formulae to construct the mask of (2 − 1) −point ternary interpolating103
subdivision scheme.104

105
Given ≥ 2, the mask of following (2 − 1) −point ternary interpolating scheme106 = ∑ ,( ) ,= ,= ∑ , ,( ) (3.1)107

108
can be generated by109

110 , = , < 1,, = , + , , = − + 2, … , − 1, (3.2)111

112
where , and , are defined by (2.8) and (2.9).113

114
Examples:115

116
Substituting = 2 in (3.1) and (3.2), we get new 3-point ternary interpolating scheme with free parameter117



118 = , + , + , ,= ,= , + , + , ,(3.3)119

where120

, = sinsin ,
, = sin .sin − sin .sin .

and121

, = sin .sin + .
Substituting = 3 in (3.1) and (3.2), we get new 5-point ternary interpolating scheme with free parameter122 = , + , + , + , + , ,= ,= , + , + , + , + , , (3.4)123

where124

, = sinsin ,
, = sin − − 4sin ,

, = sin + 6sin ,
, = sin − 4sin

and125

, = sin − +sin .
126



Remark 3.1.The sum of weights of the scheme (3.3) tends to one as → ∞.127

ξ = , + , + , = sinsin + sin .sin − sin .sin . + sin .sin + .
This implies128

ξ = sinsin + sin .sin − 2 cos 19. 3 + sin .sin + .
Using the inequalities sin ≥ cos for 0 ≤ ≤ , ≥ for 0 ≤ ≤ , we have129 ξ ≥ cos + . cos . + − 2 cos 19. 3 + . cos . + + .
This implies130

ξ ≥ cos 3 + 23 cos 23. 3 − 2 cos 19. 3 + 13 cos 13. 3 + .
Thus ξ ≥ 1when → ∞.131

Again, using inequalities csc ≤ for 0 ≤ ≤ , sin ≤ for 0 ≤ ≤ , we have132

ξ ≤ cos + .cos − 2 cos 19. 3 + .cos + .
This implies133

ξ ≤ cos + 23cos − 2 cos 19. 3 + 13cos + .
Thus ξ ≤ 1when → ∞. So ξ = 1for → ∞.134

Similarly, the sum of weights of the scheme (3.4) tends to one as → ∞.135

3.1 Convergence of 3- and 5-point ternary schemes136

Here first we prove some lemmas by using following inequalities:-137 ≥ for 0 < ≤ < , csc < csc for 0 < < < and cos < (or csc < ) for 0 < < .Then with the138
help of these lemmas we will show that proposed non-stationary schemes are asymptotically equivalent to existing139
stationary schemes.140

141
Lemma 3.1.142
For 3-point non-stationary scheme (3.3) following inequalities hold:143 ( )ω ≤ , ≤ cos( ) 23 − 2 ≤ , ≤ 23cos − 2cos .( ) 13 + ≤ , ≤ 13cos + .



144
145

Proof.We present the proof of ( ) and the proof of ( ) and ( ) are similar. Note that146 sinsin ≥ = .
Again consider147 sinsin ≤ 3 csc 13 ≤ cos = cos .
This proves ( ).148

149
From Lemma 3.1, we get following lemma.150

151
Lemma 3.2.152
For scheme (3.3) with = − + , for ∈ , , we have153 ( ) − 13 + ≤ , ≤ − +cos( ) 43 − 2 ≤ , ≤ − 2cos( ) ≤ , ≤ cos .
Lemma 3.3.154
For scheme (3.3) following inequalities also hold:155 ( ) , − ω ≤ C 13( ) , − 23 − 2ω ≤ C 13( ) , − 13 + ω ≤ C 13
where constants , and are independent of .156
Proof.The inequality ( ) can be proved by using ( ) of Lemma 3.1:157

, − ω = 1 − coscos ≤ 2 sincos ≤ 14 23 cos .
This implies158

, − ω ≤ 13 18 cos(1) ≤ 13 .
The proofs of ( ) and ( ) are similar.159

160
From Lemma 3.3, we get following lemma.161

162
Lemma 3.4.163
For scheme (3.3) with = − + , for ∈ , , following inequalities hold:164 ( ) , − − 13 + ≤ C 13( ) , − 43 − 2 ≤ C 13( ) , − ≤ C 13
where constants , and are independent of .165

166
Remark 3.2. From ( )-( ) of Lemma 3.4, we observe that167

168



, → − + , , → − 2 and , → , as → ∞.169
170

This means that the mask of the scheme (3.3) with = − + , for ∈ , converge to the mask of the scheme [11].171

Similarly, it is to be mentioned that for = 2, = where = − , = − , = − + and = − + in (3.1), (3.2)172
and by proving/using similar inequalities like in Lemma 3.1 and Lemma 3.3, we get non-stationary counter part of173
stationary schemes of [3, 9, 11, 14] respectively.174

175
Theorem 3.5.The proposed 3-point non-stationary scheme (3.3) with = − + , ∈ , is .176
Proof. We claim that177 3 − < ∞,
where178 − = − ∶ ∈ 0, 1, 2∈ℤ .
From scheme defined by (3.3) with = − + and scheme of [11]179 3 − = 3 , − − 13 + + , − 43 − 2 + , − .
From ( ) of Lemma 3.4, it follows that180 3 , − − 13 + ≤ 3 13 < ∞.
Similarly from ( ) and ( ) of Lemma (3.4), we see that other terms are also less than ∞. Hence ∑ 3 − < ∞.181

Since stationary scheme of [11] is therefore by Theorem 2.2, proposed scheme (3.3) with = − + is .182
183

Now we will discuss the continuity of 5-point scheme (3.4). For this first we will prove the following lemmas. Proof of these184
lemmas are similar to the proof of Lemmas 3.1-3.4.185

186
Lemma 3.6.187
For 5-point non-stationary scheme (3.4), following inequalities hold:188 ( )ω ≤ , ≤ cos( ) − 581 − 4 ≤ , ≤ − 581cos − 4cos .( ) 2027 + 6 ≤ , ≤ 2027cos + 6cos .( ) 1027 − 4 ≤ , ≤ 1027 − 4 cos 20243. 3( ) − 481cos + ≤ , ≤ − 481 + .
From Lemma (3.6), we get following lemma:189

190
Lemma 3.7.191
For scheme (3.4) with = + , for ∈ − , − , we have192 ( ) 481 + ≤ , ≤ +cos ( ) − 727 − 4 ≤ , ≤ − − 4cos



( ) 2827 + 6 ≤ , ≤ + 6cos( ) 1481 − 4 ≤ , ≤ − 4cos ( ) ≤ , ≤ cos .
193
194
195

Lemma 3.8.196
For scheme (3.4)following inequalities also hold:197 ( ) , − ω ≤ g 13( ) , − − 581 − 4 ≤ g 13( ) , − 2027 + 6 ≤ g 13( ) , − 1027 − 4 ≤ g 13( ) , − − 481 + ≤ g 13
Where constants g , g , g , g andg are independent of .198

199
From Lemma 3.8, we get following lemma.200

201
Lemma 3.9.202
For scheme (3.4) with = + , for ∈ − , − , following inequalities hold:203 ( ) , − 481 + ≤ ǵ 13( ) , − − 727 − 4 ≤ ǵ 13( ) , − 2827 + 6 ≤ ǵ 13( ) , − 1481 − 4 ≤ ǵ 13( ) , − ≤ ǵ 13
Where constants ǵ , ǵ , ǵ , ǵ and ǵ are independent of .204

205
Remark 3.3.It is to be noted that for negative values of , the trigonometric inequalities does not affect the proof of our206
main Lemmas 3.3 and Lemma 3.8.207
Remark 3.4. From ( ) − ( ) of Lemma 3.9, we observe that the mask of scheme (3.4) with = + , ∈ − , −208
converge to the mask of the scheme of [11].209

210 , → + , , → − − 4 , , → + 6 , , → − 4 and , → , as → ∞.211
212

Similarly, for = 3, = , = + and = + in (3.1), (3.2) and using similar inequalities as in Lemma 3.6 and213
Lemma 3.8, the proposed (3.4) scheme becomes non-stationary counterpart of the 5-point stationary schemes of214
[9,11,14] respectively.215

216
Theorem 3.10.The proposed 5-point non-stationary scheme (3.4) with = + , for ∈ − , − is .217

Proof.From scheme defined by (3.4) with = + ,for ∈ − , − and scheme of [11]218 3 − = 3 , − 481 + + , − − 727 − 4 + , − 2827 + 6 + , − 1481 − 4 + , − .



By using inequalities ( ) − ( ) of Lemma 3.9, we see that∑ 3 − < ∞. Since stationary scheme of [11] is219
therefore by Theorem 2.2, proposed scheme (3.4) is .220

221
Remark 3.5.Relation with DD schemes:The proposed non stationary ternary interpolating schemes are counter part of222
stationary DD schemes [1].223
 From Lemma 3.1 and Lemma 3.3 with = 0and → ∞, we get 2-point ternary DD interpolating scheme.224
 For = 0and → ∞in Lemma 3.6 and Lemma 3.8, we get 4-point ternary DD interpolating scheme. Similarly, we225

get other DD ternary schemes.226
227

4. COMPARISON AND CONCLUSION228
First we generate conic sections by using proposed schemes then we present comparison among proposed and existing229
non-stationary interpolating schemes. If the initial control points are chosen as values at equidistant points of a function230 ( ) ∈ {cos( ), sin( )}, 0 < < , then the limit function of the scheme is the original function. In particular, if the231
initial control points are equidistancepoints and lie on a circle or an ellipse, the scheme generates a circle or an ellipse232
respectively.233

234
Numerical Examples:Here we take the set of equidistant points = cos , sin , = 0, 1, 2, … , , ≥ 4, as235
control points of initial control polygons of proposed 3-, 5-point non-stationary schemes. For = 2, b = 1,limiting curves236
generated by 3-, 5-point schemes are ellipses shown in Fig 1(a) and 1(b). It is observed that for large values of237

limitcurves generated by proposed 3-point scheme passes near the initial control polygon whereas for small values of238
limit curves generated by proposed5-point scheme passes near the initial control polygon as shown in Fig 1(a) and 1(b).239

240
Analogously, by choosing aset of equidistant points from the parabolic equation ( = 4 ) for a = 1and hyperbolic241
equation − = 1 where a = 3, b = 2thenlimit curve is parabola and hyperbola as shown in Figure 2(a) and 2(b).242

243
Comparison: In following, we numerically compare the exactness of limiting ellipses generated by different non-stationary244
subdivision schemes by using followingfunction.245 = − , (4.1)246
where247 = ( + ) + ( ) + ( − ) + ( ) , for ≡ − (4.2)248

where = 2, = 1 are semi-major and semi-minor axis respectively and are control points generated by subdivision249
scheme at -th level of iteration for ≥ 0. If the initial control points lie on theellipse then of course will be zero. If250 = 0 for sufficiently large then its mean scheme produce exact ellipse. If ≠ 0 then do not lie on same ellipse.251
Since measures the maximum deviation of limiting ellipse from being an exact ellipse therefore we can present252
comparisonamong different limiting ellipses generated by proposed and existing non-stationary schemes.253

254
By taking four, five and six initial control points, we first generate limiting ellipses by proposed 3-, 5-point and existing non-255
stationary schemes of [4, 6, 7, 12, 15, 16] then we compute deviation error . Deviation of proposed 3-, 5-point ternary256
non-stationaryinterpolating schemes is calculated at parametric values -0.1122, 0.0228, respectively.257

258
 In case of 4 initial control points: Limiting ellipses produced by different non-stationary are shown in Figure 3(a-e)259

while deviation errors in graphical form are shown in Figure 5(a) and Figure 5(b).260
 In case of 5 initial control points: Limiting ellipses are depicted in Figure 3(f-j) while graphical representations of261

deviation errors are shown in Figure 5(c) and 5(d).262
 In case of 6 initial control points: Limiting ellipses are painted in Figure 4(a-e) while graphical representation of263

deviation errors are shown in Figure 5(e) and 5(f).264
265

Deviation error in limiting ellipses, produced by different schemes with 4, 5 and 6 initial control points, in tabular form are266
shown in  Table 1. From these figures and table it is clear that the limiting ellipses to be an exact ellipses, generated by267
proposed scheme, have less deviation compare to the limiting ellipses produced by the schemes of [4, 6, 7, 12, 15, 16].268

269
Table 1. Comparison of deviation error (D. Error) with existing non-stationary interpolating schemes: Here270
represents the number of initial points of control polygon.271

272
Schemes N D. Error N D. Error N D. Error



4-point binary [4,
6, 7]
3-point ternary [7]
4-point ternary
[12]

4

4
4

0.18501

0.30308
0.20160

5

5
5

0.20398

0.44910
0.20399

6

6
6

0.05910

0.17196
0.06478

4-point ternary
[15]
4-point ternary
[16]
3-point proposed
5-point proposed

4

4

4
4

0.19510

0.20165

0.18957
0.08104

5

5

5
5

0.20365

0.20409

0.19579
0.04937

6

6

6
6

0.06219

0.06483

0.05865
0.01106

273
4.1 CONCLUSION AND FUTURE WORK274

275
By using Lagrange identities we construct new families of univariate, ternary, non-stationary interpolating subdivision276
schemes for curve design with a singletension parameter which enable the scheme to produce more precise result.The277
proposed schemes are non-stationary counterpart of the stationary schemes [1, 3, 9, 11, 13, 14] so the parametric ranges278
of continuity of proposed non-stationary schemes are same as of the counter stationary schemes. Figure 1 illustrates that279
the proposed scheme gives great flexibility to geometric designers for the creation of smooth curves according to their280
own requirements by choosing appropriate value of parameter.281

Here are some tips for future work proposed by the anonymous referee: Let and be two curves defined on [0,1]. Let282 = (1) = (−2, 2)and = (0) = (2,2), the components of tangent vector to (resp. ) at A (resp. B) is (1, 1) (resp. (1,283
-1)). Is it easy to compute a subdivision of the conic which realizes a −blend between these two curves using proposed284
method in this article? Is it possible to choose a circular arc to blend these curves?If someone wants to subdivide a285
hyperbola arc, could someone have an end point on a branch and the other end point on the other branch? A solution is286
given in [GDL12, DGL13]. Articles [24, 25, 26] might help to find the answers of above questions.287

288

289
(a) Scheme (3.3)                                  (b) scheme (3.4)290

291
292

Figure. 1.(a)Shows the increase in tightness of the curve with increasing and (b) Shows the increase in293
tightness of the curve with decreasing .294

295
296
297



298
(a) (b)299

300
301
302

Figure.2. Represents parabola and hyperbola by proposed 3-, 5-point non-stationary interpolating schemes after303
two iterations.304

305

306
(a) [4, 6, 7] (b) [7]                                                        (c) [12]307

308

309
(d)scheme (3.3)       (e) scheme (3.4)310

311
312



313
(f) [4, 6, 7]]                                                (g) [7]                                                     (h) [12]314

315

316
(i) scheme (3.3)                                     (j) scheme (3.4)317

318
Figure.3.(a) Shows the ellipse produced by non-stationary binary schemes of [4, 6, 7], (b), (g), (c) and (h) show319
the ellipse produced by non-stationary ternary schemes of [7, 12], (d), (i), (e) and (j) show the ellipse produced by320
proposed 3-, 5-point non-stationary interpolating schemes respectively.321

322
323

324
(a) [4, 6, 7] (b) [7]                                                        (c) [12]325

326



327
(d)scheme (3.3)                                     (e) scheme (3.4)328

329
Figure.4.(a) Shows the ellipse produced by non-stationary binary scheme of [4, 6, 7], (b)-(c) show the ellipse330
produced by non-stationary ternary scheme of [7, 12], (e) and (f) show the ellipse produced by proposed 3-, 5-331
point non-stationary ternary interpolating schemes respectively.332

333



334
335

(a) 4 initial points(b)4 initial points336
337

338
339

(C)5 initial point (d) 5 initial point340
341

342
343

(e) 6 initial point (f) 6 initial point344
345
346

FIGURE.5.Graphs show the deviation of proposed and existing non-stationary interpolating schemes.347
348
349
350
351
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