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ABSTRACT

In this paper we generate a new family of odd point ternary non-stationary interpolating subdivision
schemes by using Lagrange identities. It is to be observed that the limiting ellipse, generated by proposed
schemes compared to the existing non-stationary interpolating schemes, has less deviation from being an
exact ellipse. The proposed non-stationary schemes are asymptotically equivalent to converging
stationary schemes [1, 3, 9, 11, 13, 14]. The performance and comparison of the schemes are verified by
examples.

Keywords: Subdivision; Interpolation; Non-stationary; Smoothness; Tension control; Conics reproduction
1. INTRODUCTION

Subdivision defines a curve or surface from an initial control mesh by recursive refinement. Starting with the coarse
control pointsf® = {f° | i € Z}, recursive application of the subdivision rule S, defines a new set of points f* = {f* | i € Z},
which can be written as

ff=8.. 5% keZ,.

A subdivision scheme is said to be stationary if S, is the same regardless of k; otherwise it is called non-stationary [4]. The
important schemes for applications should allow controlling the shape of the limit curve and being capable of reproducing
families of curves widely used in Computer Graphics, such as conic sections and polynomials. Effectiveness of
subdivision algorithms, their flexibility and ease make them appropriate for many relative computer graphics applications.

Here we present brief survey of existing literature. Jena et al. [4] proposed a 4-point binary non-stationary interpolating
scheme. This scheme reproduces elements of the linear space spanned by {1,sin(ax),cos(ax)}.Beccari et al. [6]
proposed a non-stationary uniform tension controlled interpolating 4-point scheme with a single tension parameter having
C' continuity. Daniel and Shunmugaraj [8] presented 3-point C' stationary and non-stationary schemes. They also
proposed C? non-stationary approximating scheme in [10] and 4-point ternary interpolating non-stationary scheme [12]
spanned by {1, sin(ax), cos(ax)}. Beccari et al. [15] proposed 4-point ternary non-stationary interpolating scheme with
tension control. They proposed the shape controlled ternary interpolatory subdivision in [16]. Further they presented the
interpolating and approximating univariate subdivision by a unified framework [17]. Conti et al. [18] proposed
approximating to interpolatory non-stationary subdivision schemes with the same generation properties. In [19], they also
design interpolatory subdivision schemes by solving Bezout-like polynomial equations. Conti and Romani [20] presented
algebraic conditions on non-stationary subdivision symbols for exponential polynomial reproduction. Charina et al. [21]
proposed reproduction of exponential polynomials by multivariate non-stationary subdivision schemes with a general
dilation matrix. Siddigi and Younis [22, 23] proposed 3-point ternary non-stationary approximatingsubdivision scheme and
4-point quaternary interpolating non-stationary subdivision scheme, respectively. Garnier [24] determined the
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characteristic elements for proper conic defined by three weighted points. He also proposed algorithms to represent an
arc of central conic building.Garnier et al. [25] proposediterativesubdivisions for the construction ofarcs,ellipsesand
hyperbolas in the Euclidean affine plane and masspoints.Druoton et al. [26] constructed Dupincyclide characteristic circles
using non-stationary Iterated Function Systems.Furthermore, there are some other well known schemes [2, 5, 7, 12] in the
literature suitable for generating basic shapes in computer graphics.

Note thatthe existing non-stationary ternary interpolating schemes are the counterpart of existing stationary schemes
(without parameter) but our proposed schemes are non-stationary counterpart of existing parametric stationary schemes.
This property gives advantage to control the shape of the limit curve than the schemes without parameter.

We compare the existing non-stationary ternary schemes, suitable to generate ellipse, with the proposed schemes by the
following strategy:

¢ Introduce deviation error function

o Refine initial control polygon with 4, 5 and 6 initial control points by different non-stationary schemes to generate
ellipse

e Compute deviation error and compare the results.

We conclude that the limiting ellipse to be an exact ellipse, generated by the proposed scheme, has less deviation error
ascomparedwith the limiting ellipse produced by the different non-stationary ternary schemes.

This paper is organized as follows. In Section 2, we construct some results which are useful for Section 3. In Section 3,
we present odd point non-stationary ternary interpolating schemes providing the user with a tension parameter that, when
increased within its range of definition, can generate continuous limit curves showing considerable variations. Section 3
also provides the convergence of proposed interpolating schemes. Section 4 is devoted for comparison and conclusion.

2. PRELIMINARIES

Given a set of control points f° = {f° € R : i € Z} at level 0, a ternary subdivision scheme for designing curves generates
recursively a new set of control points f“** = {f%, : i € Z} at the (k + 1)*" level by a subdivision rule:

k k k f
fle+ =§ ak o ff, i€l
ez

The set of coefficients a* = {a¥ : i € Z}determines the subdivision rule at level k and is termed as the mask at k-th level. If
the masks a* is independent of k, the subdivision scheme S i corresponding to the mask a*is called stationary otherwise
it is called non-stationary.

Theorem 2.1. [Equation (2.1), [2]] Two ternary schemes S« and S,« are asymptotically equivalent if

[va]
D WS = Syl < e
k=1

where

Il =maflebl 3 lefnl Y lehol)

icZ i€Z i€Z
The proof of the following theorem is exactly similar by [12] to the proof given in (Theorem 8, [2]).

Theorem 2.2.Let S« and S,be two asymptotically equivalent subdivision schemes having finite masks of the same
support. Suppose S« is non-stationary and S, is stationary. If S, is C™ and

D, 3" 80k = Sall, < =
k=0

then the non-stationary scheme S i is C™.

Deslauriers and Dubuc [1] presented the idea to construct subdivision schemes using Lagrange interpolation. Here we
also use Lagrange polynomial to construct non-stationary schemes. First we define Lagrange fundamental polynomials of
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degree 2n—2 and 2n—3, for any integer n> 1, corresponding to nodes {xj}n_l

n-2 .
—w_yy @nd {xj}_(u_l)respectwely,

L 2(0) = My e ey, —:}:;} =—(n-1),-(n-2),..,(n—-1), (2.1)
and
1273 (x) = [ "y =—(—=2),-(n—=3),..,(n—1). (2.2)

xi——(n—z),_xm;txj Xm"'Xj’

By using algebraic operations, we get following expressions:

(=)™~ 1(an-2)

2n-2 i) i 331301 _ax ) (n—1)!
br=Ls, (3 (—I)“_Xm_1fn—xm—1)!(-n+xm—1)!’(2'3)
(=1)""1(zn-ay
2n-3 1) - 3351 _ax ) (n-2)! Y
ﬂz Lx"" ( (1) Im= Ll (n—xp -1 (n+xnp—2)! 15 (24)

Further, for x,, = —n + 1in (2.3), we get

_ e (1) = GO Gnes
ﬂS L—n+1 (3) 33n-3(n-1)!(2n-2)""

Furthermore, we have

(2.5)

(=1)*m(3n-3)!
33N=3(n-1)(n-xpm—-1)(n+x,=1)!

=B —p; = (2.6)

_Bi-B2 _ 13
A =—= .
*m T gy B3 @.7)

For more detail, we may refer to [14]. By perturbing expression (2.4) and (2.7) with sine function we get

nxXm — Tz 3 1 (28)
sin(5247)
= sm(gﬁ_l)
i s, (2.9)
sin(33:)

wherex,, = —n+2,...,n—1and n = 1is any integer.
3. (2n-1)-POINT TERNARY INTERPOLATING SCHEME

In this section, we present general explicit formulae to construct the mask of (2n — 1) —point ternary interpolating
subdivision scheme.

Given n = 2, the mask of following (2n — 1) —point ternary interpolating scheme
k+1 n-1 k2n-1

3i-1 = dixp=—(n-1) T-xp ft+x-m=
fii = £, (3.1)

fe+1 k,2n—-1
3i+1 Xxm:—(n 1) nxm f{'+xml

can be generated by
k2n—-1 sin(‘s;ﬁ)
i = T w<l,
{ e (3.2)
n’;nin 1= = Aps, + ﬁnxmm, Xm =—Nn+2,..,n—1,

whereA"Mmand é,um are defined by (2.8) and (2.9).
Examples:

Substituting n = 2 in (3.1) and (3.2), we get new 3-point ternary interpolating scheme with free parameter w
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k+1 _ k3 ok k3 ok k3 ¢k
sie; =My fisa + Mo fir + 021 fixe
fskiﬂ = f}kJ

k k3 ok k3 pk k3 pk
3i:% =021 it ¥ 0o T A0y fi44(3:3)

where
- w
ea _ SN Gem
]’:.‘__1 - ; 1 !
31n(3k+1)
. 2 - 2
k.3 Sin 3.3k+1 sin g,3k+1
Mo = e —
SIn (S sin (93“1)
and

Substituting n = 3 in (3.1) and (3.2), we get new 5-point ternary interpolating scheme with free parameter w

k k5 ek k5 rk kS rk k5 rk k5 rk
3ie1 =My [tz 0 fita 0" 7 021 fika 055 fika

k — fk
s =1

k k.5 pk k.5 pk k.5 k,5 k,5
i1 = N2 fiZa ¥ 25 fiZa g fik +n )c[,il +1; fi’iz» (3.4)

where
) sin (3"1“)
o (-5 -0
sin [3}(”)
o[+ 6u])
s sin (31(1+1)
o3[~ 10])
sin (57)
and




127  Remark 3.1.The sum of weights of the scheme (3.3) tends to one as k — oo.

. W . 2 . 2 - 1
i Sin Py +5|n :i_?,’f_ﬂ- Sin Em sin ;—3—,;1-

k.3
E.k=7I-1+7?{) +n" = 1 T T TNW T 1 .
sin (3“1) sin (3“1) sin (9.3“1) sin (3“1)

128 This implies

§

. 2 . 1
sin ( ,( ) sin (“T‘) 1 sin (T)
3= e L2 23 ) 222 o,

= 1 1 Q. 3k+1 + . 1
sin{;7)  sin{mm sin (57

. . iy . 1 1
129 Using the inequalities sina = acosafor0 < a < g,f— &= for0<a< ;—ﬂ we have

mna
w 2 2 1 1

3k+1 cos (';R‘Fl 3. 3k+1 cos 3.3k+1 + 3. 3k+1 cos 3.3k+1 +

9, 3k+ =

gk > 7 + o — 2w c0S (
3k+1 gh+1 3k+1

— 2w c0S (

+ w.

130 This implies

) Wy (2 2 1 1 1
& = wcos (3k+1) + (5) cos (W) 2w c0S (W) 5 (5) cos (W) + w.

131 Thus & > 1when k — .

132 Again, using inequalities csc a < Fisn foro0<a< g sina<afor0=sa< § we have

W 2 1
Py 1
g < - = T kL, — 2w c0S (9 3k+1) Firsg =Ll o
3k+1 cos (3k+1) 3k+1 cos (3k+1) : 3k+1 €os (3k+1)
133 This implies
< il - =2 os( . ) + : o
< wc w
cos( . ) 3005( : ) 9.3k 3cos( : )
k+1 3k+1 3k+1

134  Thus & < 1when k — oo. So & = 1for k — oo.
135  Similarly, the sum of weights of the scheme (3.4) tends to one as k — oo.
136 3.1 Convergence of 3- and 5-point ternary schemes

137 Here first we prove some lemmas by using following inequalities:- .
(T —— —forO <a<bh < ,acsca<bceschforO<a<b< gand cosa < % (orcsca <$) for0<a <§.Then with the

sinb —

139 help of these lemmas we will show that proposed non-stationary schemes are asymptotically equivalent to existing
140  stationary schemes.

141

142 Lemma 3.1.

143 For 3-point non-stationary scheme (3.3) following inequalities hold:

(o<1 < —C;(“-’—)

"ik+ 1
2 2w

(ii) 2 My < B
3 e 3.:05( ;H) CDS( 3i+1)
1

1
(i££)§+(u <9 <

— 7y tw
3cos( m)



144
145
146 Proof.We present the proof of (i) and the proof of (ii) and (iii) are similar. Note that

w (]
sin{zm) o
-

1 = 1
Sln (3k+l) 3k+1

= .

147  Again consider

1 1 1 :
3k+1 cos 3k+1 cos 3k+‘1

. w w
sin gk+1 w 1 gk+1 (]
- 5 csC <
3k

148  This proves ().

149

150 From Lemma 3.1, we get following lemma.
151

152 Lemma 3.2.

153 For scheme (3.3) with w = —§+ u, foru € (g%) we have

154 Lemma 3.3.
155 For scheme (3.3) following inequalities also hold:

156 where constants C,, C; and C, are independent of k.
157  Proof.The inequality (i) can be proved by using (i) of Lemma 3.1:

1 - 1 1
|nk'3 B ml . [1 — COs (3k+1)] £ o [2 sin? (53}(-}-1)] = (1) ( 2w
1 = —_——| = —_—| <

1 1 1 :
il 2k+2
cos (z5) cos () 32k+2 005 ()

s — o] < (L)( u ){e (L)
et = \32k/\18 cos(1)/) = "°\32k)"
159  The proofs of (ii) and (iii) are similar.

160

161 From Lemma 3.3, we get following lemma.

162

163 Lemma 3.4.

164  For scheme (3.3) with w = — % +u, forue€ (g;) following inequalities hold:

(0 |fr’f’f‘ = (_%J“ u)' =G (31_“)
s it

y s 1
(@D —ul < G, (ﬁ)
165  where constants C,,C, and C, are independent of k.
166

167  Remark 3.2. From (i)-(iii) of Lemma 3.4, we observe that
168

158 This implies
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1 4
n*3 —;tu ned 5= 2uandn’® = u, as k — oo,

This means that the mask of the scheme (3.3) with w = —% +u,forue (g,%)converge to the mask of the scheme [11].

Similarly, it is to be mentioned that for n = 2, w = a where a = b — %,m = —g, w = —§+ wand w = —% +uin (3.1), (3.2)

and by proving/using similar inequalities like in Lemma 3.1 and Lemma 3.3, we get non-stationary counter part of
stationary schemes of [3, 9, 11, 14] respectively.

Theorem 3.5.The proposed 3-point non-stationary scheme (3.3) with w = —% +uu € (gé)fs c*
Proof. We claim that

Z 3¢S 4k — Sall < o0,
k=0

where

[1Sax = Sall,, = max{Z|a{‘_3j — a3 :1€0,1,2).

JEL
From scheme $ « defined by (3.3) with w = — = +u and scheme S, of [11]

1 4
23”5’*‘5“ Z o = (54 )|+ 7 - (-2 + ke~ ul}

From (i) of Lemma 3. 4 |t follows that
()l = Yo () <

Similarly from (i) and (iii) of Lemma (3.4), we see that other terms are also less than eo. Hence 377, 3%||Sk — S|, < 0.

RE

Since stationary scheme of [11] is C* therefore by Theorem 2.2, proposed scheme (3.3) with @ = —% + uis C*.

Now we will discuss the continuity of 5-point scheme (3.4). For this first we will prove the following lemmas. Proof of these
lemmas are similar to the proof of Lemmas 3.1-3.4.

Lemma 3.6.
For 5-point non-stationary scheme (3.4), following inequalities hold:

(Hw <7 < ;S(ET)

k41
5 5 4w
(fi) - ﬁ' -4 < ?]J:'f = - =

6 5
81cos (3"*1) £0S (243,3“1)

("')20+6 < kS < 20 " 6w

iii)— w=sn," s -

27 27cos( k+1) cos (——243_3“1)
20

10 1

(IU) ——4dw < )’:.' E — 4w cos (W)

W)————Ftous=s r;k‘E < —i+ w

) =15 = .
81cos (3;'“) 81
From Lemma (3.6), we get following lemma:
Lemma 3.7.
For scheme (3.4) with w = — + u, foru € (—i ——) we have
108 162

7
(il) = 57— 4u <n* <
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28
(iid) o + 6u < <

.14 g

Lemma 3.8.
For scheme (3.4)following inequalities also hold:

1
@5 - ol < 80 (53)

5 1

@ |5 = (~57~ )| < & (3)
20 1

(iii) [nk° - (EJF ew)l <g (éﬁ)
o 10 1

(@) |1t ~ (37~ 40)| < ()

4 1
k,5
@ - (~g7+ )| < (5)
Where constants g,,91, 82, 85 andg, are independent of k.

From Lemma 3.8, we get following lemma.

Lemma 3.9.

i - A M
For scheme (3.4) with w = —+ u, foru e ( e

Ot~ (s +4) <802

bt (-] <1 ()
o~ o) <8
ot (it ) < )

k.S , 1
(v)lnz = ul <04 (—_32")
Where constants g, 9., 82,85 and g, are independent of k.

), following inequalities hold:

Remark 3.3.1t is to be noted that for negative values of w, the trigonometric inequalities does not affect the proof of our
main Lemmas 3.3 and Lemma 3.8.
5 7

Remark 3.4. From (i) — (v) of Lemma 3.9, we observe that the mask of scheme (3.4) with w = gil +u,uc€ (_E' _E)
converge to the mask of the scheme S, of [11].

k5

4 k.5 T 28 14 2
nks - =Hunly - —5—411,11’5'5 - =+ 6u,n, —);—4uandr;’2‘5 - u, as k - oo,

T ar= i +uand w = 8—41 +u in (3.1), (3.2) and using similar inequalities as in Lemma 3.6 and

Lemma 3.8, the proposed (3.4) scheme becomes non-stationary counterpart of the 5-point stationary schemes of
[9,11,14] respectively.

Similarly, forn = 3, w = =

Theorem 3.10.The proposed 5-point non-stationary scheme (3.4) with w = i +u, foru € (— ﬁ —é).fs >,

)and scheme S, of [11]

14
+ i~ (g7~ )

5 7
108" 162

7 28
+ o5~ (— g —aw)| + b - (55 + o)

Proof.From scheme S« defined by (3.4) with w = é + u,foru € (—

4
ks _ (4
-2 (81+“)

w

> 3 Isge = Sall,, = D 3%

k=0 k=0

+ |n¥® - u|}
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By using inequalities (i) — (v) of Lemma 3.9, we see that¥i’; 3% ||S « — S,|| , < c. Since stationary scheme of [11] is C?
therefore by Theorem 2.2, proposed scheme (3.4) is C2.

Remark 3.5.Relation with DD schemes:The proposed non stationary ternary interpolating schemes are counter part of
stationary DD schemes [1].
e From Lemma 3.1 and Lemma 3.3 with w = Oand k — oo, we get 2-point ternary DD interpolating scheme.
e For w =0and k = «in Lemma 3.6 and Lemma 3.8, we get 4-point ternary DD interpolating scheme. Similarly, we
get other DD ternary schemes.

4. COMPARISON AND CONCLUSION

First we generate conic sections by using proposed schemes then we present comparison among proposed and existing
non-stationary interpolating schemes. If the initial control points are chosen as values at equidistant points of a function
f(x) € span{cos(fx), sin(fx)},0 < B < m, then the limit function of the scheme is the original function. In particular, if the
initial control points are equidistancepoints and lie on a circle or an ellipse, the scheme generates a circle or an ellipse
respectively.

Numerical Examples:Here we take the set of equidistant pointsf,’ = (a cos (%E),bsin (3;{5)): =012,..,N,N=>=4as
control points of initial control polygons of proposed 3-, 5-point non-stationary schemes. Fora = 2,b = 1 limiting curves
generated by 3-, 5-point schemes are ellipses shown in Fig 1(a) and 1(b). It is observed that for large values of
wlimitcurves generated by proposed 3-point scheme passes near the initial control polygon whereas for small values of w
limit curves generated by proposed5-point scheme passes near the initial control polygon as shown in Fig 1(a) and 1(b).

Analogously, by choosing aset of equidistant points from the parabolic equation (y? = 4ax) for a = 1and hyperbolic
x2 2 . . . . .
equation (; —% = 1)where a = 3,b = 2thenlimit curve is parabola and hyperbola as shown in Figure 2(a) and 2(b).
Comparison: In following, we numerically compare the exactness of limiting ellipses generated by different non-stationary
subdivision schemes by using followingfunction.

Dy = |max{f*} — min{f¥}], (4.1)

where

fé= ﬁx:‘ +c)*+ ()2 + ﬁx:‘ — )2+ (yF)2, forb? =a? - c? (4.2)

wherea = 2,b = 1 are semi-major and semi-minor axis respectively andf,* are control points generated by subdivision
scheme at k-th level of iteration for k > 0. If the initial control points f;° lie on theellipse then of course D, will be zero. If
D, = 0 for sufficiently large kthen its mean scheme produce exact ellipse. If D, # 0 then fdo not lie on same ellipse.
Since D,measures the maximum deviation of limiting ellipse from being an exact ellipse therefore we can present
comparisonamong different limiting ellipses generated by proposed and existing non-stationary schemes.

By taking four, five and six initial control points, we first generate limiting ellipses by proposed 3-, 5-point and existing non-
stationary schemes of [4, 6, 7, 12, 15, 16] then we compute deviation error D,,. Deviation of proposed 3-, 5-point ternary
non-stationaryinterpolating schemes is calculated at parametric values -0.1122, 0.0228, respectively.

e In case of 4 initial control points: Limiting ellipses produced by different non-stationary are shown in Figure 3(a-€)
while deviation errors in graphical form are shown in Figure 5(a) and Figure 5(b).

e In case of 5 initial control points: Limiting ellipses are depicted in Figure 3(f-j) while graphical representations of
deviation errors are shown in Figure 5(c) and 5(d).

e In case of 6 initial control points: Limiting ellipses are painted in Figure 4(a-e) while graphical representation of
deviation errors are shown in Figure 5(e) and 5(f).

Deviation error in limiting ellipses, produced by different schemes with 4, 5 and 6 initial control points, in tabular form are
shown in Table 1. From these figures and table it is clear that the limiting ellipses to be an exact ellipses, generated by
proposed scheme, have less deviation compare to the limiting ellipses produced by the schemes of [4, 6, 7, 12, 15, 16].

Table 1. Comparison of deviation error (D. Error) with existing non-stationary interpolating schemes: Here N
represents the number of initial points of control polygon.

Schemes N D. Error N D.Error N D. Error
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4-point binary [4, 4 0.18501 5 0.20398 6 0.05910

6, 7]
3-point ternary [7] 4 0.30308 5 0.44910 6 0.17196
4-point  ternary 4 0.20160 5 0.20399 6 0.06478
[12]
4-point  ternary 4 0.19510 5 0.20365 6 0.06219
[13]
4-point  ternary 4 0.20165 5 0.20409 6 0.06483
[16]
3-point proposed 4 0.18957 5 0.19579 6 0.05865
5-point proposed 4 0.08104 5 0.04937 6 0.01106

4.1 CONCLUSION AND FUTURE WORK

By using Lagrange identities we construct new families of univariate, ternary, non-stationary interpolating subdivision
schemes for curve design with a singletension parameter which enable the scheme to produce more precise result.The
proposed schemes are non-stationary counterpart of the stationary schemes [1, 3, 9, 11, 13, 14] so the parametric ranges
of continuity of proposed non-stationary schemes are same as of the counter stationary schemes. Figure 1 illustrates that
the proposed scheme gives great flexibility to geometric designers for the creation of smooth curves according to their
own requirements by choosing appropriate value of parameter.

Here are some tips for future work proposed by the anonymous referee: Lety, and y,be two curves defined on [0,1]. Let
A =y,(1) = (—2,2)andB = y,(0) = (2,2), the components of tangent vector to y,(resp. y,) at A (resp. B) is (1, 1) (resp. (1,
-1)). Is it easy to compute a subdivision of the conic which realizes a G* —blend between these two curves using proposed
method in this article? Is it possible to choose a circular arc to blend these curves?If someone wants to subdivide a
hyperbola arc, could someone have an end point on a branch and the other end point on the other branch? A solution is
given in [GDL12, DGL13]. Articles [24, 25, 26] might help to find the answers of above questions.

fiect of parameter in 3-point non- Effect of parameter in S-point non-
ationary interpolating scheme stationary interpolating scheme

(a) Scheme (3.3) (b) scheme (3.4)

Figure. 1.(a)Shows the increase in tightness of the curve with increasing wand (b) Shows the increase in
tightness of the curve with decreasing w.
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Figure.2. Represents parabola and hyperbola by proposed 3-, 5-point non-stationary interpolating schemes after

two iterations.

(a)[4,6,7]

(b) [7]

(d)scheme (3.3)

(e) scheme (3.4)

(c) [12]




313
314 (f) [4,6,7]] (9) [7] (h) [12]
315

316
317 (i) scheme (3.3) (j) scheme (3.4)

318
319 Figure.3.(a) Shows the ellipse produced by non-stationary binary schemes of [4, 6, 7], (b), (g), (c¢) and (h) show
320 the ellipse produced by non-stationary ternary schemes of [7, 12], (d), (i), (e) and (j) show the ellipse produced by
321 proposed 3-, 5-point non-stationary interpolating schemes respectively.
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(d)scheme (3.3) (e) scheme (3.4)

Figure.4.(a) Shows the ellipse produced by non-stationary binary scheme of [4, 6, 7], (b)-(c) show the ellipse
produced by non-stationary ternary scheme of [7, 12], (e) and (f) show the ellipse produced by proposed 3-, 5-
point non-stationary ternary interpolating schemes respectively.
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FIGURE.5.Graphs show the deviation of proposed and existing non-stationary interpolating schemes.
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