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ABSTRACT
ABSTRZA Hausc 7oglcal vector space with dual ——onempty s ¢ —nd
Let < be & o oplor °p°L1 this paper we study the folloX, o5 ronlem: “F/nduc‘*SGt of X, miat

K <K s
f;(xa y)_';mOfor a//; 212 Spme results on this problem have been studied by 'rak:ilasn Park

and Kim and Yen. Behera and Panda proved several results on this problem in the setting of
a Banach space. This problem includes as special cases, many problems on variational
inequalities and generalized variational inequalities studied by many authors. As a
consequence of the main results, we also consider the problem, “Findx, € Ksuch that
f(x0,y) = Ofor ally € S(x,)" whereS: K —2%is any point-to-set map which, includes as a
special case, the classical quasi-variational inequality problem. A generalization of Minty’s
Lemma is also studied.

Keywords: Partition of unity, upper and lower semicontinuouspoint-to setmap, monotone
operator

1. INTRODUCTION

Let X be a Hausdorff topological vector space with dual X* and K a nonempty closed and
convexsubset of X. Let the value of # € X* at x € X be denoted by (u,x). Let g: K - Rbe a
map (possibly nonlinear). The classical minimization problem for the pair (g,K) is to find
Xy € K such that

g(xo) = ming(y).

If we define a function f: K X K > R as f(x,y) =g(y)—-gx)for all x,y €K, then the above
problem reduces to the problem of finding x, € K such that f(xy,y) = 0forall y € K.

IfT: K —>X*, then the nonlinear variational inequality problem is to find x, € K such that
(Txg, ¥y —x0) =0 for all ye K. If we define f:KxK—Ras f(x,y)=(Tx,y —x), then it
reduces to the problem of finding x, € K such that f(xy,¥) = 0 forall y € K.

Motivited by the above facts, Behera and Panda [3] considered the following problem:
P1:Given f:K x K = R, findx, € Ksuch thatf (x,,y) = Ofor allyeK.
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Certain variation of this problem is known as equilibrium problem. The readers are advised
to refer [5], [6] and [13] for a detailed discussion on equilibrium problem and its
generalization. Some similar results are also available in [20].

Special cases

1. If zeK is fixed and f(x,y) = (T((z+x)/2),y — x), then P, reduces to the problem of
finding xo € K such that (T'((z + x,)/2),y — x3) = 0for all yeK, which is the variational-type
inequality problem originally introduced by Behera and Panda[2].

2. If f(x,y) = (Tx —Ax,y —x) for some maps T,A : K—X*, then P, reduces to the problem
of finding x, € K such that (Tx,,y — xy) = (Ax,, ¥y — xo)for all yeK which is the strongly
nonlinear variational inequality problem studied by Nanda[10] and Noor[11].

3. If f(x,y =(Tx -Ax,g(y) —g(x)) for some maps T,A: K—X*, g: K — K then P, reduces
to the problem of finding x, € K such that (Tx,, g(¥) —g(xy)) = (Ax,, g(¥) —g(x,)) for all
yeK, which is the strongly nonlinear implicit variational inequality problem introduced and
studied by Noor[12] in connection with the solution of the differential equations of odd order.

Some results on Problem P4 are available in Takahasi[18] and Park and Kim[14]. Behera
and Panda [3] proved several results on the existence of solution of this problem in the
setting of Banach spaces. Many authors used results on Problem P, to prove the existence
of solution of variational and generalized variational inequality problems.

In this paper, we prove some results on the existence of solution of Problem P, under
different assumptions in the setting of Hausdorff topological vector spaces. We also use a
result on the existence of solution of Problem P, for the study the following problem, which is
a generalization of the quasi-variational inequality problem introduced by Benoussan and
Lions [4] in connection with impulse control and subsequently studied by Baicchi and
Capello [1] and Mosco [9].

P, :Findx, € Ksuch that f(x,,y) = 0 for ally € $(x,)whereS: K — 2Xis any point-
to-set map.

We also prove a theorem on the uniqueness of solution of Problem P, which would serve as
a generalization of the well-known Minty’s Lemma (see [7], p.6).

2. PRILIMINARIES

In this section we recall some definitions and known results which will be needed in the
sequel. Throughout this section,X is a real Hausdorff topological vector space with dual X*
and K a nonempty convex subset of X.

2.1 Definition. A mapping T: K —X" is said to be monotone if (Tx-Ty,x —y) = 0 for all
x,yeK.Tis said to be strictly monotone if strict inequality holds whenever x # y. Tis said to
bepseudo-monotone if x,yeK and (Tx ,x —y) = 0 then (Ty,x —y) = 0.

2.2 Definition. A function h: K —R is said to be upper semi-continuous, if for each real
number A, the set {x € K: h(x) < A} is open; f is said to be lower semi-continuous if —f is
upper semi-continuous.
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2.3 Definition. A function h: K »R is said to be quasi-convex if for each real number 4, the
set {x € K: h(x) < 4} is convex; function f is said to be quasi-concave if —f is quasi-convex.

2.4 Definition. Let Mand N be two topological spaces, and h: M - 2¥, a point-to-setmap.
Then h is said to be upper semi-continuous at x, € M if for each open set Uof N with
h(x,) c U, there exists a neighborhood n(x,) of x, in Msuch thatif x € n(x,) then h(x) c U,
h is said to be lower semi-continuous at x, € M if for each open set U of N with h(x,) nU #
@, there exists a neighborhood n(x,) of x4 in Msuch thatif x € n(x,) then h(x) nU # @,; his
said to be upper semi-continuous (lower semi-continuous) on M if his upper semi-continuous
(lower semi-continuous) at each point of M.

2.5 Theorem. (Isac [8]) Let K be a nonempty compact convex subset of a Hausdorff
topological vector space. Let fand g be two real valued functions on KxK having the
following properties :

(a) forall x,yeK, f(x,y)<g(x,y) and g(x,x) <0,
(b) for each fixed yeK, f(x, y) is a lower semicontinuous function of x on K,
(c) for each fixed xeK, g(x,y)is a quasi-concave function of x on K.

Then there exists a point % € K such that ,f (z,y) < 0for all yeK.

2.6 Theorem.(Shih and Tan [17]).Let X be a Hausdorff topological vector space with dual
X*and K a nonempty convex subset of X. Let S: K—2X be an upper semicontinuous point-to-
set map such that for each xeK, S(x) is nonempty and bounded. Then for each peX”*, the
map f,: K - Rdefined byf,(x) = supyesx)(p, ¥)is upper semicontinuous.

2.7 Theorem. (Takahasi [18] )Let K be a nonempty compact convex subset of a locally
convex Hausdorff topological vector space X and let F: KxK— R be a function such that

(a) foreach yeK, the map x —F(x,y) is upper semicontinuous,

(b) foreach xeK, the map y+—F (x,y) is convex,

() F(x,x)zaforall xeK with some real number c.
Then there exists x, € Ksuch that F(x,,y) > aforall yeK.

2.8 Theorem. (Rudin [15]) Let K be a compact subset of a topological space and let
{V,V,,--, Vi, }be a finite open covering of K. Then there exists a family{B,, B>, -, fn} Of
continuous real valued function on K such that p;(x) = Ooutside V;,0 < f.(x) < 1 for all
i€{1,2,-,n}and forallx e K, and ¥\, Bi(x) =1forallx € K.

2.9 Theorem. (Tarafdar [19]) Let K be a nonempty subset of a Hausdorff topological vector
space X and let F: K—2* be a point-to-set map such that
(a) foreach xeK,F(x) is nonempty,
(b) for each yeK, F~'(y) = {x=K: yeF(x)}containsa relatively open subset A, of
K(A, may be empty for some y),
(C) UxEK Ax = K’
(d) Kcontains a nonempty set K, contained in a compact convex subset K, of K
such that D = ek, A% is compact (D may be empty).

Then there exists x, € K such that x, € F(xy).

2.10 Theorem.([17], p. 34). Let X be a Hausdorff topological vector space with dual X* and
K a nonempty convex subset of X. Let §: K—2% be a point-to-set upper semi-continuous
map such that for each xeK, S(x) is nonemply and bounded. Then for each p € X* the map
fp: K — R defined byf,(x) = su(p)(p, y)is upper semi-continuous.

VES(x
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2.11 Theorem.([16], p.201). Let X be a locally convex Hausdorff topological vector space
with dual X* and K a nonempty closed and convex subset of X. Letx*be a point of X notin K.
Then there exists p € X*such that(p, x™) > sup,ex (p, x).

3. EXISTENCE OF SOLUTION

The following theorems on the existence of solution of problem P, are the main results of
this paper.

3.1 Theorem.Let K be a nonempty compact convex subset of a Hausdorff topological vector
space X and let f: K x K = R be a map such that

(@) f(x,x) = Oforeachx € K,
(b) the map y — f(x,y)of K into R is quasi-convex for each x € K,
(c) foreachy €K, the set {x € K : f(x,y) <O0}isopenin K.

Then there exists x, € Ksuch thatf(x,,y) = 0orally ~ K.

Proof.Same as the proof of Theorem 2.7. Indeed Takahasi[18] assumed that for eachy € K,
the mapx — f(x,y) ofKintoRis upper semi-continuous and for each x € K, the mapy —
f(x,y) ofKintoRis convex which are stronger then hypotheses (b) and (c) of this theorem.

The following theorem generalizes Theorem 3.1 to an arbitrary nonempty convex subsetKof
X.

3.2 Theorem.Let K be a nhonempty convex subset of a Hausdorff topological vector space X
andlet f: K x K -» R be a map such that

(a) f(x,x) = Oforeach x € K,

(b) the mapy — f(x,y)of K info R is quasi-convex for each x € K,

(c) for eachy € K, the set {x € C: f(x,y) <O0}is open in K for every compact
subset C of K,

(d) there exists a nonempty compact subset L of K such that for each x € K —
L, there exists u € L for which f(x,u) <O.

Then there exists xy € Lsuch thatf(xy,y) = Oorally K.

Proof.For each y € K, let

Ay)={xe L:f(xy) =z O}
From hypothesis (c) it follows that A(y) is a nonempty compact subset of K. The conclusion
of the theorem follows if N,cx A(y) # @.To ascertain this, it is sufficient to show that the
family {4(y) : y € K} has the finite inter-section property.

Let y;,v,, -+, ¥, be arbitrary elements of Kand K, the convex hull of L U {y,, 5, ---, ¥»}- Then
K,is a nonempty compact convex subset of K. By Theorem 3.1, there exists %, € K, such
that

f(&,y) 20 (1)
for all y € K,. We claim that %, € L; for if¥, ¢ L, then,%, € K, — L € K — Land by hypothesis
(d), there exists u € L such that (%, u) < 0 which contradicts (1) when y = u. Thus %, € L,
and in particular, %, € A(y;) for i =1,2,--,n; that is %, € Nx; A(y;). Hence, N, A(y;) #
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which proves that the family {A(y) : ¥ € K} has the finite intersection property. This
completes the proof.

If X is a normed linear space and K is locally compact, we have the following result.

3.3 Theorem.Let K be a nonempty locally compact convex subset of a real normed linear
space Xwith0 K, andlet f:K x K — R be a map such that

(a) the map y — f(x,y)of K into R is quasi-convex foreach x € K,

(b) for ally e K and r >0, the set{x € K, : f(x,y) < 0}is open in K, where
K. ={xeK:|x] <r},

(c) f(x,x) = 0for each x € K,and for each r > 0,

(d) there exists r > Osuch that f(x,0) < Owheneverllx|| = r.

Then there exists x, Ksuch thatf(x,,y) =0orally K.

Proof.For each r > 0, the set K,is a nonempty compact and convex subset of K. Hence by
Theorem 3.1 there exists x,. € K, such that

[, y) 20 -(2)
for all y € K,.. We claim that |[x,.|| < r; for if ||x,|| = r, then by hypothesis (d), f(x,,0) <0
which contradicts (2) when y = 0. Now let x € K be arbitrary and choose A > 0 sufficiently
small so that

¥ = Ax + (1-Ax, € K,
Now by hypotheses (a) and (b)

0= f(xn%) = f(xrxix s {1_}“)35:-_)

= /Il“f(xr»x) + (1_/1)]0 (xr:xr') = ﬂ’f(xr':x)'

Since A> 0, it follows that f(x,,x) = 0. Since x is arbitrary, the proof is complete.

If X is a reflexive Banach space then local compactness of K can be relaxed from the above
theorem.

3.4 Theorem. Let K be a nonempty closed and convex subset of a reflexive real Banach
space X with0 = K and f:K x K — R be a map such that

(a) f(x,x) =0foreachx €K,

(b) the map y — f(x,y)of K into R is convex for each x € K,

(c) the set {x € C : f(x,y) < 0}is weakly open in K for each y € K, and for each
weakly compact subset € of K.

Then there exists existsx, € Ksuch thatf(xy,¥) = 0or all y K under each of the following
conditions:

(i) K is bounded,

(ii) there exists r > 0 such that f(x,0) < Owheneverllx| = r.

Proof.Equip K with the weak topology. If K is bounded, then it becomes weakly compact and
in this case, the proof follows from Theorem 3.1.

If K is not bounded let
K. ={xeK:|x|| s}
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Then K, is a nonempty closed, convex and bounded subset of K. By the first part of the
theorem, there exists x, € K,. such that f(x,,y) =0 for all y € K. The remaining part of the
proof follows from the proof of Theorem 3.3 and hence it is omitted.

The following theorem generalizes Theorem 3.4 to a Hausdorff topological vector space.

3.5Theorem. Let K be a nonempty convex subset of a Hausdorff topological vector space
Xand L, a nonempty compact and convex subset of K. Let f:K xK — R be a map such
that

(a) f(x,x) = 0foreach x €L,

(b) the map y — f(x,¥)of K into R is convex for each x € K,

(c) foreach y e K,theset{x €L : f(x,y) <O0}sopeninlL,

(d) for every x in the boundary of L, there exists u € L such that f (x,u) < 0.

Then there exists xy L suctithat f(xg,y)=0forall y K.

Proof.By theorem 3.1 there exists x, € L such that

f(x0,¥) =0 ...(3)
for all y € L. We claim that x, € int L (where int L stands for the interior of L), for if x,
int L, then by hypothesis (d) there exists u € L such that f(x,, u) < 0 which contradicts (3)
wheny = u.

Now let x K be arbitrary and choose A > 0 sufficiently small so that
yi = Ax + (1-A)x, € L.
By hypotheses (a) and (b)
0= f(x0,¥2) < Af(x0,x) + (1-Df (x0,%0) = A f(x0,%).

Since 1> 0, it follows that f(xg, x) = 0.This completes the proof.

The following theorem is a variant of Theorem 3.1 in which, the hypotheses (a) and (b) of
Theorem 3.1 have been replaced by a single generalized condition.

3.6 Theorem. Let K be a nonempty compact convex subset of a Hausdorff topological
vector space X and let f: K x K - R be a map such that
(a) foreachy € K, the set {x € K: f(x,y) < 0}isopeninK,
(b) for any finite subset {y;,v,,---,y,} of K and
u € conv({y1, ¥z, ", Yn}).maxXcicn f (1, y1) = 0.
Then there exists x, € Ksuch thatf(x,,y) =0forally e K.

Proof.Assume that the assertion is false. Then for each x € K, there exists y € K such that
f(x,y) < 0.Foreach y € K, let
Aly) = {x €K : f(x,¥) <0}

Then by hypothesis (a), A(y) is open for every y € K. Further K = U, e, A(y). Since K is
compact, there exists {y;,y,,-+,¥n} ¢ K such that K = UL, A(y;). Let {8,5,,*, B.} be a
partition of wunity subordinate to the covering {A(y;):i=12,-,n} and let
S = conv({y;,y2, -, ¥, }). Then S is a compact convex subset of K. Define a continuous map
p: K- Kas (x) = T, B;(x)y; . Since p(x) is a convex linear combination of points of the
set §, p(x) €§ for each x € K. In particular, p maps Sinto S. By Browuer’s fixed point
theorem p has a fixed point; that is, there exists ¥ € K such thatx = p(x).
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Since {#,,3,, **, Bn} is a partition of unity, ;(%) > 0 for at least one i. But 8;(%) > 0 implies
that £ € A(y;) so that
fx,v)<0. ...(4)

J={i:1<i<nandBi(%) >0}

If

then

R=p® =)  A®Y =) A
. ie]
so that X € conv{y;:i € /}. Now by hypothesis (b), there exists i, € | such that f(f,yl-o) =0
which contradicts (4). This contradiction proves the theorem.

The following theorem generalizes Theorem 3.6 to an arbitrary nonempty convex subset K of
X.

3.7 Theorem.Let X be a locally convex Hausdorff topological vector space,K a nonempty
convex subset of X,K, a nonemply compact convex subset of K, and L a nonempty
compact subset of K. Let f:K x K — R be a map such that

(a) foreachy € K, the set set{x € L: f(x,y) = 0} is closed in K,
(b) for any finitesubset (v, ¥2, 7 W} of K, and

u € conv({ys, y2, =+, Yo }) MaXycizn f (1, y;) 2 0.
(c) foreach x € K — L, there exists u € conv(K, U {x}) such thatf (x,u) <0.

Then there exists xy € Lsuch thatf(x,, y) = 0for ally K.

Proof.For each y € K, let

A(y) = {xe L:f(x,y) 2 0}.
From (b) it follows that A(y) is closed and consequently compact for each y €K.
The assertion of the theorem follows if N,ex A(y) # For this, it is sufficient to prove that the
family {A(y):y € K} has the finite intersection property.

Let {yy, ¥z, yjc K and § = conv(Ky U {y4, ¥, -, )). Clearly Sis a non-empty compact
convex subset of K. By Theorem 3.6 there exists £ € S such that
f@&y)20 .(5)

forall yeS. Weclamthat x e L; forif £ ¢ L, thatis, £ €S— L < K—L, then there exists
u € conv(K, U {£})such that (&, v) < 0 which contradicts (5) when y =u.Thus £ € L, and in
particular, £ € A(y;) for each ie{1,2,--,n}, that is, %, € N}, A(y;). Hence, NL, A(y;) # @
showing that the family {A(y) : y € K} has the finite intersection property. This completes the
proof.

The following theorem also deals with the existence of solution of problem P4 under pseudo-
monotonicity type assumptions.

3.8 Theorem. Let K be a nonempty closed and convex subset of a Hausdorff topological
vector space X and let f-K x K — R be a map such that

(a) f(x,x) = Oforeach x € K,

(b) the map y+— f(x,y)of K into R is convex and lower semicontinuous for each
XEK,

(c) the map x> f(x,v) ofK into R is lower semicontinuous from the line
segments of K to the usual topology of R,

(d) xe K,y €K and f(x,y) = Oimplies f(y,x) <0,
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(e) there exists a nonemply set K, contained in a compact convex subset K, of
K such that D = N,k {y € K: f(x,y) < 0} is either compact or empty.
Then there exists x, Ksuch that

f(x0,y) =0 ...(6)
forally K.

Note: If we set f(x,y) = (Tx,y —x) for some operator T: K — X" then condition (d) of the
above theorem is equivalent to the fact that T is pseudo-monotone.

To prove the above theorem, we need the following lemma.

3.9 Lemma. Let K be a nonempty closed and convex subset of a Hausdorff topological
vector space X and let f: K x K — R be a map such that

(a) f(x,x) = 0foreach x € K,

(b) the map y > f(x,y)of K into Ris convex for each x € K,

(c) the mapx > f(x,y)of K intoRis lower semicontinuous from the line segments
of K to the usual topology of R,

(d) x €K, y € Kandf(x,y) = 0implies f(y,x) <0.

Then the following are equivalent:

(A) xp € Kandf(xy,y) = 0forally K.
(B) xp € Kandf(y,xo) < Oforally K.

Note: If we set f(x,y) = (Tx,y — x) for some operator T: K — X*, then Lemma 3.9 reduces
to Minty’s Lemma ([7], p. 6).

Proof.Assume that (A) holds. Then for some x, € K and for all y € K, f(xp,¥) =0. By
hypothesis (d), f(y,x,) < 0for all y € K from which (B) follows.

Now assume that (B) holds. Then for some x, € K, f(y,x;,) <0for all yeK. Fix yeKk,
t (0,1) and set y, = (1 — t)x, + ty. Then y, € K and by (B), f(y..x,) < 0 for each t € (0,1).
Now it follows from hypotheses (a) and (b) that

0<fey) <A —Ofex) +tf Ve, y).
Thus

funy) = _$f(}bxo) =0

for each t e (0,1). Since the map x> f(x,y) ofKinto R is lower semicontinuous
from the line segments of K to the usual topology of R, taking limit t — 0" in the above
inequality, we get f(x,,y) =0, Since y € K is arbitrary (B) follows. This completes the proof
of the lemma.

3.10 Proof of Theorem 3.8. Assume that inequality (6) has no solution. Then, for each
x € K, there exists u € K such that

flx,u) < 0 ..(7)
and by Lemma 3.9, there exists v € K such that
flv,x) > 0. ...(8)

Thus for each x € K, it follows from (7) that the set
F(x) ={y €K:f(x,y) <0}
is nonempty, which is also convex by hypothesis (b) of the theorem. Again for each y € K,
since
Fr) ={x €K:f(x,y) <0},
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it follows that
[F7']¢ = {x € K:f(x,y) =0}
c{x€K:f(y,x) <0} (by(d))
= G(y) (say).

Fl(y)o[6]¢ = A(y) (say).

Since for eachx € K, the map y — f(x,y)is lower semicontinuous, it follows that G(y) is
closedin K. Thus for each y € K, A(y) is open in K.

Thus

Now, let x € K be arbitrary. By (8) there exists v € K such that f(v,x) >0, so that x €
A@).Thus UyexA(y) =K. Finally, D = Nyex, GO = Nyek,[AQ)]C is either empty or
compact by hypothesis (e), so that all the conditions of Theorem 2.9 are fulfilled by F. Thus
there exists x, € K such thatx, € F(x,), which is tantamount to f(x,,x,) < 0, a contradiction
to hypothesis (a) of the theorem. Hence the conclusion of the theorem follows.

4. UNIQUENESS OF SOLUTIONS

The following theorem characterizes the uniqueness of solution of the Problem P4 under
certain conditions.

41 Theorem. Let Kbe a nonempty subset of a topological vector spaceXand
let f:K x K - R a map such that

(a) forall x,y e K,f(x,y)+ f(y,x) <0,
(b) equality does not hold in (a) unless x = y.

Then, if problem P, is solvable, it has a unique solution.

Proof.If possible let x;, x, be two solutions of P4. Then

f(x]_:y) 2 0
and
f(x2,¥) =0
for all y € K. Putting y = x, in the former inequality and y = x, in the latter, we get
f(xy,x2) 20
and
f(xz,%1) 2 0.

Adding the last two inequalities we get,
) fCa,x) + f:(xzn %) =0.
This inequality combined with hypothesis (a) gives
fQx1,x2) + f(x2, %) = 0.
Now an application of hypothesis (b) yields x; = x,. This completes the proof.
Note: If we set f(x,y) = (Tx,y —x) for some operator T: K — X* then condition (a) of the
above theorem is equivalent to the fact that T is monotone.

The following examples illustrate Theorem 4.1. Example 1 shows that the fulfilment of
conditions (a) and (b) does not guarantee the existence of a solution to problem P,.
Examples (2) and (3) show that if conditions (a) and (b) are fulfiled and problem P, is
solvable, then it has a unique solution.

Example 1.Let X = R, K = [0, «0), and define let f: K x K — Ras

fley) =-x -yl
Then
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fxy) +fnx) = -2|x -y|

feey) + frx) =0

if [x—y|= 0, thatis x =y. Thus hypotheses (a) and (b) of Theorem 4.1 are fulfilled by f.
But f(x,,y) = 0forall y € K is equivalent to |x,—y| < 0 forall ¥ = 0. Thus in this case no
solution exists.

and

Example 2.Let X = R, K = [0, «), and define f: K x K - Ras
flxy) =x(y =x).
fOy)+fx) =~(x-y)>* <0
fl,y)+f(y,x)=0

if and only if (x —¥)? =0 i.e.x = y. Furthermore, f(x,,¥) =0 forall y € K is equivalent to
xo(y — xp) = 0all y = 0, so that x, = 0 is the only solution in this case.

Then

and

Example 3.Let X = K = R, and define f: K XK - Ras

fle,y) = —x%|x — yl.
Then

fEN+f@x) =~ +y)lx—y| <0

f.y) +fr.x)=0
if and only if [x —y| = 0 i.e. x =y. Furthermore, f(x,,¥) =0 forall y € K is equivalent to
x§|xo —y| =0 forall y € R so that x, = 0 is the only solution in this case also.

and

5. SOME CONSEQUENCES
In this section, we discuss some consequences of the theorems proved in Section 3.
The following theorem deals with the existence of solution of problem P..

5.1 Theorem. Let X be a locally convex Hausdorff topological vector space with dual X* K a
nonempty compact convex subset of X,f: K x K — R a point-to-point map, and S : K — 2% a
point-to-set upper semicontinuous map such that

(@) f(x,x) = Oforeach x € K,

(b) the map y— f(x,y)of K into R is quasi convex for each x € K,

(c)the set {x € K:infyequ f(x,y) < 0} is empty or open in K.

Then there exists x, € Ksuch thatxy € S(x¢)and f(xy,y) = 0 for all y € §(xy).

Proof. Assume that the assertion is false. Then for each x € Keither x & S(x), or there exists
¥y € S(x) such that f(x,y) <O0. If x & S(x), then by Theorem 2.11, there exists p X" such
that
(p.x) — sup (p,y) > 0.
yes(x)

Let
Vo= {x € K:yé?(fx)f(x,y) < O}.
and foreach p X~ let
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Vip) = {x €K:(p.x) — su(p)(p,y) > 0]-

VES(x
Then by hypothesis (c), V, is open in K. By Theorem 2.6, since the map x — supyesc) (P, )
is upper semicontinuous for each p X", it follows that the map x— (p, x) ~ sUpyesx) (P, ¥)is
lower semicontinuous. Hence V(p) is open in Kfor each pe€X*. Further,K =V, U
Upex-V(p)]. Since K is compact, there exists {p;,p,, -, p,}=X* such that K =V, u
[UL,V(pi)]. Let {Bo,B1,-.Bn} be a partition of unity subordinate to the covering
Vo, V(p1),--,V(pp)}, and define g: K XK - Ras

90.) = B 6 3) + ) APy ~ ).

i=1
Then it is clear that for each x € K, g(x,x) =0, the map y +— g(x,y) is quasi-convex, for
each y € K, the map x — g(x,y) is upper semicontinuous so that the set {x € K: g(x,y) <
0} is open inK. Thus all the conditions of Theorem 3.1 are fulfilled. Hence there exists ¥ € K
such that

gy =0 ...(9)
for all y € K, which is equivalent to
n
o @F @)+ ) BBy =) 2 0.

=1
Since {B, B1, -, B} is @ partition of unity B;(X) > 0 for at least one i. If §,(%) > 0 then £ € V,
so that infyes¢) f(%,¥) < 0. Let € S(%) be such that f(%,9) < 0. If g;(X) > 0 then £ € V(p;)
so that

(pi,®) — sup (pi,y) >0

yES(®)

from which it follows that
(P, ®) > sup (p;,y) > (1, 9)
VES(E)

which implies that (p;, # — %) < 0. Thus,

9E9) = Bo®F @) + ) B F.I~2) <0
i=1
which contradicts (9) when y = p. This contradiction proves the theorem.

The following result on the existence of solution of the quasi-variational inequality problem is
a direct consequence of the above theorem.

5.2 Corollary. Let X be a locally convex Hausdorff topological vector space withdual X*,K a
nonempty compact convex subset of X, T: K — X*an operator and 5: K — 2¥a point-to-set

upper semi-continuous map such that the set {x € K: infyesn(Tx,y —x) < 0} is empty or
open in K. Then there exists x, € Ksuch thatx, € S(xy)and (Txg,y — x,) = 0for ally € S(x,).

Proof.Follows directly from Theorem 5.1 with f(x,y) = (Tx,y — x).
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