THE CORE ERROR PROBLEM IN VARIABLES FOR STATISTICAL LEAST SQUARES WITH
INTERVAL DATA

Stephen Ehidiamhen Uwamusi* and Andrew Esaborlupia Uwamusi**

*Department of Mathematical Sciences, Faculty of Natural Sciences, Kogi State University,
Anyigba, Nigeria . email : Stephen_uwamusi@yahoo.com, mobile +2348020741193

** Department of Mathematics, Faculty of Physical Sciences, University of Benin, Benin City,
Nigeria. email: andybest2003@yahoo.com

Abstract: The paper discusses the core problem error in variables for statistical Least Squares which
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error bounds . The well known Oettli-Prager theorem was used as a measure of performance to the
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in comparison with well known Oettli-Prager theorem .We also obtained results for traditional
floating point arithmetic in the absence of noise in the data.
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1. Introduction

This paper is concerned with statistical least squares method for estimation of parameters wherein,

experimental data can be fitted which is described in the form:

Y=7(0p) (1.1)

where, Y € R" isameasurement vector,and f € R" is a parameter vector respectively to be

determined. R" is the set of real n- dimensional vector space. It is assumed that function f has at

leastC'[a,b], a< B<D.

However, in real world experiments, the measured parameters are often than not corrupted by
noise either due to measuring instruments or inaccurate reading of the experiments, thus applying
traditional Statistical methods to solve this will undoubtedly fail as a result of dependency problem.

There is thus, a need to overcome this setback, by applying the interval arithmetic.

Such a situation often arise when the number of equations is more than the number of unknowns
which is called an over determined system. Similarly, the case of under determined system wherein,
the number of equations is less than the number of unknowns can also be found in the literatures.

The least squares problem using 2-norm [1] is described in the form
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Y(#) = min |£()-¥| = min |45 :[Aﬂ—fv) (Aﬂ_{yj
BeIR" 5 eIR" )
ZﬂTATAﬂ—2ﬂTAT%+{’TATA)A’ (1.2)

where f(f) = Af and Aisareal mxn rectangular matrix with m>n.

We minimize f as the least squares solution in the form

p=(amA)' ATy (13)



The statistical meaning [2] of the matrix (4" A)™" which is called Co-variance matrix could be

deduced by considering the components Y, :i =1,2,...,m which are independently normally

1

distributed random variables having £, as a mean and, variance 5~ such that:

ori=k
B0, = 1, 5and E(7, 10, —M:{ =k )
0 otherwise

If we set 11 = (,ul,,uz,...,,um )T , it can be proved [1] that

E(Y)=p, E(Y - u)(Y —u) =5°1.

It follows immediately that

L . T
/1_]. :j=12,..., p are eigenvalues of 4" 4.

As a result, it is easily verified [1] thatE[(ATA)f1 A"yl = (ATA)f1 ATE(y) = (ATA)71 A .

The remaining part of the paper is categorized as follows: Section 2 in the paper discusses ball
arithmetic, in section 3 we consider the differentiability as well as backward perturbation error as
they relate to the condition number of a differentiable function. In section 4, regularity of interval
Jacobian matrix is explained while section 5 in the paper discusses the numerical experiment for the
considered method. Section 6 gives the conclusion of our findings.

2. The Ball arithmetic

Because this paper deals on interval arithmetic, we mention basic properties of interval arithmetic
which are well documented in the standard text books by [3], [4] and [5].The case of floating point
arithmetic counterpart can be found in [6] as well.

The ball arithmetic was incorporated into interval arithmetic computation for the first time by
[7]1) andalso [3], had gained prominence amongst interval researchers since that time.
Fundamental to this underlining work is [8]. We will describe briefly basic properties of interval
arithmetic.
Let «represent an operation from the set {4+ /}.Then assuming [a] = [a,a] and [b] =[b,b]

LR

are two real intervals as in [3], we have:

[a].[b] = {a *b |a €lal,be [b]} , the following four operations for intervals are defined:



[a]+[b] = [a+b,a+b],
[a]—[b] = [a—b,a—b),
[a]*[b]=[min(c_zlz,c_zb,alz,ab),max(c_zlz,c_zb,alz,abj] . (2.1

The extended multiplication for intervals [a] and [b] was further studied in [9] , see also, [10] in the

form
_c}l},;lé— U”qZOandlzZO
a@,ab if c_zZOand (_1<0<l;
:ab,ab: if {lZOandI;SO
_qé,&lg_ if a<0<aand b>0
[a].[b] = _qé,&ig_ if a<0<aandb<0
_ql},&lg_ if a<0and b>0
_c_zia,c_zz_;_ if a<0 and b<0<b
abab|  if a<0 and b<0
- - _ - (2.2)
min(ab,abj,max(ab,abﬂ if €1<0<a andlz<0<b

a =
The operation for division is defined as L = l,l ,0 ¢ [b] and u =[a].[] 1 .
bl | b [b]

More fundamentally, is the case when [b] contains the origin, i.e., 0 € [5].

Therefore, Kahan arithmetic in the sense of [11] could be defined in the form:



[%,oo] if a<0and b=0

(—OO,g]U[%,OO) ifc_l < Oand@ <0<b
b ’

(=0, 2] if a<Oand b=0
b

— = (—oo,oo) ifc_1<0<c_l

a -
(—oo,;) if a=0and b=0

a a _
(oo, =]u[=,0) if a=0and b<0<b

bo 'y ) )
a L

Let us note that interval method has an intrinsic property of lack of memory less property. This

means that given an interval [a] =[a, a] with order preserving < defined, [a] —[a] # 0 unless

[a]=[0,0].
Besides, the interval operation due to [3] as described above, we also have the circular complex
1 - -
interval arithmetic with centre a, = §(a+ Clj and radius Ag = l[a— a] and is by the parametric
— 2 _

notation defined in the form

<Aa}  (24)

[a]:{a: |a—ac,

We need to stress salient concepts in circular interval computation- the negation and relative extent

of a disk. The negation of a disk[a] =—[Cl] =(— GC,ACI), and the relative extent is defined:

Rx(a):&,for a, #0.

Via Mobius transformation in the sense of [12], the exact inversion of a disk could be derived. First

1
observe that the mapping @ — — could be defined in the form:
a



a a

c

a1 = o da =) Mgl addoe fo ol 29
—-Aa’ |ac| —-Aad’

With equation 2.5 introduced as above, the inverse disk can be written in polynomial form:

3 A 1 (Aa/la,|f A
{ac 2a_Aa ) a 5 rAaz} = {a—c+a—c(1+(Aa/ac )2 —(Aa/ac )4 +)’a2—aAa2} (26)

¢

The circumference of exact inversion of a disk DC would be defined as

a Aa

D, =<a:|a- S ‘z > . (2.6)
|ac| - Ad’ |a| —Aa’

Where from,

{a,,Aa}" :DcUintDc Sla,Aal . (2.7)

As a result, an inversion of a disk will be {ac,Aa}I‘ = {L,p} , it can be derived [12] that
a

c

-1 .
p =rad(a,,Aa)" = max L—r = max L—M
rela.aal @, o027, |ac| —Ad?
_Aa |Aa+ac exp(i0)| _Aa max |Aa+|czlc|exp(l'f)| _ Aa . @28)
o] W5 ] aa | el jaf-aa | fallal-5a)

The centred inversion of a disk in our work would be adopted to be in the form:

a. |a.\|a

c c c

{ac,m}nz{i, A };{ac,Aa}‘,Oﬁ{ac,Aa}. (2.9)

In what follows we introduce multiplication of two disks Cl:{ac,Aa}, bZ{bc,Ab} where

a,| > Aa,and |bc| > Ab in the form:

ab=la b, |a|Ab+[b|Aa+AaAb},  (2.10)

c*ce?

bC

aC
Further applications of equation 2.10 were used in [13, 14] in the form:

b+ Aa(lb,| + Ab) ~|nallnbl} (2.11)

abc {ac b, +nanb,

aC'

where,



,Aa) . (2.12)

na=si gr(ac ) * mir(]aC

3. Differentiability of a continuous map of a function and optimal condition number
Differentiability would imply that Y(,BO ) = ||Df(,30 m where the operator norm is the one induced

from the norms for R” and R".

Definition 1.1 [6, 15] The Frechet -derivative of f at ﬂo is the unique linear operator / = Df( 0)

for which the following (deleted) limit vanishes,

’ | £(B)-£(B,)-1(8-B,)|
raTN 18- 5|

=0 (3.1)

Definition 1.2, [4]. Areal function f :IR" — IR" is called a Lipschitz continuous in 3, € IR" if

f(ﬂo ) <o and there is a row vector /, € R™ such that

a(f(B,). f(B,))<1,a(B,. B,), forall B, B, < B,

The following expositions hold for the function F.
(i) Let F:ID < IR" —» IR" be F-differentiable on the convex set H% cID, and if
HF/(ﬂ)H <K <o, forall ﬁEH%, then F is Lipschitz continuous on 1D

(ii) If F:ID c IR" — IR " is F-differentiable on the convex set IDO C ID, then for any

BB €10,
[F(B) - F(B) - F (BB, - )| <

SUI#‘F/(ﬂo"‘t(ﬂ_ﬂo))_F/(ﬂoj‘Hﬂl_ﬂO

The Lipschitz continuity of F/(ﬂ) holds from the following convexity that, for arbitrary

,0<t<1] .

vectors, v,z € 5(,8,5), and t €[0,1] , we have that

|z+1v—2)—| =|tv-B+(1-1)z- | <15 +(1-1)5 = 6.

and the estimate

|FO)—F(2)-F/(B)(B-2)| < ggﬂﬁ E+tB-2)-F (Blv-2| <ev-z] w4

remain valid.



As a result, Hemi-continuity of F is implied by the fact that Jacobian matrix of F as well as
Riemann integrability of F will be given in the form:

I(F/(ﬂ +t(v= )~ F' (B)v- Pdt

0

[|(F (B +tv=pn—F (B - By < [|F' (B+1v—py)—F' (B)|v - Bl

<

|[FO) = FB) - F (B - PB)| =

+1 0 a +1
< frrans [ ot

Therefore, it follows from the reasoning given in [6] that F has a local homeomorphism at :B() and

F' (ﬂo) is also non singular.

In what follows we relate condition number to backward perturbation error. This will help in

understanding optimal sensitivity analysis for the perturbed system. Assuming that /3, solves the
Least squares problem of equation 1.1, and assuming further that 3, = B, + Af is the perturbation

of ﬂo which solves the perturbed matrix Aas f — ﬂo. It was showed [15] that optimal backward
error asymptotically is
1
2 2 T 5 T
oz 14180 a7 ) > a7

min]d], - 32)

2

Note that » =Y — Af3 is the least squares residual and that 7, =Y — A/ is the approximate

residual. As a result, it was proved [15] that equation 3.2 is the asymptotic backward error estimate
for the perturbed system. The over estimation factor for the spectral norm relative condition

number is at most the factor of \/5 ,and hence

Il ’
ﬂ (Ls,rel) (A) ~ —2+1 K (33)
i 1Boll, S 2

max

In equation 3.3, K, is the spectral matrix condition number and is defined as , Where &, is

min

the largest singular value of A.

4. The Regularity question of an interval Jacobian matrix

In what follows, we denote R as approximate inverse of midpoint interval matrix A, and [16] proved
that the bound



|A‘l - R| < ((I - |R|AA)_1 - 1)|R| is valid. The information we shall need for certifying the regularity

of interval matrices are well documented in [17] and [18] in the form:

(i) If 14C is regular and maX(AA‘RD,-, >1 then Ais regular.
J

((AA)T AA)< Aiax (ACTAC) holds, then A is regular whenever A is the eigenvalue of
the matrix.

(iii) If there exists a matrix R such that (I + |I — AL,R|)j < (AA|R|)j forsome ;e (1,2

(ii) 1fA

max

n) then

LA
Ais singular.

(iv) If A is regular and pQR‘AA)<1 then Ais regular.
Let us take note that verification for positive definiteness of an interval matrix A can be obtained if
Al A4, ~|ad"A4)>0.

The above named properties of interval arithmetic will be used in the solution to system (1.1)

5. Iterative Methods for the problem

Following [8], Cholesky decomposition was adopted for numerical computation in the paper.

Computation of Cholesky decomposition was allowed to run to completion with R as approximate
_T _
inverse to midpoint interval matrix 4, suchthat, R R= A, +AA,and the resulting residual

satisfies the error estimates, [8] in the form:

i — — — —
a, —Zrkl. 1y Sﬂiz |l for i< j and

k=1

. _2 L _2

- <

FEDWAEL IO

k=1 k=1

ku _ _
where 17, = ——;u =2 > and n 1074
(= ku)

We use the modified certified linear interval system solver for Cholesky decomposition ( Certifylss
relaxed Cholesky decomposition) that takes into consideration the reach-ability theory in a manner
likened to [19] in the algorithmic form as described below.

Algorithm (Modified Certifylss relaxed via Cholesky decomposition)

Input: matrix 4 € IR™" ,b € IR" .



Compute f# =4, \b. (through Cholesky decomposition)

While (not converged)

r=(b.-Ap)
[e]=A\r (Through method 2.9)

-1
B =p+—lel
2
In what follows we introduce the Oettli-Prager Theorem for a useful purpose.

Theorem 5.1, [4]. Let Let [ denote element of an interval vector f.Then

e (4,b)e ‘Ao B-b, Smd(A)(ﬁ +rad(b) (5.1)

Thoerem 5.2, [4]. Let A€ IR™" ,b e IR". Then

> (4,6)= {b eR"

Abﬂb;to}:{/}eze"

0eAp- b} :
In [20] , Oettli-Prager formula for the Linear Least Squares was used in the form

}s (5), < gmax{@g <Y>_f,<g>i,.(yj_/_} () &2

J

p-(s) - jZn:,min{(Q),j ,.@)(7]

In equation 3.4, [21] gave hints of how to compute the solution in the following way where it is
assumed that there exists an orthant

IR! = {,B,Tzﬂ > 0}, (7. is a diagonal matrix with sign vector z on the diagonal) such that

z, € {— l,l} and where from,
BNIR" ={B,(4, +AT.)z>b, -5, (4, —AT.)z<b,+5,T.f 20} (53)
The matrices Q,Q/ appearing in the inequality 5.2 solves the system of linear equation

QAT +|0A=E (5.4)
QAT -0'|A=E (5.5)

with unique solution .

The solution bounds that is provided by the numerical methods to the given problem should fulfil in
the sense of [22], the estimate

10



p—A"'b

_ Ha (- RA))IR(A b_bj

©

6. NUMERICAL EXAMPLE

i

. 1=li-R4|

<

= (5.6)

0

AA

Discussed in the paper is the polynomial of degree 3: y(B)=B,+ B, T+ B, T’ + B, T forthe

sample data taken from [20], as given, in Table 1

Table 1: the set of Statistical data for experiments

T y

2 [1.5,2.5]
-1 [-1.5,-0.5]
0 [-0.5,0.5]
1 [3.5,4.5]

2 [3.5,4.5]

3 [5.5,6.5]

4 [8.5,9.5]

5 [6.5,7.5]

6 [10.5,11.5]
7 [10.5,11.5]
8 [9.5,10.5]

In floating point arithmetic we have the result for original problem from Table 1 using MATLAB
2007 as S =(0.4465,1.5357,0.1595,—-0.0246)" . The Oettli-Prager formula given in equation
5.2, as well as Modified Certifylss Cholesky method with inclusion intervals gave results as

showed in Tables 2-3.

Table 2: Results for original set of data from Table 1.

Modified certylss relaxed Cholesky method in
mid-point interval

Oetlli-Prager formula in equation 5.2

A

Values of interval [ ]
<0.4465, 5x107" >
<1.5357, 107" >
<0.1596, 107" >
<-0.0246, 107" >

A

Values of interval [ S]
[-0.0535,0.9465]
[1.5357,1.5357]
[0.1595,0.1595]

[-0.0246,-0.0246]
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Table 3: Results for the variable T with 0.5 tolerances from Table 1 using united solution set

Modified Certylss relaxed Cholesky method in Oetlli-Prager formula in equation 5.2
midpoint radius vector

Values of [ B1: Values of [ B1:

<0.4465,5x107" > [0.1769,0.70512]

1. 1.62
<1.5357,4.2950x107" > [1.4504, 1.6255]

[ 0.0700,0.2260]
<0.1595,8.0500x 107" >
[-0.0283, -0.0193]

<—0.0246,1.4000x10™"° >

A A

To estimate the value of Y (/) at T=12 .Using computed results for # from Table 1, we have that

Y () =<—-0.6515,0.5 > for Modified Certifylss Cholesky method while it is

Y(f)=[-1.1659,-0.1659] for Oettli-Prager method.

Similarly, in Table 3, we have for a tolerance of 0.5 for variable T we have

Y(f)=<-0.6515,0.5 > for Modified Certifylss Cholesky method while it is

Y(f)=[-21.2407,18.95872] for Oettli-Prager method.

4, Conclusion

We have discussed the core problem error in variables for the Statistical Least squares using Oetlli-
Prager formula and the modified Certylss Cholesky decomposition using united solution set in the
sense of [23] where ball arithmetic played a major role in the computational aspect. The procedure
was tested using polynomial of degree 3 for the interval data set and results obtained are displayed
in Tables 2 and 3.In Table 2, it could be noted that results obtained using each of Certifylss Cholesky
and Oettli-Prager formula are quite in agreement bearing in mind the resentation of results obtained
from using Oettli-Prager formula are Moore interval arithmetic [3]. The two methods performed
optimally fast to the desired solution but with modified Certifylss Cholesky decomposition preferred
to Oetlli-Prager formula. However the disk inversion via Mobius transformation in the sense of [12]
as was discussed in equation 2.9 failed for Cholesky decomposition method probably due to the fact
that the interval Co-variance matrix is nearly singular. Instead, we performed the computation using
directly the method of [8], which is the Certifylss Cholesky decomposition. The results are displayed

12




in Table 3 in comparison with results computed from Oettli-Prager formula. This will provide
further insight in the study of Least squares using circular interval arithmetic.
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