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Aims/ objectives: In this paper, we prove results on n-tupled coincidence point (for even n) for a pair
of mappings without mixed monotone property satisfying a contractive condition of rational type in
partially ordered metric spaces. Our main theorem improves the corresponding results of Chandok
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1 Introduction

In recent years, an extension of Banach’s contraction principle has been considered by many authors
in different metric spaces. It has fruitful applications within as well as outside mathematics. Generaliza-
tions of this principle continues to be an active area of research. Many authors have extended this
theorem employing relatively more general contractive conditions ensuring the existence of a fixed
point. The investigation of fixed points in ordered metric spaces is a relatively new development which
appears to have its origin (in 2004) in the paper of Ran, A. C. M., Reurings, M. C. B. (2004) which
was well complimented by the paper of Nieto, J. J., Lépez, R. R. (2005). For similar other results in
ordered metric spaces, one can be referred to (Bhaskar, T. G. and Lakshmikantham, V. (2006)-Samet,
B. (2010)).

After that Bhaskar, T. G. and Lakshmikantham, V. (2006) introduced the concept of a coupled fixed
point of a mapping F' : X x X — X wherein (X, <, d) be a partial metric space and also proved some
coupled fixed point theorems in partially ordered complete metric spaces. Then Lakshmikantham, V.
and Ciri¢, Lj. (2009) proved coupled coincidence and coupled fixed point theorems for nonlinear
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contractive mappings in these spaces. Recently, Karapinar and Luong Karapinar, E., Luong, N. V.
(2012) introduced the concept of a quadruple fixed point and mixed monotone property of a mapping
F: XxXxXxX — X and obtained some quadruple fixed point theorems in partially ordered metric
spaces. Extending this work, quadruple fixed point theorems are developed and related fixed point
theorems are proved in (Karapinar, E. (2010)-Karapinar, E., Shantanawi, W., Mustafa, Z. (2012)).

Most recently, Imdad, M., Soliman, A. H., Choudhury, B. S. and Das, P. (2013) introduced the
concepts of n-tupled coincidence as well as n-tupled fixed point and utilize these two definitions to
obtain n-tupled coincidence as well as n-tupled common fixed point theorems for nonlinear mappings
satisfying ¢-contraction condition in partially ordered complete metric spaces.

Also Doric, D., Kadelburg, Z. and Radenovic, S. (2012) showed that a mixed monotone property in
coupled fixed point results for mappings in ordered metric spaces can be replaced by another property
which is often easy to check. In particular, it is automatically satisfied in the case of a totally ordered
space. Hence these results can be applied in a much wider class of problems. The purpose of this
paper is to present some n-tupled coincidence point results for a pair of mappings without mixed
monotone property satisfying a contractive condition of rational type in metric spaces equipped with a
partial ordering. Also we present results on the existence and uniqueness of n-tupled common fixed
points.

2 Preliminaries

The following notions were introduced in Bhaskar, T. G. and Lakshmikantham, V. (2006).

Let (X, <) be a partially ordered set equipped with a metric d such that (X, d) is a metric space. We
endow the product space X x X with the following partial ordering:
for (z,y), (u,v) € X x X, define (u,v) < (z,y) & z = u,y <v.

Now we present some basic notions and results related to coupled fixed point in metric spaces.

Definition 2.1. Let (X, <) be a partially ordered set and F' : X — X be a mapping. Then F is said
to be nondecreasing if for all z1,z2 € X, 1 < x2 implies F(x1) X F(z2) and nonincreasing if for all
z1,22 € X, x1 = x2 implies F(xz1) = F(x2).

Definition 2.2. Let (X, <) be a partially ordered setand ' : X x X — X and g : X — X be two
mappings. Then F and g are said to be commute if F(gz1, gz2) = g(F(z1,z2)), for all z1,z2 € X.

Definition 2.3. (Lakshmikantham, V. and Cirié, Lj. (2009)) Let (X, <) be a partially ordered set and
F:XxX — Xandg: X — X be two mappings. Then F is said to have mixed g-monotone
property if for any z,y € X, F(z,y) is monotone g-nondecreasing in its first argument and monotone
g-nonincreasing in its second argument, that is, for

z1,72 € X, gz1 2 gz = F(21,y) 2 F(22,9)
y1,y2 € X, gy1 2 gy2 = F(z,y1) = F(x,y2).
If g = I (identity mapping) in Definition 2.3, then the mapping F is said to have the mixed monotone
property.
Definition 2.4. (Choudhury, B. S., Kundu, A. (2010)) Two mappings F : X x X - X andg: X — X
are said to be compatible if
lim d(g(F (@, yn)), F(gn, gyn)) = 0
lim d(g(F (Yn, Tn)), F(gyn, gzn)) = 0,

n—r00
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where {z,} and {y.} are sequences in X such that

lim F(zn,yn) = lim gz, =z
n—0o0 n— oo

lim F(yn,zn) = 7}3{; 9Yn =Y,

n—0o0
for some z,y € X are satisfied.

Definition 2.5. (Lakshmikantham, V. and Cirié, Lj. (2009)) An element (z,y) € X x X is called a
coupled coincidence point of the mappings F': X x X - X andg: X — X if

F(z,y) = gz and F(y,x) = gy.

If g = I (identity mapping) in Definition 2.5, then (z,y) € X x X is called a coupled fixed point.

Definition 2.6. (Karapinar, E., Luong, N. V. (2012)) An element (z,y, z,w) € X x X x X x X is called
a quadruple coincidence point of the mappings F: X x X x X x X - X andg: X — X if

F(x7 y7 27 w) = gx? F(y’ Z? w7 m) = gy’ F(Z’ w? :L', y) = gz and F(w7$7 y7 Z) = gw'

If g = I (identity mapping) in Definition 2.6, then (z,y, z,w) € X x X x X x X is called a quadruple
fixed point.

If elements z, y of a partially ordered set (X, <) are comparable (that is, z < y or y < x holds) we will
write x § y.Let F: X x X — X and g : X — X be two mappings. Then we consider the following
condition:

If z,y,u,v € X are such that gz § F(z,y) = gu, then F(z,y) § F(u,v).

If g is an identity mapping then for all ., y, v if = = F(z,y), then F(x,y) = F(F(z,y),v).

Theorem 2.1. (Chandok, S., Khan, M. S. and Rao, K. P R. (2013)) Let (X, <,d) be a complete
partially ordered metric space. Let F : X x X — X and g : X — X be two mappings. Suppose that
the following hold:

(a) g is continuous and g(X) is closed;

(b) F(X x X) C g(X) and g and F are compatible;

(c) for all z,y,u,v € X, if gv = F(z,y) = gu, then F(x,y) = F(u,v),

(d) there exist zo,yo € X such that gzo = F(xo,y0) and gyo = F(yo, xo),

(e) there exists « € [0,1) such that for all x,y,u,v € X, with gz § gu and gy § gv, satisfies,

d(gz,F(x, d(gu,F(u,v d(gx,F(u,v))d(gu,F(z,
d(F(z,y), F(u,v)) < o max {d(gz, gu), d(gy, gv), “0=LE)iGuru)  donF)donr )

d(gy, F'(y, x))d(gv, (v, u)) d(gy,F(U,U))d(ng(y,w))} (2.1)
d(gy, gv) ’ d(gy, gv) ' '

(f) F' is continuous.
Then there exist z,y € X such that F(z,y) = gz and F(y,z) = gy, that is, F' and g have a coupled
coincidence point (z,y) € X x X.

Throughout the paper, we consider n to be an even positive integer. We begin with the following
definitions (here X" = X x X x X X ... x X(n times)):

Definition 2.7. (Imdad, M., Soliman, A. H., Choudhury, B. S. and Das, P. (2013)) Let (X, <) be a
partially ordered set. Let F' : X™ — X and g : X — X be two mappings. Then the mapping F' is
said to have the mixed g-monotone property if F' is g-nondecreasing in its odd position arguments
and g-nonincreasing in its even position arguments, that is, if,

forall z1,z3 € X, go1 < gx3 = F(at, 2%, 2%, ...,2") X F(xl, 22,23, ..., 2™)
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1.2 .3 n
(z*, 25,27, ...,z

T
1.2 .3 n
(z4, 2%, 25, .., x

forall 22,23 € X, ga? < g23 = F(z', 2%, 2%, ..., 2™)
n
P

F
forall 3,23 € X, ga? < g23 = F(a', 2,23, ..., 2") <X F

—_— —

IA 1Y

forall 27,25 € X, gz < ga% = F(z', 22,23, ... 27) = F(a', 22,23, ..., 23).
If g = I (identity mapping) in Definition 2.7, then the mapping F is said to have the mixed monotone
property.
Definition 2.8. (Imdad, M., Soliman, A. H., Choudhury, B. S. and Das, P (2013)) Let (X,d) be a
metric space and let ' : X" — X and g : X — X be two mappings. Then F' and g are said to be
commute if

F(ga', gz®, ..., g2") = g(F(z', 2°,...,a™)) for all ', 2%, ..., 2" € X.
Definition 2.9. Two mappings F': X" — X and g : X — X are said to be compatible if

im d(g(F (2, T, Ty ooy )y F (9T 0n, 9T, 9T, vy gT)) = 0

m—oo

W}E;noo d(g(F(x?naxi;’na ax?naxin))’F(gmgnagm?nv7gx:ln7gx$n)) =0
'n}gnoo d(g(F(wﬁuxirux%w ...7x:ﬁ;l)),F(gl‘ﬁng,}n,gl‘gn,...,ng;l)) = 07

where {z}}, {22}, ..., {z"} are sequences in X such that

lim F(xl,, 22,23, ...,a%) = lim gzl =a'

m— o0 m— o0

lim F(22,,23,, ... 2%, L) = lim gz2, = 2?

m— o0 m— o0

lim F(x7,, %, 7; m )= lim gap, =a"
M F(X, Ty Ty vey Ty ) = gTm =",

m—r 00 m—r o0

for some z!,z?, ..., 2" € X are satisfied.

Definition 2.10. (Imdad, M., Soliman, A. H., Choudhury, B. S. and Das, P (2013)) An element

(z',2?%,...,2™) € X" is called an n-tupled coincidence pointof F: X™ — X andg: X — X if

F(zh 2?25, ..., 2") = ga*

F(z?,2%, ... 2", z') = go?

F(e?, ... 2", 2" 2?) = gaB

F(z™, 2t 2%, ..., 2" ) = ga™.

If g = I (identity mapping) in Definition 2.10, then (z*, 22,...,2™) € X™ is called an n-tupled fixed
point.

Remark 2.1. Definition 2.10 with n = 2,4 respectively yield the definitions of coupled coincidence
point and quadrupled coincidence point.

3 Main Results

Now our main result is as follows:

Theorem 3.1.Let (X, <,d) be a complete partially ordered metric space. Let F : X" — X and
g : X — X be two mappings. Suppose that the following hold:
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(a) g is continuous and g(X) is closed;

(b) F(X™) C g(X) and g and F are compatible;
(c)ifz', %, ... x", y', 9>, ....,y" € X, are such that gz*
F(I17 x27 ety xn) § F(y17 y27 e yn)7

(d) there exist z}, z2, ...,z € X such that

F(z', 2%, ..., 2") = gy*, then

VIIA

< n < n n < n n—
gmé ; F(l'é,l‘g, ...,ZUQ),QI% ; F(ZL‘S, ...,$0,xé), -y g ; F(l’o,l’é, ey Lo 1)7
(e) there exists a € [0, 1) such that for all =, 2, ..., z™, y', 4>, ...,y™ € X, for which gz* § gyt, gz® §
gy*, gz = gy", with gzt # gyt ga® # gy, .., ga" # gy, satisfies,
d(F(z', 2%, .,2"), F(y',y*, ...,y™)) < a max {d(gz", gy"), d(g2°, gy*), ..., d(gz", gy™),
d(ga', F(z',2*, ...,a"))d(gy" . F(y",y*, ....y"))
d(gz', gy") ’
d(gz?, F(2?,...,z", z"))d(gy*, F(y°, ... y", y"))
d(gz?, gy?) Y
d(gxn7 F(xn’ x17 AR} xnil))d(gyn’ F(yn7y17 "'7yn71))
d(gz™, gy™) ’
d(gz', F(y',y?, ....y™))d(gy", F(z', 2%, ..., z"))
d(gz', gy') ’
d(gx27 F(y27 RS yn7 yl))d(gy2’ F("B27 RS x”? ml))
d(gz?, gy?) o
d(gxnv F(yna y17 7yn*1))d(gyn7 F(xnv xlv "'7mn71)) } (3 1)
d(gz", gy™) ’ '

(f) F is continuous.

Then there existz*, 22, ..., 2™ € X suchthat F(z', z?,...,2") = gz, F(z?,..., 2", z") = gz?, ..., F(z",
z', ..., 2" ") = ga", thatis, F and g have an n-tupled coincidence point (z*,z2,...,2™) € X™.

Proof. Using conditions (b) and (d), construct sequences {z,}, {z2,}, ..., {7} in X satisfying

1 _ 1 2 3 n
g‘rm - F(xm—lvmm—lvwm—lv '"amm—l)

2 2 3 n 1
9Ty = F($m71,$m717 “-7xmfl7xm71)

no__ n 1 2 n—1
gTm = F(xm—lvmm—lvwm—la ""xm—l) form Z 1.

By (d), ga¢ = F(x4, 23, ..., 25) = gx1 and condition (c) implies that

VIIA

gz = F(xé,a:g, ey X)) F(w},x?,...,;ﬂf) = gz3.

VIIA

Proceeding by induction, we get that gz, _; § gz, and similarly
9Tt S G, 9Tt = G, oy GTh—1 = gy, for each m > 1.
Now from contractive condition (3.1), we have

d(gm’}n+l7gx’}n) = d(F(QZ’,},,“ m?rm ~'~7x7n), F(m'}nflvmfnfh ceey 3:’:171))

S @ max {d(gw'}rn gx'}nfl)v d(gxz'u 95537171)7 c d(gx?rn gw;71)7
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d(gx}n’F(x}n7x$na"‘7mfn))d(gw}n—1>F(‘x}n—laxgn—h"'71‘:17‘1—1))
d(gztn, 923, —1)
d(gl’ﬁmF(l’?m '“7x?nvx'}n))d(gwgnth(x?’nfh "~7x27,717x':rlnfl))
d(9a%,, gy, 1)

)

d(g:CZ,” F(I:an :C'}rn ARAS] xzil))d(gm:bn—h F(x:bn—la 1‘;1—17 ey m:znill))

(g3, gy, 1)
d(g:rvln7F(z71nfl7x3nfla"'7$:ln71))d(gx’}nflaF(l"}naxgnv"'7Iﬁ1))
(gt 93, 1)
d(g"c%ruF(x%n—la"'7m:ln—17x%n—1))d(gmgn—17F(xzrw"'7x7r:’ta$%n))
(9%, 97, 1)
d(ngH F(m:lnflvx}nfh seey xzi—ll))d(gx?nfh F(x:tu x}ru seey m:”r;l)) }

d(gxp,, gz, _,)

— o max {d(gxin,gxin_l), A9z, g% 1), - d(gal, g2t y),
A9, G0 11)A(GT 1, 9T0)  A(gT3, g 1)d(gTi0—1, 97,
d(gxh,, gzl _)) ' d(ga2,, gz2,_,)
d(gxy, gz 1) d(gzr 1, gzrm) d(gT, 920,)d(gT 1, 9T 1)
d(gxp,, gal_,) ’ d(gzh,, gz, 1)
d(gxy,, 9x7,)d(gam, 1, 9T 1) d(gam,, gom)d(gm 1, 9T i1) }

d(gx2,, gz2,_1) T d(gai, gzT,_,)

yeeny

= v1max {d(gx'}na gm'}n—l)7 d(gxgn?gxin—l)a cey d(gx?na gx:ln—l)a
d(gx}'nv gm'}rﬂrl)a d(gmgrm g$$n+1), sy d(gl.:lnv g$?n+1)} (32)
Similarly we have,

d(gxgn-!—l?gxzn) S G« max {d(gx%na gxin—l)v d(gl'fn, gx%—l)? weey d(gx?na gm:}n—l)a

A(9Tpns 9Tims 1), AGTo, 9T 1), oy A(GTrm, 9T rir) -

d(g$:ln+1,gﬂ,’2’1) S a max {d(gmrlnygx'}nfl)y d(gxgn,gxfnflL "',d(gx%mgm:lnfl):
d(ngl’n7gx'}n+l)7d(g$3n:g$$n+l)7 7d(gx'7nzg$:ln+l)}

Let
Om = IMax {d(g‘rirk‘rl ’ gxin)’ d(gmgrﬂ»l ) gx3n)7 seey d(g‘rzl+l ) gx:ln)}

Hence
max {d(gx}n-ﬁ»la gm:n)7 d(gxzn-l»h gxfn)v weey d(gle+l7 gx?n)}

S Q max {d(gm'}rugx}n—l)7d(gx$n7gxgn—1)7 (a3} d(gx:znagm:ln—l)} = QOn-—1.

By induction we get that
max{d(gxina gm:n-'rl)v d(gwfnv gm?n-&-l)a (L] d(gm:lrw gx:bn-&-l)} S am00~

It easily follows that for each m, 1 € N with | < m we have
1 1 o 2 2 o o
d(gxlmg‘rm) S 1-0[007 d(gzlygxm) S 1 _aao,...,d(g:cf,gx%) S 1—

ago.
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Therefore {gx1.}, {922}, ..., {ga™} are Cauchy sequences and since g(X) is closed in a complete
metric space, there exist =, 22, ..., 2" € g(X) such that

i U hm Pt 2 n 1
im gz, = lIm F(Z,_1,Tm_1,.Tm_1) =T

. 2 . 2 n 1 2
lim gx;, = lm F(z,_ 1, Tm_1,Tm_1) =T

. n . n 1 n—1 n
lim gz, = lm F(Ty_ 1, Tm_1,y Ty_q) ="

Compatibility of F' and g implies that

lim d(g(F(m}TL7 x?ﬂ? ey x:ﬁb))? F(g‘r'}rw gxgru MR gxf/"/)) = 0

m— oo

lim d(g(F (€, -, T ), F(g200, ooy 920, 923)) = 0

™m— o0

lim d(g(F (@ @iy o)), (9205 95 oy g7 1)) = 0.
As F' is continuous, therefore
F(gx,lmgxfm ey GT) = F(gL’l7 2, .., z")
F(ga2,, ...,gzm, gir,) — F(z?, ... a", z")
F(gmfn,gaﬁn, ..,,g:cﬁfl) — F(zn,xl, ey x"fl).
Using triangle inequality, we get

d(gz", F(gzy,, gxon, ..., gxi)) < d(gz’, g(F (2, 2y, .. )+
+d(G(F (T, Ty s T0)) F (9T, 9T -0 927)).
By taking m — oo and using continuity of F' and g, we have
d(gz', F(z',2°,...,a")) = 0, that is gz' = F(z", 2%, ..., z")
and in a similar way, we have
g’ = F(2?, ... " 2", ..., gz" = F(z",z", ..., z" " ").
Thus F' and g have an n-tupled coincidencve point.
If g is an identity mapping in above theorem, we have the following result:

Corollary 3.1. Let (X, <,d) be a complete partially ordered metric space and let F : X" — X be a
mapping. Suppose that the following hold:
() for all z*, 22, ....a", y*, 2, ...,y" € X ifz' = F(z',22,...,2"), then

>
12 < 1 2 2 3
F(l‘ 7:'E 7"'?1:”) § F(F(x ,1: ""’xn)’y 7y 7"'7yn);
i i 1,2 n 1 < 2 2 < 2 n 1 3 <
(i) there exist xg, xg,...,x5 € X such that xg S F(x5, x5, .., x0), T = F(x§, ..., x5, x5), T =
3 1.2 = 1 -1
F(‘r()y ...,ng,{ro,.’ro), ,.’Eg = F(xg7x07 ,$g )7

>

106


Research Lab
Highlight


British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

(iii) there exists o € [0,1) such that for all z*, 2, ..,z", y',y?,...y" € X for whichz* = y', 2 =
Y2, .,z é y" with zt # o' x? # 92, ..., 2" # y" satisfies,
d(F(a', 2%, "), F(y' v?, 0 y™) < amax{d(z’, y'),d(=*, y%), ... d(z",y"),
dz', F(z', 2, . 2™)d(y', Fly' v°, o y™))
d(zt,yt) ’
d(a®, F(a?, .., 2", a"))d(y*, F(y*, ., y",y"))
d(x?,y?)
d(a”, F(z", ', a1 ))d(y", F(y™, gty o y™ )
d(zm, ym) ’
dz', F(y', 9%, o y™)d(y', Fat, 22, .. a™))
d(zt,yt) ’
d(acQ7 F(y27 s y"7y1))d(y2, F(z?,..,z", z")
d(x?,y?)
d(wn7F(yn’y17"'7yn71))d(yn7F(a’:n7x17"'7wn71))} (3.3)
d(zm, ym) ’

(iv) F is continuous.

Then there existz*, 22, ..., 2™ € X suchthat F(z',z*,...,2") = o', F(2?,...,z", 2) = 2?2, ..., F (=™, z*,
., "N = g™ thatis, F has an n-tupled fixed point (z*,2?,...,z™) € X™.

Now we shall prove the existence and uniqueness of n-tupled fixed point. Note that, if (X, <) is a
partially ordered set, then we endow the product space X ™ with the following partial order relation:
for (z, 2%, ...,2™), (y*, 9>, ...,y") € X"

(y17y27"'7yn) j (‘r17x27"'71‘n) <:> "L.l j y17x2 t y27$3 j y37 "'7:'En i yn’

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that for every (z*, 22, ..., z™), (2",
2%, .., 2") € X" there exists, (y', 4>, ...,y™) € X™ such that (F(y", v, ..., y™), F(¥%, ...,y™, v"), ..., F(y",
v, ..., y" 1)) is comparable to both (F(z*, 22, ..., 2"), F(z?,...,z", z"),..., F(z", 2", ...,z" 1)) and
F(2',22,...,2"), F(22,..., 2", 2Y), ..., F(z", 2}, ..., 2" 1)). Then F and g have a unique n-tupled common
fixed point, that is, there exists (u",u?,...,u™) € X™ such that

ut = gut = F(ul,uQ,...,u”)

uw? =gu® = F?, .. u",ut)

n—l).

1
' =gu" =Fu",u,..,u

Proof. From Theorem 3.1, the set of n-tupled coincidence points of F and g is non empty. Suppose
that, (z*, 22, ...,2™) and (', 22, ..., 2™) are two n-tupled coincidence points, that is,

F(x', 2%, ..,a") = ga', F(z'2°% ..., 2") =gz'

F(z?, ... a", x") = ga°, F(2°,..,2" 2") = g2°

F(m",xl, ...,a:"_l) = ga", F(zn,zl,...,z"_l) =gz".

We shall show that
grt = gzt git = g2°, ..., gz™ = g2".
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By assumption, there exists (y',y?, ...,y™) € X™ such that
(F(yl’y27 "'7yn)’ F(y27 "'7yn7 y1)7 ety F(y”’ y17 "'7yn71))

is comparable to

and
(F(2', 2%, ..., 2"), F(2%, ..., 2", 2", . (2™, 24, 2" h).

Put y3 =y, 42 =42, ...,y% = y™ and choose yi,v%, ...,y € X such that
1 1 2 3 n
gy1 = F(y0, Y0, Y05 - Y0)

9Ys = F (Y3 Y0+ Y0, o)

9y = F (Y5 Y0, Yos - v ).

Then similarly as in the proof of Theorem 3.1, we can inductively define sequences {gy:. }, {9y},
..., {9ym} such that
1 1 2 3 n
gym+1 - F(yma YmsYm» aym)
9Yms1 = FUm Y - Y Ym)

gyzkl*l = F(yzwy’rlnyy?n7 “'72-/77:7,_1) V me N
Further set o, = 2!, 2% = 22, ...,2) = 2™ and 2§ = 2',22 = 2%, ..., 28 = 2™ and on the same way,
define the sequences {gz;,}, {922}, ..., {9z} and {gz..}, {922}, ..., {gz}. Then as in Theorem
3.1, we can show that
g:vin S gzt = F(a:l,mQ, ™), gz&n gzt = F(zl,z2, vy 2)

2 2 2 no 1 2 2 2 n 1
9Ty, = g = F(z°, .., x), gzm — g2- = F(z°,...,2",2")

grl — gz = F(z", z', ..., 2", gzl » g2 = F(z",2",...,2" " )VmeN.

Since
(F(z',2? 2%, .. 2™), F(a®, 2%, .. 2™ a"), .., F(a", 2" 2%, ... 2" "))

= (gm},gx%, ey gTy) = (gml,gm2, ey gz’
and
(F'v* 9%y, FW2 0 v ), o F™ 0%, g™ )
= (g9y1, 993, -, 9yt)
are comparable. Then we have

1< 1 2< 2 3< 3 n< n
9T = gy1,9%" = gy1, 9% = gyi, - 9% = gyT,

and in a similar way, we have

n < n
9Ym = FWm—1,Ym—1, - Ym—1) = F(a',2%, ..,2") = ga'

<
gy'rQn = F(yfnfh “-7y:1L171>y71nfl) § F(CIZ’27 '“7:1:”7:1:1) = 9372
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9Ym = F U1 Um—1, - Umt) = Fla™, 2", .., 2" ") = g™

Thus from (3.1) with gz # gy, g2® # gy2, ..., g™ # gy™, we have

d(gxl7gy’r1n+1) = d(F(‘I:17I27 7In)7F(y71n7y’r2n77y::L))

< o max {d(gwl,gyhxd(gmz,gyfu), e d(gz™, gym),

d(gz', F(z', 2, ... &™) d(gYms F (Yms Y- - Ym))
d(gzt, gyk)
d(ga®, F(a®, ...,z", 2")d(gym, F (Ym-- - Y Uim))
d(gz?, gy2,)
d(gz", F(a", ", ... 2" ")) d(gym, F (Y, Y- - U )
d(gz™, gym)
d(gz, F(yms Y- - Ym)) gy, F(z', 2°, ... z™))
d(gz?, gyi,)
d(gz®, F (Y- - Y Ym))d(gym, F (22, ..., 2", x'))
d(gz?, gy2,)
d(gz", F(Yms Y- - U ))d(gym, F(z", z', ., z" ") }
d(gz™, gym) 7
= amax{d(gz", gy), d(g2>, gyim). .., d(gz" , gym),
gz, gym+1), d(92%, gymi1), - d(gz", gyms1)}- (3.4)

I

k]

I

Similarly, we can prove that
d(g2?, gymi1) < a max{d(gz®, gya), ..., d(gz", gym), d(gz", gym),
d(g2%, gymi1)s - A(92", gymi1), (92", gYms1)}

n—

1 n—1
 9Ym )5
L GYmia)}-

d(gz", gym+1) < a max{d(gz", gym),d(gz", gym), ..., d(gx
d(gz", gym+1), d(gz", gymi1)s - d(gz™ "

Hence
max{d(gz", gym11), (92>, gyii1)s -, d(gz", gymi1)}

< amax{d(gz', gy ), d(gz”, gy2), ..., d(gz", gym)}

and by induction,
max{d(gz", gym11), (92>, gyimi1), -, (97", gym11)}

< a™ max{d(gz', gy"), d(g2°, gy°), ..., d(gz" , gy")}.
On taking limit m — oo, we get

lim d(gz', gym+1) =0, lim d(gz® gymi1) =0,..., lim d(gz",gymi1) = 0.
m— oo m—oo m— oo
Similarly we can prove that
lim d(gz", gym+1) =0, lim d(gz°, gyms1) =0,..., lim d(gz", gym 1) = 0.
m—>0o0 m—r 00 m—>0o0

Finally, we have
d(gz',g2") < d(gz', gzs,) + d(gap,, g2")
<d

d(ga®, g2°) < d(gz”, ga3,) + d(gz, g2°)
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d(gz",9z") < d(gz", gzr,) + (g, g2").
Taking m — oo in these inequalities, we get d(gz', g2') = d(gz?, g2%) = ... = d(gz™, gz™) = 0, that
is,
1 1 2 2 n n
gr =gz, gz =gz",...,gx =gz .

Denote gz! = p!, gz? = p?, ..., gz™ = p™, we have that
2 n
gp' =glgz') = g(F(a', 2%, ...;a"))

gp® = g(ga®) = g(F(a®,...,a",z"))

gp" = g(gz") = g(F(z", 2", ...a" 7)),
By the definition of sequences {z),}, {z2,}, ..., {z™%}, we have

1 1 2 n
9Ty = F(xmfl7xm71> '“>xm71)

2 2 n 1
9Tm = F(:Cmfly "'7x7n717xm71)

n n 1 n—1
9Tm = F(xm—laxm—la '-~7mm71)

and so

gy, = F(z',2°, ..., 2"), g2, — F(z?,...,a", x"), ..., gzp — F(z",z", ...,z ").

Compatibility of F' and g implies that

lim d(g(F(ar:in7 z2, ey Ton))s F(gx}mg:c?m ey gTm)) = 0

m— o0
that is,
g(F(z',a®,...,a")) = F(ga', g2°, ..., gz").

Then gp' = F(p',p?, ..., p") and similarly,
gp® = F(p?,...,p",p"), ..., gp™ = F(p",p",....,p" " "). Thus (p',p?, ...,p™) is an n-tupled coincidence
point. Thus, it follows gp* = gz', gp® = g2?, ..., gp" = gz", that is, gp' = p*, gp® = p°, ..., gp™ = p".
Hence

p'=gp' = F('p*,...p"),

P’ =gp’ =F(@* ...p",p"),

n n n 1 n—1
p"=gp" =F({",p,....p" ).
Therefore (p',p?,...,p") is an n-tupled common fixed point of F and g. To prove the uniqueness,
assume that (¢', ¢%, ..., ¢™) is another n-tupled common fixed point. Then as above we have

Hence, we get the result.
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Example 3.1. Let X = [0,1]. Then (X, d, <) is a partially ordered set with the natural ordering < of
real numbers and natural metric d(x,y) = |z — y| for all z,y € X. Define g : X — X by g(z) = 22 for
allz € X and F: X™ — X (wherein n is fixed and n > 0) by

1
F(z' 2%, .., 2") = )
forall z', 22, ..., 2™ € X. All the conditions of Theorem 3.1 are satisfied, the contractive condition (for
a = 1), follows from
d(F(xl,mz,x3, ...,x"),F(yl,y2,y3, sy™)

= d(<w1>2 +@) £ @)+t @) 6 &

2n - 2n

- ’ (") = @Y+ (@) = @) + (@) = @) + - + (@) = "))
2n

@) = @1 +16° = @1+ 16 = 02 + o+ 1@ = 7))
- 2n
< g [ max{ 1 = LI = G = @@ = 671
- % {maX{lgfvl —gy'|;192” — gv*|, |g7° — gv°|, ..., lgz" — gy"lH
= % {maX{d(gwl,gylxd(gw27gy2),d(gx3,gy3)7 s d(ga”, gy™)

d(gz', F(z', 2%, ...,a"))d(gy", Fy', v°, - y™))

< amax {d(gz', gy"), d(g2*, gy°), ..., d(gz", gy"),

d(gzt, gy*) ’
d(ga“27 F(J:27 ey xn? xl))d(gy27 F(y2’ ey yn7 yl)) d(gl‘n7 F(l‘n7 1‘17 AR | mnil))d(gyn7 F(y”? y17 AR} ynil))
d(gz?, gy?) T d(gz™, gy™) ’
d(gz', F(y', 9%, ...y"))d(gy", F(z', 2%, ....a™)) d(ga®, F(y>, ....,y" y"))d(gy® F(a®, ..., z", z"))
d(gz*, gy*) ’ d(gz?, gy?) T
d(gxn7 F(yn7 y17 RS ) yn_l))d(gyn7 F(:Z:n7 :1‘,17 ] xn_l)) }.
d(gz™, gy™)

Hence, all the conditions of Theorem 3.1 are satisfied and (0, 0, ..., 0) is an n-tupled coincidence point
of F and g.

4 CONCLUSIONS

In this paper, we present some n-tupled coincidence point results (for even n) for a pair of mappings
without mixed monotone property satisfying a contractive condition of rational type in metric spaces
equipped with a partial ordering. Also some results on the existence and uniqueness of n-tupled
common fixed points are also proved. However, Theorem 3.1 is an open problem for odd n > 1.
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