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THE CONVOLUTION SUMS Y, _, mo.(m)os(n — 2m)

ABSTRACT. In this paper we obtain the convolution sum formulae of

Z moe(m)oy(n —2m)

m<%

for n(€ N) and an odd positive integer e and f. Furthermore we obtain some
identities induced from = _n moe(m)os(n —2m).
2

1. INTRODUCTION

For n € N, s € NU {0}, ¢ € C with |¢| < 1, we define an necessary divisor
function and the infinite product sums which also appear in many areas of number
theory:

(1)
os(n) = dz: e, Ag) = iT(n)Q" =q f[l(l —-q")*,
B(q) := i b(n)q" = (A(@)A(g)) =g ﬁlu — ") (1 - ¢")®,
Clg) = icm)qn = (A(9)*A(@)" = ¢ ﬁlu ") (1 — ),
D(q) = i d(n)q" = (A(0)*Alg*)A(g")?)F = ¢? ﬁ(l — "1 = ) (1 - ')

In general, it is satisfied that
(2) b(n) = —8b(3)

for even n (see [6, Remark 4.3]). The Eisenstein series L(q), M(q), and N(q) for
g € C with |g| < 1 are

(3) L(g)=1-24> o1(n)q",
n=1
(4) M(q) = 14240 a3(n)q",
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(5) N(g) =1-504) o5(n)q

by [2, p. 318]. Lahiri [7, p. 149] has derived the following identities from the
work of Ramanujan [9] :

(6) L*(q) = 1—28827101 q”+240203 .
n=1
(7) M?(q) =1+480 > o7(n)q",
n=1
65520 432000 >
8 M3 _ n n
(8) (q) = 601 2011 601 ;T(n)q ,
(9) L(q)M(q) = 1+7202n03 n)q" —504205 n
n=1 n=1
(10) L(q)M?(q) =1+720 ) noq(n)g" — 264 Y a9(n)q",
n=1
65520 762048
11 N2(g) =1+ —— n_ n
(11) (@) =1+ 601 Z_:l o11(n)q 691 ;T(n)m
(12) L(g)N(q) =1 — 100827105 n)q" +480207
n=1 n=1

For e, f,m,n € N and k € NU {0} we define

mef Zmae Jor(n—m),
n—1
(13) Im»&f(n) =1 m e f Z ma@ Uf n-— m)’
"
Ley(n) =1, . ¢(n) = Y oc(m)as(n—m).
m=1

Ramanujan [9] and Lahiri 7], [8] have shown that I, ; can be expressed as :
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I 1(n) %03(71) 4 12671) o1(n),
hatn) = oos(m) + 52 o) — o),

o) = oorn) + L2 o) 4 Lo ),

(1) = 1507(1) = 157800
L) = o) + 22 o0 m) — (),
() = zor00(n) — 5sos(n) + =5103(0),
Fian) = gap311(0) + g () + sgen(n) = et
Is7(n) = %all(n) — ﬂlocw(n) — @Ug(n) + WT(n),
() = T (n) + gesos(n) - goor(n).
Iiii(n) = %013(@ + %Ull(n) - %T(n%
Izo(n) = 5p5013(n) = 2417009(”) + ﬁ%(n)?
I 1(n) = goc0n(n) + £ 107(n) — g2s05(0).

And we have already obtained :

Proposition 1.1. Let n € N. Then we have
(a) (See [10, p. 155])

In1(n) = 5;n {505(n) — (60— 1) o ()}
(b) (See [10, p. 157])
mta(n) = gisnors(n) = 5o(n) = 5psnon(n),

(¢) (See [4, Theorem 3.3, Theorem 3.1], [10, p. 155])

I 5(n) = g {507 (n) — 6nors(n) + 1 ()}
Insa(n) = 5pn {or(n) = os(n)}
Ls.1(n) = —=n {507(n) — (120 — ) o5(n)}
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(d) (See [4, Theorem 3.8 (a), (b), Theorem 3.7, Theorem 3.5])

Lniz(n) = 7200 {33n09(n) — 50n°07(n) — 15n01(n) + 327(n)},
Inmss(n) = 12600 {11nog(n) + 25n03(n) — 367(n)},

Ins 3( ) = 8400 {11nog(n) — 35n05(n) + 247(n)},

In71(n) = {33n09(n) — 25n (4n — 3) o7(n) — 8r(n)}.

1800
Moreover, we can see that

(14) 12 53(n) = 3160 {5n207(n) — In’os(n) + 47(n)}

in [5, Theorem 1.2 (b)]. Similarly, for e, f,m,n € N we set

Toe r(n Zmae Jos(n —2m),

m<g
Te,f(n) := Z oe(m)og(n —2m).
m< g

And in [10, p. 45-54] we can see that

(15)

Tya(n) = ssos(n) + pos(m) + o oy + E2 00, (1)
T51(n) = %005(11) + %2 (g) + a ;4371)03(%) 21001(”)a
715(n) = sosn) + zzos(m) + E o) - oo (D)
Ty () = grggor(n) + ceor(m) + L2 00(B) 4 L) — b,
Ts3(n) = WZO 7(n) + % 7(%) - 2%0 3(n) — ﬁas(g) + Tnb( n),
1150 = si07(n) + romar(3) + o) 4 on(2) — bt
7.1 (n) = Klsoag(n) aloo(®+ E2 3o ) o)

+ o) + d(n),
Tis(n) = sryr=00(n) + 5=00(5) = 55505(5) + g=os(m)

— 2o5e(n) = o),
T35(n) = %4009(”) + 194@0’9(%) - ﬁ%(n) + 503(%)

1 4
+%C() ﬁd(n)v
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17 8 n, (4—3n) 1 n
T = — — — - 7Y _ =
17(0) = 57579 + g5 70(3) T g5 o7 — g5591(3)
1 16
— eln) — 2d)
31 (5—-6n) n
Ty1(n) = ——— ny, L
01(0) = Grarzn () F o ou(G) + g (G g ()
2 282
5528 " 3455 ‘27
1 17 n 1 n 1
T = [ =) - i S
73(n) = 33763071 (W 5p730711(3) ~ 35577(5) ~ ggp s ()
423 ( )+£ 2
11056 7 T 13827\ 2"
1 n 1 1 n
Tos() = Taig () F gz (5) ¥ gaa s ) + 5537 (5)
_ 11 (n) — 88 )
5528 601 ‘2
17 8 n 1 1 n
To700) = 331680 () F oaes T (5) ~ 207~ a0 (3
b gasr(n) + oo (%)
22112 601 ‘2
31 256 n (5—3n) 1
Tuo(n) = G971 (M + 55503 711(5) T g oo + 55391(5)
141 2688 n
~ sio(n) — 2R (2,
6910 601 '\ 2

In this paper, we try to find some various convolution sum formulae of T}, ¢ r(n)
and so obtain the following theorem :

Theorem 1.2. Let n € N. Then we have
(a)
Tima3(n Z moy(m)os(n — 2m)

m<%g

— ﬁ [n {505(n) + 1605(%) — 9nos(n) — 301(2)} + 4b(n )}

Tnsi(n) =Y mos(m)oy(n—2m)

= o5 [ {os(m) +2005(5) — (36 — 15) 05(5) } ~ b(m)]
(©

Tn,1,5(n § mo1(m)os(n — 2m)

m<g

1 " .
- {21n07(n) +64no7(3) — 51005 (n) + 17n01(2) + 1632d(n)

+51¢(n) — 21nb(n)},



(d)
Tin,3,3( Zmog Jos(n — 2m)

m<g

- {27107(71) + 32n07( 2) — 34nos( 2) —544d(n) — 17¢(n) + 15nb(n)} ,

16320
(e)
Tl Zm05 m)oy(n — 2m)
m<2
1
= {4m7(n) + 336n07( 2) 81602 05(2) + 4767105(2) + 544d(n)
+17¢(n) — 21nb(n)},
()
7rL,1,7 Z m01 0'7 n — 2m)
m<"
! {255710 (n) + 768no (ﬁ) — 775007 (n) — 46500 ( ) + 12407(n)
446400 ? D) T\n 15
+190464r(g) — 23040nd(n) — 720nc(n)} :
(8)
Th35(n) = Z mos(m)os(n — 2m)
m<%
S {21na (n) + 320n09(~) + TT5n03( ) — 6517(n) — 595207 (=)
781200 ! 9 315 5
+20160nd(n) + 630nc(n)},
(h)
Tms3(n) = Z mos(m)oz(n — 2m)
m<%
- {5 (n) + 336009 (=) — 1085n05(—) + 3107(n) + 138887 (=)
_520800 nog(n No9g D) Nnos 9 TN T 2
—10080nd(n) — 315n¢c(n)},
(i)
Ton7,1( me Jo1(n —2m)
m<"
1
= 11600 {3n09(n) + 1020n09( 2) 3100n207( 2) + 2325ng7(2) 937(n)

—24807(g ) + 2880nd(n) + 90nc(n)} .

In addition, using Theorem 1.2 we can easily obtain some identities induced from
Trm.e,f(n), which are introduced in the following theorem :

Theorem 1.3. For g € C with |q| < 1, we have
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(a)
LOL@ME) =1+ 23 arima + 2 3 oon)g - 243 nosg
17 n=1 17 n=1 n=1
— 2976 2 1 3456 2 N p(n)g"
nz::lno%(n)q + nz::ln o3(n)q 17; (n)q",
(b)
2040 < 6144 < 9144 &
L(g)L 2 N =1 - — n_ “~77 2n o n
(@) L(¢*)N(q) 32 o(n) 2 (ma™ + - ;m?(n)q
18432 on X . 41472 & N
17771:171<77(n)q —864;71 o5(n) +T;d( )q
1296 . 3024 & "
31 ()" = =7= D nbln)g",
n=1 n=1
(c)
120 & 8064 = 360
L 2 M M 2 -1 - == n 2n e n
()M (q)M(g*) m ;09( )" - = 2 o(n)g”" + - n:1n07(n)q
11520 on 63360 1980
n d n n
2 7(n) S ; (n) =T 2 (n)q
2700 N
= D nb(n)g",
n=1
(d)
24 & . 16320 & . > N
L(Q)L(¢*)N(¢*) =1 — = Zag(n)q - (n)g* + Z noz(n)q
31 &~ 31 &~ 17 &~
+ @ 2 nor(n)g*™ — 3456 nz::l n2os(n)g*"
5184 . 162 & . 378 & .
T 31 (n) 31 (n) —Tan(n) )
n=1 n= n=1
(e)
L(q)L(¢*)M?(q)
16368 49152 & 36792
= ]_ PR n - 2n _ = n
601 ;U“(")q o1 nzl””(")q 155 nzlmg(“)q
73728 ) =, 115008 =
———— ) nog(n)¢*" —1—480271 or(n)q" — Zr(n)q”
155 2~ — 3455 <~
34209792 < on 221184 & 6912
_ n d n n
YT > ()" + a1 > nd(n) + 5 (n)q",

n= n=1 n=1



(f)
L(q)M(¢*)N(q)

_ . o8 > 01 () n, 61440 > o1 () on 3024 & I
T oo 4 TV T Tggr £ T T s 2, ook
18432 2 244944 ./ 16920576 >
T nos(n) 3455 Z 2 7n
n=1 n=1 n=1
580608 18144
g n _ o n:1nc(n)qn7
(2)
L(q2)M(q)N(q2)
7 65280 on T2
ot 0+ G S ot~ 53 noutnl
48384 o - 66096 L, 3919104 & on
155 & 1”09(")‘1 o1 n_lT(”)q 315 ; (n)g
145152 . 4536 n
g o ;”C(”)q’
(h)
L*(q)M*(¢%)
L 240 . | 65280 on 288 N
T 501 ZU“ 691 _10”( na 15 n:1n09( n)g
39168 ) = 5 o, . 31968
- n 4 n bt n
a1 n:1nag( n)q=" + 38 O;n o7(n)g”" + A5G nz: (n)q
996096 on 55296 L1728 & .
691 ZT(”) T T31 nd(n)q" — 31 ne(n)q”,
n=1 n=1 n=1
(i)
L(q)M(q)M(¢*)
504 o . 7680 A
=1- 3T T;O’g(ﬂ)q 31 n:1cr ZTLO'7
23040 on 126720 . 3960 n
7 noz(n) 31 Zd( ) 31 C(n)q
n=1 n=1 n=1
5400 N
72“’(”) ;
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q) =8 d(n)q" +

n=1

Z Z nb(n)q",

»Jk \

= Z T(n)q"™ + 256 Z 7(n)q?
n=1 n=1

2. SOME CONVOLUTION SUMS FORMULAE OF Ty, . r(n)

We introduce Proposition 2.1 to obtain some convolution sum formulae related
to Tm7e7f(n).

Proposition 2.1. (See [1, Theorem 1.1]) For g € C with |q| < 1, we have

(a)
L(q)L( —1—722n01 n)q" +48203 n)q" —28827101

n=1
+192 Z os(n)g*",
n=1

L(q)L( —1—362m1 n)q" +12203 n)q" +36203

n=1
— 576 Z noy(n)g*™ 4 192 Z o5(n)g*™,
n=1
(c)
L(q)M 71724205 n)q" +14402n03 " — 480 ) o5(n)g*",
n=1 n=1 =
(d)
[ee]
L(¢*)M(q) = 14360 Y _nos(n)g" — 120 Z o5(n)q" — 384 Z o5(n)g?",
n=1
(e)

L(q)L*(¢%) —1—144271 o1(n)q" —|—144Zn03 n)q" —24205

n=1

— 2304 Z n2o1(n)g®™ + 2592 Z nos(n)g®™ — 480 Z o5(n)¢?
n=1



L*(q)L(¢* —1—5762n01 q+64szno—3 q—12OZJ5

n=1

— 2304 Z n?c1(n)g*" + 2304 Z nos(n)g®" — 384 Z os(n)g*"

n=1

L(¢)L(¢*)L(¢*) =1 — 72 Z n’o1(n)q" + 54 Z nosg(n)q" — 6 Z as(n

— 576 Z n2o1(n)g®" + 684 Z nos(n)g®™ — 114 Z o5(n)¢?
n=1

n=1

— 4608 Z n?o1(n)g*" 4 3456 Z nos(n)g*" — 384 a5(n)q*

n=1

Theorem 2.2. For g € C with |q| < 1, we have

2016 — 6144 >
L(q)L(¢*)M(q) = 1+ 7 or(n)q" Z o7(n)g*™ — 744 Z nos

n=1

—153627105 q2”+864zn03 q—&Zb

n=1

Proof. By (3) and Proposition 2.1 (d), we have

L(q)L(¢*)M(q) = L(q) - L(¢*)M(q)

- (1 —24> al(n)q">

X (1 + 360 Z mos(m)q™ — 120 Z os(m)g™ — 384 Z 05(m)q2m>
m=1 m=1

m=1

=1+ i {360NU3(N) —12005(N) — 38405(%) —240¢(N)

N=1
N-1 N—-1
—24-360 Y o1(N —m)-mos(m) +24-120 Y o1(N = m)os(m)
m=1 m=1
N-1

+24-384 ) oy (N — Qm)as(m)} q

m=

—

=1+ i {360N03(N) - 1200’5(N) - 3840’5(%) - 240’1(N)

N=1
—24-360 - I 31 (N) +24-120- I; 5(N) 4 24384 - T5 1 (N)} ¢V,

where we use the definition of I, ¢ r(n) and T¢ ¢(n) given in (13) and (15) for
the last line. Finally we refer to Proposition 1.1 (b).
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Now we are interested in

1 1

1 n 1 1 n
(16) Tm7171(7?,) = @nag(n) — @n2al(n) + ﬁnag(i) + (48n - 12712) 0'1(5)

(see [1, Theorem 4.1]), which is the starting point to obtain Theorem 1.2.

Proof of Theorem 1.2. (a) From (4) and Proposition 2.1 (a), we can see
that

(17)
L(q)L(¢*)M (q) = M(q) - L(q)L(¢")

:<1+240§:03( )(1—72277101 m)q™ +48ZU3

n=1
—288 Z moy (m)g®™ + 192 Z o3(m 2’”)
m=1
- N N
=1+ ~T2N01(N) + 4803(N) — 144N 01 () + 19203( ) + 24005(N)
N=1

N-1 N-1
—240-72 Z o3(N —m) - moyi(m) + 240 - 48 Z o3(N — m)os(m)

m=1 m=1
—240-288 ) o3(N —2m) - moy(m)

m<%

+240-192 Y 03(N — 2m)os(m) ¢ ¢~

m<ﬂ
N N
=1+ Z { T2No1(N) +4803(N) — 144N 01 () + 19205(=; ) + 24005(N)

_ 240 72 Iy13(N) 4240 - 48 - I3 3(N)

—240-288 Y moy(m)os(N — 2m) + 240192 - T5 5(N) o ¢".

m<%

So using Proposition 1.1 (b) and equating (17) with Theorem 2.2, we
obtain the proof.
(b) From (3) and (9) we have



UNDER PEER REVI EW

o0

= ( —24 Z o1(n > (1 + 1720 Z mos(m)g®™ — 504 i 05(m)q2m>
m=1
N
2

= +Z{360N03( ) — 50405(];7)—2401(N)

—24-720 Z o1(N = 2m) - mos(m) + 24 - 504 Z o1(N — 2m)05(m)} gV

m<¥ m<i

=1+ szl {360N03(3) — 50405(5) — 2401 (N)

—24-720 > mos(m)oi(N — 2m) + 24 - 504 - T571(N)} 7.

N
m<7

Also, by (4) and Proposition 2.1 (a), we can obtain
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:(1—7227101 n)q" —1—48203 —288Znal q2"+192za3 ">
n=1
X (1 + 240 Z o3 (m)q2m>

n=1
N

N
1+ Z { 72N01(N) +4803(N) — 144No1 () + 19203(

— 72240 > (N —2m)o1(N — 2m)os(m) + 48240 Y o3(N — 2m)os(m)

m<ﬂ

— 288 - 240 Z ( - m) al(g —m)os(m)

N
m<7

N
+192-240 ) o3(= —m)os(m) A

m<ﬁ

N N
=1+ Z { T2No1(N) + 4805(N) — 144N o1 () + 43205(~;)

—72-240N - T3, (N) +72-240-2 > mos(m)or(N — 2m)

N
m<-5

N N N
+48-240 - Ty 3(N) = 288 - 240 - o - [1 3(5) + 288+ 240 - Ljn3.1(5)

N
+192 - 240~1373(2)}qN.

Therefore, equating (18) with (19) and using Proposition 1.1 (b), we
have the proof.

(c) First by (3) and (12), we observe that



(1 — 1008 Z nos(n)q" + 480 Z o7(n ) (1 —24 i al(m)q2m>

n=1

N
-1+ Z { 1008N o5 (N) + 48007(N) — 24071 ()

+ 1008 - 24 Z (N —=2m)os(N — 2m)oi(m)

m<%

(20)
—480-24 Z o7(N = 2m)a1(m) p ¢
m<%
— N
= Z { 1008 No5(N) + 48007(N) — 2401(5) + 1008 - 24N - T} 5(N)
N=1
—1008-24-2 > moy(m)os(N — 2m) — 480 - 24 - TM(N)} 7.
m<%
Second, by (5) and Proposition 2.1 (a), we can obtain the same result of
(20) as

(21)

:<1—504§:05( ><1—722m01 q+4sza3
—288Zm01 2m+192203 2’")

m=1

=1+ {72N01(N) +4803(N) — 144N a1 (5) + 19205(5 ) — 50405 (N)
N=1
+504-72 3 o5(N —m) - moi(m) — 504-48 > o5(N — m)os(m)

m=1 m=1

+504-288 > 05(N — 2m) - moy(m) — 504192 Y o5(N — 2m)os(m) » ¢V

m<% m<%
N N
1+ Z ~T2N01(N) + 4805(N) — 144N0 () + 192035 ) — 50405(N)

+ 504 72 In15(N) — 50448 - I3 5(N)

+504-288 > moi(m)os(N — 2m) — 504 - 192 - Ty 5(N) 5 ¢~

N
m< 5
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Thus equating (20) with (21) and so using Proposition 1.1 (c), we can
complete the proof.
(d) First by (4) and (9), we have

= (1 + 240 i Ug(n)q”> (1 + 720 i moz(m)g*™ — 504 i 05(m)q2m>

n=1 m=1

- N N
=1 360No3(—) — 50405(— 24003(N
# 3 {3008 ) 50t ) + 240m()

+240-720 Y o3(N — 2m) - mos(m) — 240504 > o3(N — 2m)os (m)} Il

N N
m< 5 m< 5

> N N
=1+ NZ; {36ON03(2) = 50405( ) + 24005(N)

+240-720 Y mos(m)os(N — 2m) — 240 - 504 - T573(N)} qN.

N
m<7

Similarly, by (4) and Proposition 2.1 (d), we can obtain

n=1

X (1 + 240 i ag(m)q2m>

m=1

= (1 + 360 Z noz(n)q"™ — 120 Z o5(n)q" — 384 Z 05(n)q2”>
n=1 n=1

> N N
=1+> {360N03(N) ~ 12005(N) — 38405(~) + 24005 ()
N=1
+360-240 Y (N —2m) o3(N — 2m)os(m)

m<%

N
—120-240 Y o5(N — 2m)os(m) — 384240 o5(% —m)os(m) g~

m<% m<%

=1+ Z {360N03(N) —12005(N) — 38405(?) + 24003(=)

N=1 2
+360 - 240N - Ty 3(N) — 360240 -2 Y mos(m)os(N — 2m)

N
m<7

N
—120-240 - Ts 5(N) — 384 - 240 - 1375(2)} 7.



Finally, equating (22) with (23) we can complete the proof.
(e) By (3) and (12), we obtain

(24)
L(g)L( = L(q) - L(¢°)N(¢%)

( - 242 o1(n ) (1 — 1008 i mos(m)g*™ + 480 i 07(m)q2m>

m=1 m=1

N N
Z{ —504N05() + 48007 (<) — 2401(N)
+24-1008 Y o1(N —2m) - mos(m) — 24-480 Y o1(N — 2m)or(m )}qN
m<ﬂ m,<N

N N
— 14 Z { —504Nas( 2 )+ 48007(5) — 2401 (N)

+24-1008 Y mos(m)oy (N — 2m) — 24 - 480 - Tm(N)} ¢

N
m<7

As the same way, by (5) and Proposition 2.1 (a), we have
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:(1—7227101 n)q" —1—48203 —288Znal q2"+192za3
n=1
X (1 — 504 Z 05(m)q2m>

N N N
1+ Z { 72N01(N) +4803(N) — 144N01 () + 19203( ) — 50405 ()

+72:504 Y (N = 2m) oy (N — 2m)os(m) — 48504 Y o3(N — 2m)os(

N
m<7

+288 504 > (N - m) al(g —m)os(m)

<N

N
m<7

N
—192-504 ) o3(= —m)os(m) A

m<ﬁ
N N N
1+ Z { T2No1(N) + 4805(N) — 144N o1 () +19205(=; ) — 50405()

+72-504N - T5 1 (N) — 725042 Y~ mos(m)or(N — 2m)

N
m<-5

N N N
— 48504 - T 3(N) + 288 - 504 - - - I 5(~) = 288504 In5.1(;)

N
—192- 504~1375(2)}qN.

Finally, equating (24) with (25) and using Proposition 1.1 (c), we can
complete the proof.

(f) By (3) and (10), we have

17

“)

m)



L(q) L( (q) = L(q)M?(q) - L(¢)

:<+72ozna7 n)q" —264iag( ) 1—24201 )
n=1

N’\ZA

1+ Z {720N07(N) — 26409(N) — 2407 (

)
—720-24 Z —2m) o7(N —2m)oq1(m)
(26) m<f 3
+264 - 24 Z oo(N = 2m)a1(m) p ¢
m<%
- N
=1+ {720N07(N) ~ 26409(N) — 2401() = 720 24N - Ty 7(N)
N=1
+720-24-2 )~ moy(m)or(N —2m) + 264 - 24 - Ty o(N) p ¢V
m<%
And by (7) and Proposition 2.1 (a), we obtain
(27)

L(q)L(¢*)M?(q) = M*(q) - L(q)L(¢*)
= <1+480§:07( ) (172 Z moy(m)q™ + 48 Zag
—288 Z moy(m)g®™ + 192 Z o3(m 2m>

m=1
[e'S)

+Y° { 72No1(N) + 4803(N) — 144N01(5

N
N=1

N-1 N-1
—480-72 ) " 07(N —m) - moy(m) +480-48 Y o7(N — m)os(m)
m=1

m=1

0|z

—480 - 288 o7(N —2m) - moy(m) + 480 - 192 Z o7(N — 2m)03(m)} v

m<g m<f

N N
1+ Z { 72No1(N) + 4805(N) — 144Na1 () + 19205(5) + 48007 (N)

— 48072 Ipp1,7(N) +480- 48 I3 7(N) — 480 - 288 > moy(m)or(N — 2m)
m<%

1480 -192 - T3 7(N)} ¢V.

Therefore, we equate (26) with (27) and use Proposition 1.1 (d).
(g) First by (5) and Proposition 2.1 (¢), we have
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/:\
Mg

m)q™ + 1440 Z mosz(m)g®™ — 480 Z 05(m)q2m>
m=1

m=1 m=1

o N N
=1+ {—2405(1\7) + 720N o5(~) — 48005 (<) — 50405(N)

N=1
N-1
+ 504 - 24 Z o5(N — m)os(m) — 504 - 1440 Z o5(N —2m) - mosz(m)
m=1 m<%

+504 - 480 Z o5(N —2m)os(m) p ¢~

N
m<7

N N
=1+ Z { 240’5 +720N0’3(5)—48005(5)—5040'5(N)+50424[5)5(]\7)

—504-1440 Y mos(m)os(N — 2m) + 504 - 480 - T5 5(N) o V.

N
m< 5

Second by (4) and (12), we also rewrite (28) as

L(q)M = L(q)N(q) - M(¢°)
( - 1008 Z nos(n)g" + 480 Z or(n > <1 + 240 i Jg(m)q2m>

N
Z { 1008N a5 (N) + 48007 (N) + 24005( =)

— 1008240 > (N —2m) o5(N — 2m)os(m)

m<%

+480-240 > o7(N — 2m)os(m) » ¢~

m<ﬂ

N
1+ Z { 1008No5(N) + 48007 (N) + 24003 () — 1008 - 240N - T 5(N)

+1008-240 -2 > mos(m)os(N — 2m) + 480 - 240 - Ty 7(N) 3 ¢~

N
m<7

Therefore, equating (28) with (29) we obtain the proof.



(h) We note that by (4) and (12),

L(¢*)M(q)N M(q) -

= +Z{ 504No5( =) + 48007 (=

(30)

y

m=1 m=1
N
) + 24003(N)

L(q

(1 + 240203 n)q ) (1 — 1008 Z mos(m)g™™ + 480 > o7(m
e
2

2
—240-1008 > o3(N — 2m) - mos(m)

N
m<7

+240 - 480 Z o3(N — 2m)07(m)} "

m<ﬂ

N N
1+ Z { 504N05(~) + 48007 (<) + 24005(N)

—240-1008 > mos(m)os(N — 2m) + 240 - 480 - T7,3(N)} 7.

N
m<7

Also by (5) and Proposition 2.1 (d),

n=1

X (1 — 504 Z 05(m)q2m>

m=1

H360Zm3 n)q" —120205 n)q" —384205 )

o0

=1+ Z {360N03(N) —12005(N) — 3840—5(%) — 50405(g)

N=1
— 360504 Y (N —2m)o3(N — 2m)os(m)

m<N

N
+120-504 > 05(N — 2m)os(m) + 384504 Y o5(% —m)os(m)

m<% m<%

> N
=1+ {360N03(N) ~ 12005(N) — 88805(~) — 360 - 504N - T5 5(N)

N=1
+360-504-2 > mos(m)os(N — 2m) + 120 - 504 - Ty 5(N)

N
m<7

N
+384.504.15,5(2)}qN.

)q2m>

}qN
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So we equate (30) with (31).
(i) Now we calculate the term L?(q)M?(¢?) by Proposition 2.1 (c):

(32)
L*(q)M?(q*) = L(9)M(¢*) - L(9)M (¢*)

_ <1 24 Z o5(n)q" + 1440 Z nos(n)g*™ — 480 i os(n)q2">
n=1

n=1
(1 —24 Z os(m)g™ + 1440 Z mos3(m)g®™ — 480 Z o (m)q2m>
m=1 m=1
N N
14 Z { 2405(N) + T20No3 () — 48005 ( ) — 2405(N)
N-1
+24-24 )" 05(N —m)os(m) — 241440 Y o5(N — 2m) - mos(m)

m=1 m<%

N
+24-480 Y o5(N — 2m)os(m) + 720N o3 (%)

m<%
— 144024 Y nos(n)os(N — 2n)
n<%
N N
+ 1440 - 1440 Z ( - m) a3(= —m) -mos(m)

m< 5

— 1440 - 480 Z ( — m) ag(% —m)os(m) — 48005(%)

m< & >
N
+480-24 > 05(n)os(N — 2n) — 480 - 1440 05(% —m) - mos(m)

N N
n<5 m< 5

N
+480 - 480 Z 05(? —m)as(m) p ¢~

N
m<7

N N
=1+ Z { 240’5 + 720N03(5) - 4800'5(5) - 2405(N) +24-24- .[575(N)

N
—24-1440 - Ty 35(N) +24-480 - Ts 5(N) + 720N03(5)

N N
— 1440 - 24 Ty 5,5(N) + 1440 - 1440 - = - m33(—)—1440 1440 - 12, 3(3)

2
N N N
— 1440 -480 - = - Iy 5( > 5) - )
)} a~

9 ) + 1440 - 480 - Im75,3(

4800’5(

=

N
480 - 24 - T5 5(N) — 480 - 1440 - I 3.5( ) + 480 - 480 - I 5

=



so we use Proposition 1.1 (c), (d), (14), and Theorem 1.2 (g), thus we
can obtain L%(q)M?(q?). Also the calculated value of L?(q)M?(¢?) is in-
troduced in Theorem 1.3 (h). To be continued we can see that by (6) and

(7),

L(q)M?(¢*) = L*(q) - M*(q?)

(1 — 288 Z noy (n)g™ + 240 Z o3(n ) (1 + 480 i 07(m)q2m>

n=1 m=1

N

=1+ Z { 288N o1 (N) + 24003(N) 4 48007 (=)
2
—288-480 Y (N —2m)o1(N — 2m)or(m)

7n<2

(33)
+240 480 Y o3(N — 2m)or(m) p ¢

m<ﬂ

N
1+ Z { 288N 01 () +24003(N) + 48007 () — 288 - 480N - T7.1(N)

—288-480-2 > mor(m)or(N — 2m) + 240 - 480 - Tr 3(N) ¢ ¢~

N
m< 5

Therefore we equate (32) with (33).

3. THE INDUCED IDENTITIES FROM Zm<% moe(m)os(n —2m)

We can see the following proposition in [3, Theorem 5.1, Theorem 6.1, Theorem
7.1] :

Proposition 3.1. For ¢ € C with |q| < 1, we have

(a)

N@L(@) = 3 L@N(a) ~ 1 M(a) + 2 M(e?) ~ 2120 Bla).
(v)
M(@M(@) = =M ) + M) + 320 Bla),
(©
LM (@) = 2UP)MAG) + 5 M@)N(0) — 3 S M@N(?) ~ 1 C0)
23040
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(@
ML) = 5L0)M (@) ~ £ M@N(0) + 20 M@IN(?) + 20 Cg)
SaDl)
©
MM (¢?) = M) + 50 MY(e?) — o5 N2(0) — 5 N3(@P)

Now Theorem 1.2 is the based results to induce Theorem 1.3.

Proof of Theorem 1.3. ( ) Insert Theorem 1.2 (b) into (18).
(b) Insert Theorem 1.2 (
(¢) Insert Theorem 1.2 (
(d) Insert Theorem 1.2 (
(e) Insert Theorem 1.2 (
(f) Insert Theorem 1.2 (
(¢) Insert Theorem 1.2 (
(h) Tt is obvious by (32).
(i) By (4) and Proposition 2.1 (c), let us expand

L(q)M(q)M(q*) = M(q) - L(q)M (%)

= (1 + 240 i Ug(n)q”>

n=1

/N
—

i m)q™ + 1440 Z mosz(m)g®™ — 480 i 05(m)q2m>
m=1

m=1 m=1

NE

N N
=1+ {—2405(1\]) + 720N o3(5;) — 48005(5 ) + 24005(N)
N=1
N-1
— 24024 > o3(N — m)os(m) + 240 - 1440 > o3(N — 2m) - mos(m)
m=1 m<%
—240 - 480 Z o3(N —2m)os(m) p ¢~
m<%
N N
=1+ Z ~2405(N) + 720No5( ) — 48005 (%) + 24005(N) — 240 - 24 - I 5(N)

+240 - 1440 - T}, 5.5(N) — 240 - 480 - T 5(N) } ¢V

so we refer to Theorem 1.2 (d).
(j) By Proposition 3.1 (b), we can observe that



L(q)M(q)M(q®) = L(q) - M(q)M(q)

= 10) (AP0 + 190070 + 1 B0 )
= SL@M(0) + 12 )M @) + 2 L0 Bla),

therefore we use (10), Proposition 3.1 (¢), and Theorem 1.3 (i).
(k) From Proposition 3.1 (b), we have

L(¢*)M(q)M(¢*) = L(¢*) - M(q)M (q°)

= 1) (200 + ) + B

17 17
6 3600
Y 7 17

So we refer to (10), Proposition 3.1 (d), and Theorem 1.3 (c).
(1) In a similar manner to proof of Theorem 1.3 (k), we note that

CL@M(q) + T LM () + D L) Bla).

~ M) (20200 + 10 + 2Bl
f%M3(q)+1$M( )M?(¢?) + 3(1520M( )B(q)

by Proposition 3.1 (b). So we apply (8) and Proposition 3.1 (e).

Lemma 3.2. Let n € N. Then we have

(a)

i o1(m)b(n —m) = % {32d(n) + c¢(n) — (3n —2)b(n)},

Proof. (a) By (1) and (3), we obtain
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> b0

242 (Z )b(N — m> 24( b(n ) <Zal(m)qm>
= B(q) (1 - L(q))
B(q) — B(q)L(q)

Thus we refer to Theorem 1.3 (j).
(b) In a similar manner to proof of Lemma 3.2 (a), we have

So we use Theorem 1.3 (k).
(¢) By (1) and (4), we obtain

240 i (Z (N — m)) qN = 240 <i b(n)qn> (i 03(m>qm>

_Blg) (M) -1)
= B(q)M(q) — B(q)

Thus we refer to Theorem 1.3 (1).
O

As an application of Theorem 1.3, we can consider the convolution sum compos-
ing with three divisor functions in the following corollary :

Corollary 3.3. Let n € N. Then we have

Z 0'1( Z Z 0'1 0'1 k 2m)05(n71€)

(a,b,c)EN? k=1m<k
a+2b+c=n

1
T 6374592
— 3968 (3n — 2) o(

{144509(n) + 435200 g) 31 (381n — 424) 0v(n)
5) + 1581 (12n* — 21n + 7) 05(n) + 105403(n)
+ 421603( ) — 527 (3n — 1) o1 (n) — 527 (6n — 1) al(g)
—29376d(n ) 918¢(n) + 1302 (3n — 2) b(n)} .

Proof. By (3) and (5), we have



6374592 | Y oi(a)or(b)os(c) | ¢

n=1\ (a,b,c)eN?

a+2b+c=n
=247.504 Y o1(a)or(b)os(c)g e
(a,b,c)EN3
(24 > oi(a ) <24 > oi(b ) <504 > os(c )
= (1 - L(g)) L(¢®)) (1

=1-N(q) - L(q2)+ (@*)N ( ) L( ) + L(q)N(q) + L(a)L(¢*)
— L(9)L(¢*)N(q).
So we refer to (3), (5), (12), Proposition 3.1 (a), Proposition 2.1 (a), and Theorem
1.3 (b).
O

4. APPENDIX

The first twenty values of 7(n) are given in the Table 1,

n| 7(n) || n 7(n) n 7(n) n 7(n)

1 6 —6048 || 11 | 534612 | 16 | 987136
—24 7 | —16744 || 12 | —370944 || 17 | —6905934
252 8 84480 13 | =577738 || 18 | 2727432

—1472 || 9 | —113643 || 14 | 401856 | 19 | 10661420
4830 || 10 | —115920 || 15 | 1217160 || 20 | —7109760

TABLE 1. 7(n) for n (1 <n < 20)

similarly the first twenty values of b(n), ¢(n) and d(n) are listed in the following
tables.

Y | W N~

n| bn) || n| bn) n | b(n) n b(n)

1 1 6 | —96 || 11| 1092 | 16| 4096

2| -8 || 7| 1016 |[12| 768 | 17| 14706

3 12 8 | =512 || 13| 1382 || 18| 16344

4| 64 9 | —2043 || 14 | —8128 || 19 | —39940

5| —2101 10 | 1680 || 15| —2520 || 20 | —13440

TABLE 2. b(n) for n (1 <n < 20)

n| cn) || n c(n) n c(n) n c(n)
1 1 6 2496 11| —38996 || 16 | —65536
2| —16 || 7 | —4536 | 12| 39936 | 17| 311442
3| 100 || 8 | —4096 || 13| 37806 || 18| —74448
41 =256 1 9 | 23085 || 14| 15232 19| 128244
5| —154 || 10 | —13920 || 15 | —146472 || 20 | —222720

TABLE 3. ¢(n) for n (1 <n < 20)



(1]

2]
(3]

(4]

[5)
(6]

(7]
(8]
[9]

(10]
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dn) || n| dn) || n| dn)
—156 || 11| —536 || 16 | 4096
112 || 12| —2496 || 17 | —17472
256 || 13| 4384 || 18| 4653
—576 || 14 | —952 || 19| 5848
32 10| 870 || 15| 336 20 | 13920

TABLE 4. d(n) for n (1 <n < 20)

d(n)
0
1
-8
16

O 0|3

Y ixlw|No| =3
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