MARKET VALUE-AT-RISK: ROM SIMULATION, CORNISH-FISHER

VAR AND CHEBYSHEV-MARKOV VAR BOUND

Abstract

We apply the recently developed sampling algorithm, called random orthogonal matrix (ROM)
simulation by Ledermann et al. (2011), to compute VaR of a market risk portfolio. Typically, the
covariance matrix has a large influence on ROM VaR. But VaR, being a lower quantile of the
portfolio return distribution, is also much impacted by the skewness and kurtosis of the risk
factor returns. With ROM VaR it is possible to stress test risk factors under adverse market
conditions by targeting other sample moments that are consistent with periods of financial crisis.
In particular, the important effects of skewness or kurtosis in the tail of the portfolio returns can
be incorporated in ROM VaR. In a simulation study, we compare ROM VaR with other methods
that take into account skewness and kurtosis, namely the Cornish-Fisher VaR approximation and
a robust approximation of the Chebyshev-Markov VaR upper bound in Hirlimann (2009).
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1. Introduction

According to Alexander (2008) there are three basic types of VaR models, namebyrried

linear VaR model, also calledarametricVaR orvariance-covarianc&/aR, thehistorical VaR
simulationmodel, and thélonte CarlovaR (MC VaR) model. The Monte Carlo framework is

the most flexible of all, and may be used with a great diversity of market risk factor return
distributions. However, a main disadvantage of the MC VaR model is the lack of fast
computation due to the large number of simulation steps required to reach a given level of
accuracy. However, with the increasing computer power this drawback becomes less relevant.
Two equally important design aspects of MC VaR are ghmpling algorithm(Alexander
(2008), 1V.4.2) and the differestatistical models for risk factor returrie which the algorithm

is applied (Alexander (2008), 1IV.4.3 and IV.4.4). Besides these technical tools it is very
important to control two sources wiodel riskin MC VaR, namely the simulation errors through

an appropriate choice of tleampling methgdand the errors due to inappropriate behavioural
models for risk factor returns. Singariance reduction techniquesed to reduce the simulation
errors in MC methods are well-known (e.g. Glasserman (2004), Chap. 4), we concentrate here on
the recent and important sampling algorithm calleshdom orthogonal matrix(ROM)
simulation which is introduced in Ledermann et al. (2011) (see also Ledermann and Alexander



(2011/2012), Alexander and Ledermann (2012)). Tintbas describe this novel Monte Carlo
algorithm as follows:

“ROM simulation eliminates sampling error in thergde mean vector, covariance matrix and
the Mardia multivariate skewness and kurtosis nressso that in each simulation they match
exactly their target values.”

This attractive property leads to the following adtages. It implies that within ROM simulation
it is possible to specify in advance the mean veatdl the covariance matrix of the risk factor
returns. In industry practice, these risk charasiies are often estimated using the so-called
“Risk Metrics VaR Methodology” (Alexander (2008)y.R.10.3). Typically, the covariance
matrix has a large influence on ROM VaR. But VaRing a lower quantile of the portfolio
return distribution, is also much impacted by tkeveness and kurtosis of the risk factor returns.
Like historical VaR the new method is non-paransetdowever, the limitation of historical VaR
to past observations implies that history will rapeself in the sense that the risk factor returns
over the risk horizon are identical to their distions in the historical sample (inappropriate
behavioural pattern). With ROM VaR it is possibbesimulate a very large number of realized
risk factor returns that are all consistent wittvegi observed historical sample moments.
Moreover, we can stress test risk factors undeems#vmarket conditions by targeting other
sample moments that are consistent with periodgahcial crisis. In particular, the important
effects of skewness and kurtosis in the tail ofgbé&folio returns can be incorporated in ROM
VaR. In a simulation study, we compare ROM VaR with othreethods that take into account
skewness and kurtosis, namely the Cornish-FishéR ¥pproximation and the Chebyshev-
Markov VaR upper bound and its robust approximaitroduced in Hirlimann (2009).

2. ROM simulation

Monte Carlo simulation consists to generate a randample X of size m on n<m
random variablesX,,...,X,. Consider the multivariate normal (MVN) model, wa¢he sample
mean vector and sample covariance matrix>f,, match the mean (column) vectqr, and
covariance matrixC, such that (without bias adjustments for easeotdtion)

m* X, —1, )" OX,, -1, ) =C,. (2.1)

Setting X, =Z,,+1, 0y —2y) with Z,, a MVN simulation with sample mearz,,
yields a simulation with meary,, . A priori, it is however not obvious that a randonatrix
X satisfying (2.1) will exist whatever the choicktbe covariance matrix. Sinc€,, is a

positive semi-definite matrix, it is always possibto find a decomposition of the form
C,=B! [B,, for example the Cholesky decomposition, the spbaiecomposition (e.g.

Rebonato and Jackel (2000)) or the hyper-spherentgasition (e.g. Rebonato (1999)). Then,
applying the transformation



Lo =M 20X, =1, 0 ) B, (2.2)
one sees that solving (2.1) is equivalent to figda matrix L, satisfying the following
conditions ¢rthonormal relation with hyper-plane constrgint

L-II’-TI,I"I D‘m,n = En’ 1:;’1 Ij_I’TI,I"I = O-r: 4 (23)
where E, is the identity matrix and),, is the null vector. Now, solving (2.3) and inveg the
transformation (2.2) enables the generatiorexdct MVN samplefor any prescribed sample
mean 4, and covariance matribxC . Any rectangular orthonormal matrix, , satisfying the
hyper-plane constraint,, (L, =0; is called arL matrix (in honor of W. Ledermann), which

is fundamental to ROM simulation. The set of &ll matrices has been classified into
deterministic, parametric, data-specific and hydrignatrices (see Ledermann et al. (2011),
Section 1). In particuladeterministic ROM simulatioimcludes the so-calleldedermann matrix

L. = ¢...), which consists of the lastn{2,....m-1 orthonormal columns of the

m-n?** 1t m-1

matrix L., = ¢,/ ) defined by

0= @Li+))L,...1-i0,...0)", i=1..m-1, (2.4)

where in ¢, the single entry—i is preceded by a number of one entries and followed by

n-1-i zero entries. In fact, adding the last colump = @/ﬁ,...l/Jr_n)T to L
obtains the orthogonal matrix, = (fl,...,fm)DO(m) (theorthogonal groupof order m) that

one

m,m-1?

satisfies the hyper-plane constrait}, (L, ., =0; . This matrix corresponds to the transpose

of the “Helmert orthogonal matrix” introduced by IHert (1876). Besides ROM simulation it
has found many other applications (e.g. Ogawa (L3&mple (1.5), Lancaster (1965), Tsagris
et al. (2011), p.1).

Now, given an arbitrar{z matrix L a random permutation matri¥, and a random

mn?

orthogonal matrix R, D O(n )one sees that the specification,
Xm,n :1m uj:]— +mDDm ELm,n mﬂ |:Bn' (2'5)

which defines thd(ROM samplingalgorithm, generates a random sample with exachmga
and covariance matrixC . Indeed, it is clear that. A [R, is anL matrix, and the fact that

P,L,, is also anL matrix follows from the validity of the property’ [P, =1, which

m ?

implies that the columns of the produé, [, sum to zero, i.e. the hyper-plane constraint in
(2.3) is fulfilled. If P, is not a permutation matrix, then the latter @ty does not necessarily



hold. This is why thd. matrices appearing in (2.5) can be pre-multipligdpermutations, but
general orthogonal matrices can only be post-midtp The equation (2.5) is tHeundation of
ROM simulationas a means to simulate infinitely many random damghat have identical
sample mean vectors and covariance matrices.

What about the multivariagkewnessnd kurtosis of ROM samples (2.5)? How are these
characteristics related to the choice of a gilzematrix? These questions are discussed in the
next Subsection.

2.1. Multivariate skewness and kurtosis

As in the univariate case, there are many diffeveays to measure the skewness and kurtosis of
a multivariate sample (e.g. Mardia (1970), Sriveat§l984), Kollo (2008)). To fix ideas we
focus on the Mardia multivariate measure of skewraasl kurtosis, which has also been used in
Ledermann et al. (2011).

T . . .
For a mxr random sample Xm’n:(xf,...,xT) in row vector notation with

m

% =(Xg,....%, )i =1,...,m, the Mardia measures of skewness and kurtosisiefieed by the
formulas

{(x —x)[S EQx -X) }

1

[%
™=

Ty (Xpp)=m™?

1
=

i=1]j

(2.6)
{(xI -X) B [{x, — X) }

[Qs

Ky (Xm,n) =m™

1
-

where S, is the mxn sample covariance matrix oK, and X is the row vector of sample
means. These measures are known to be invariaet nod-singular affine transformation of the
type Y., =X, A, +1, b, , where A s any invertible matrix andy, is any row vector,
Le. Ty (Yon) =Ty (X0 Ky (Yon) =&y (X,0) - The invariance property is tlernerstone of

ROM simulation Indeed, besides preserving the mean vector amccaélariance matrix, the
multivariate skewness and kurtosis sampling pregedf (2.5) are encrypted in the matrly, |

in the sense thair,, (X,,,) =7y (L,.) Ky (X)) =&y (L,,) for all ROM simulated samples
X,.n- This is due to the fact that (2.5) is a non- slaglafflne transformation ofL_ , and

therefore, the multivariate skewness and kurtosisasures are preserved under such
transformations.

It is therefore of great importance to stutlg skewness and kurtosis of determinigtic
matrices. Without loss of generality it sufficescmnsider. matrices of the typeL Recall

that L .
satisfying the constraint [L

m,m-1-

denotes the rectangular matrix obtained from ghogonal matrix L, CJO(m )
=0! , by deleting the last column. For each=2,...,m-1,

m,m-1
let L,, (respectively L, ) be the rectangular orthonormal matrices buildbypthe first

(respectively last) n orthonormal columns of L Clearly, if m> 3 a number of

mm-1 *

3(m-Dm such rectangular orthonormal matrices could bitgdlap fromL . For ease of
notation, only the simplest specified cases arel.ube order to describe the skewness and



kurtosis of such rectangular matrices through sengbjebraic formulas, it is appropriate to use

various (partial)inner productsover subspaces of the Euclidean spaB&€™ defined and
denoted by

n n m-1 m-1
<X,y>nzzlzlxiyj’ <X.y>f=,2 2 %Y, (2.7)
i=1j= i=m~n j=m-n

for each pair of 1x(m- 1) row vectors X=(X,..X,4) Y=(YpVy)OR™ . The
corresponding natural (partialprmsare defined and denoted by

I, =V<xx> X, = <xx>r (2.8)

For the full spaceR™" the inner products and norms for=m-  cbincide. In this situation
the lower indices are omitted and one just writesx,y>=<x,y> ,=<xy>. ., and

=1 s =4

Lemma 2.1. (Skewness and kurtosis of deterministic L matyiceuppose that
Lm]n:(KI,...,KL)T,n:2,...,m—1, is an arbitrary mxr  orthonormal matrix with
¢,=(¢,y,.t,, )i =1,...,m. Then one has the formulas

T (Lng) =ML S< 40 >E Ky (L) =mEE [ (2.9)

i=1j=1

Proof. The sample mean vector ot is g, =0,, and its sample covariance matrix is

n?’

C,=m"[E,, with inverse C.' = m[E, . Insert into (2.6) to get the expressions (2®).

For the Helmert-Ledermann matrix (2.4) the Mardkeveness and kurtosis are respectively
given by (Proposition 2.1 in Ledermann et al. (2011

Ty (L) =nW(M=3)+(m-n)"1, &, (Ly,) =nl(m=2)+(m-n)7]. (2.10)

Unfortunately, these statistical measures are tirikethe relationshipk,, (L'ﬁm) —Ty (L'ﬁm) =n,

and it is therefore not possible to target bothwsless and kurtosis using (2.5) in ROM
simulation (cf. Ledermann et al. (2011), Sectiah).2To analyze whether it is possible to get rid
of this disadvantage by allowing a broader rangevarfiation for skewness and kurtosis,
Hurlimann (2013) considers a larger set of deteistilmgeneralized Helmert-Ledermari@HL)
orthogonal matrices L, JO(m )that have fixed last column/ =(1/\/r_n,...1/\/a)T and
=0py-

satisfy the hyper-plane constraifif [L

m,m-1



More generally, to study the maximum rangevariation of skewness and kurtosis over the
space of all deterministic matrices, we are interested in the constrainednigation on the
Stiefel manifold (introduced in Stiefel (1936)) tife objective functions (2.9) subject to the
constraints Ly, L., =E,, 1,00,,=0;. To tackle these problems several algorithms are
available. Besides manifold versions of the Newémd the conjugate gradient method (e.g.
Edelman et al. (1998), Sections 3.2 and 3.4, Adtsdl. (2008), Sections 6 and 8), there exist
(curve)linear search algorithms (e.g. Absil et (@008), Section 4). Within the last class of
algorithms Wen and Yin (2013) have developed aildmgconstraints preserving) retraction
method. We hope that these complex topics willdo&led in the future.

2.2. Random orthogonal matrices and sample characteristicsin ROM simulation

The focus is now on the random square orthogongicea, which pre- or post-multiply a given

L matrix during a ROM simulation in (2.5). They fafito three categories: permutations,
reflections and rotations. There exist many différevays to generate random orthogonal
matrices. They include techniques based on Givatasions matrices, skew-symmetric matrices
and Cayley transforms, or the matrix exponentiatfion (e.g. Ledermann et al. (2011), Section
2.2, and Ledermann and Alexander (2011)). Accortingnderson et al. (1987) (see also Golub
and Van Loan (1996), Genz (1998)) it is well-knothat every orthogonal matribx®R OO(n )

can be written as a product éfn(n—1) rotation matrices and reflections:

Rn = (G:LZGlS' ' 'Gln ) |]CSZS' ' 'GZn ) Ll.. |]CSn—ln ) ED: ! (2 11)

where the matrixD, =diag(&,,...,.£,), & =*1i =1,...,n, represents reflections, and

E 0 0 0O O
0 cosg O sing O
G, =0 0 E O O (2.12)
0 -sing; 0 cosf; O
0 0 0 0 E

212
random orthogonal matrices is described in Andersbral. (1987) using Bernoulli random
variables for D, and a set of;n(n-1) mutually independent beta random variables. e no
that alternative algorithms for this have been tped in Genz (1998). For simplicity, and like
Ledermann and Alexander (2011), we restrict thentittn to randomupper Hessenberg
orthogonal matricesH , [JO(n), which can be written as a product of— Givens rotation

matrices of the form (e.g. Berry et al. (1995), Ggmani (2005))

are Givens rotation matrices with angles of rotatid) D[—ﬂ ’—7]. The generation of such

H, =G,(6)G,(6,)L.1G,(6,.,) (2.13)



where G, (6, ) is an nxr identity matrix except for the 2x2 principal soiatrix with entries

(2.14)

@i+ +1]=( cosd, sinﬁij,

-singd cosd,

where g, is chosen at random in the interv@,Zn), I=1..n-1.

An investigation of how random permutationsflections and other random orthogonal
matrices alter the sample characteristics of mailtate time series ROM simulations is found in
Ledermann et al. (2011), Section 2.2. Ledermann Aedander (2011) study in detail these
effects for different rotational matrices.

2.3. Properties of multivariate moments under sample concatenation

First of all, one observes that the value mf> n, which achieves a desired skewness or kurtosis
level along the line of Section 2.1, will be mucmaller than the number of observations
required for a standard simulation. To overcomes ttlisadvantage one obviously repeats
simulations of size m until enough observations have been generatdadctmique called
sample concatenatiorOnce the desired mean, covariance matrix andivatitite skewness or
kurtosis have been matched for a given smal n, what about the first four multivariate
moments of the concatenated sample ? The resslinsnarized in Proposition 2.1. For the
skewness this depends upon the notion of co-skewnes

Definition 2.1. Given two different samplesX, , = (xlT,...,xTx )T andY, = (xlTxT )T on

m

the samen random variables, the multivariate-skewness defined by
p My my = ; _
To (X Y) = (M + M) 2 RS20 -0 08, +S) Wy, -9'F, (219)

where X,y and S,,S, are the means and covariance matriceXqf ,Y,, , respectively.
The co-skewness is invariant under non-singulanatransformations of the form

X o = X nBy+1, b1, Y, =Y, B, +1 b, (2.16)

my ,n

with any invertible matrix B, and column vector b, . That is, under (2.16), one has
rc(>z \-(:myn) =Tc(Xp s Ym, ) (s€€ Ledermann et al. (2011), Appendix A.2).

my,n? my ,n?

Proposition 2.1. Consider r random samplesX X each with sample mean,

m,neee m,n?

and sample covariance matrig,. Set m=ym, and define X, = (X,T%n,...,x;'n)T . Then
k=1



m_l D'; D<m,n = :urT' m_l D<r-lr—1n D<m,n = Cn’ (217)

Ty (X o) = M2 D NET,, (X ) + 2072 08 (M +M,)2 76 (X 00V )
k=1 k</ (218)

KM (Xm,n) = m_l |%r::lrnkKM (Xm(n)

Proof. See Ledermann et al. (2011), Appendix A.3.

The equations (2.17) state that sample means awariance matrices are preserved under
sample concatenation of smaller samples with idahtsample means and covariance. In
particular, a large exact moment simulation, whanigets a given covariance matr®,, can be

constructed by concatenating many smaller exact embsimulations, each with the same target
covariance matrixC,.

However, the equations (2.18) show that skewrend kurtosis will be preserved under
sample concatenation only under much more resteictonditions. Firstly, the kurtosis will be
preserved by concatenating smaller samples witlalesige and identical kurtosis. This implies
that the samé matrix must be used for each smaller simulatiorthat

Xomn =L QT +m (L, R)T,... (L, (R™)T)T [B,. (2.19)

The behaviour of skewness is more complex due g¢octirskewness terms in (2.18). Since
Te(Xpni X)) =Ty (X,,)/4 one sees thar, (X, ) =7,(L,, provided

m,n’

Xomn =L Qup +/m Ll )T R, OB, (2.20)

3. Application to market value-at-risk (market VaR)

ROM simulation may be potentially applied to anphlgem that can be resolved with Monte
Carlo simulation. In general, these kinds of protderequire the forecast of future multivariate
distributions using historical or scenario sampgad It is shown how ROM simulation applies
to VaR estimation, which is a main industry benctiata assess financial risk, and how to get
some useful semi-parametric analytical sample apmations to VaR.

3.1. ROM VaR methodology

Suppose a portfolio withn risk factors is given. Its target mean vectoratbirns is y, and its
covariance matrix isC_ . A sample matrix X, with m>n is generated using a ROM

simulation of the form (2.5). It represents observations for the return¥,,...,X,, on the
portfolio’'s n risk factors and generatesn observations of the overall portfolio return



S= ixj through S = ix i =1...,m. ROM VaR considers the mean, variance, skewness
j=1 j=1

ij?

and kurtosis sample characteristi¢g, 2, ys, V,s) of the portfolio return calculated as

~ 1m " 1 m R
==>S, 0i=—-2(S -[)%,
Hs PIRS s m—ligi( , — [s)

mi=1
s~ 5 Ks3s (Mm=-1)(m-2) E(S Hs) (3.1)
L _Keys o m(m+1) Qe VA 1 C(Q _ 72 ;
Vos = 5t Kys = (M=-1)(m-2)(m-3) i2231(5. Hs) SE’(W(E(S' Hs) j :

Under the usual MVN assumption the portfolio’'s ROM&R is calculated as
VaR[S]|= -1, + 6, ., (3.2)

with z, = tD’l(l—g) the &-percentile of the standard normal ard the probability of loss.

Typically, the covariance matrixC, has a big impact on (3.2) becaugg =1’ [T, . Since

VaR is a lower quantile of the return distributibis also much dependent upon the variation of
skewness and kurtosis. To take this effect int@awctit is possible to specify either parametric
analytical distributions of return (see Hurlimar2®Q9), Section 2.1, for some useful choices) or
adopt a semi-parametric approach that does notressuspecific distribution but accounts for
non-trivial higher moments. Since parametric modelf§er frommodel riskwe consider only a
semi-parametric approach based on the skewneskuatuis, namely the Cornish-Fisher VaR
approximation (Section 3.2) and an approximatiogeldaon the Chebyshev-Markov VaR upper
bound (Section 3.3).

We note that the (non-parametric) historicalRVcould also be used because it obviously
takes into account the historical skewness andokigrtHowever, as already mentioned in the
introduction, the limitation to historical observats implies that history will repeat itself. With
ROM VaR it is possible to simulate a very large emof realized risk factor returns that are all
consistent with the observed historical sample mameéVoreover, we can stress test risk factors
under adverse market conditions by targeting offanple moments that are consistent with
periods of financial crisis.

For the above reasons we choose a ROM VaRlaion, where the deterministicmatrix is
chosen to reflect the risk manager’s point of viemvMardia kurtosis while still preserving its
historical observed value as well as other propgiti the historical data. As seen in Section 2.2,
equation (2.19), to control the Mardia kurtosishaé deterministid. matrix, say the Helmert-
Ledermann matrix (2.4), we choose a concatenated B&nple of the form

Xopn =L o P UL, RO (L, RO))T B, (3.3)
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where RY,..,R" are different random orthogonal matrices. Fos,thie know by (2.10) that

Ky (Xpn) =Ky (L*p’n) =nl{p-2). Therefore, to target a kurtosis dil+ 8)[n[(n+2),5=> , 0

where £ = 0 corresponds to the Mardia kurtosis of a MVN mdeed). Ledermann et al. (2011),
Proposition 2.3)), the parametgy is set equal to the nearest integer matchingdoation

p=2+@Q+pL)[(n+2). (3.4)

3.2. Cornish-Fisher VaR approximation

This semi-parametric approach makes use of the iSlefischer (1937) expansion. For a
random variable S with meanyy, varianceos, skewness ys and kurtosis y,s, which

represents here a profit, one has the follow@aynish-FischerVaR approximation(CF VaR)
(e.g. Jaschke(2001) or Alexander (2008), IV.5.3@, the context of delta-gamma-normal
approximation):

VaFfF[S] =~Hs + Oy &::F’

1 1 1 (3.5)
zZF=z +>(22 -0, +—=(2-32 -—(222 -5z :
€ £ 6(6 )l:ys 24(5 f)D/Z,S 36( 3 f)l:y;
with z, =®™(1-£) the &-percentile of the standard normal distributiorislvell-known that

the method consists to transform the quantile nbamal law into the realization of a random
variable S with non-vanishing skewness and kurtosis such tha(S) = ®(z,). To be well-

defined such a transformation must be one-to-oneedessary and sufficient condition for this
is the non-vanishing of the derivativdS/ dz,, which holds provided the following inequality is
satisfied:

afe - 2% + )% 20, (3.6)

In practice y; and y,, are small andy, ¢ is positive, hence the condition is often fuéfdl

3.3. Chebyshev-M arkov VaR upper bound and robust approximation

Since Chebyshev and Markov it is possible to cocstuniversal semi-parametric bounds for the
evaluation of VaR (and expected shortfall) basedttan first few moments of higher order.
Rather simple and practical analytical bounds, Wiasiee based on the mean, variance, skewness
and kurtosis of the portfolio loss distributionyvleabeen derived in Hirlimann (2002), Theorems
4.1, 4.2 and Corollary 4.1 (see also Hurlimann @00ladajarah et al. (2014), Section 2.4). In
general, one has the following implicitly defin€thebyshev-MarkowaR (CM VaR) upper
bound
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VaRCM [S]:—Ius+0'S QSCM' p(ZSCM):g' ESE(:L—L}

2 4+¥2

q(u) =1+ysu—u2, Ag =2+, _yé-

(3.7)

Pu) = q(u)? +AZ @+u?)’

Since this upper bound takes into account the edreffects that skewness and kurtosis may
have on VaR, it is clearly only a crude upper boundhe limiting case of a normal distribution

with ys=y,s =0 one gets as special casg™ = (ﬂ)% which considerably overestimates

the true normal VaR coefficieng, = ®™(1—¢ . )t is possible to transform this upper bound into

a more robust formula. Roughly speaking a modetolsust when a small change in the
assumptions does not produce big changes in thitged simple device to adjust the upper
bound (in order to get a robust version of it ia ttormal case) is through a multiplication factor,
chosen here as the ratio of these two coefficiams.get therobust Chebyshev-MarkovaR
approximation(robust CM VaR):

VaRM[S] = - + o, G(Z—) M. (3.8)
2-3¢)a
In the special case of a symmetric distributionhwiinishing skewnesy/; = ,®ne has the

explicit symmetric Chebyshev-Mark&aR upper bound(sym CM VaR) (Hurlimann (2002),
Example 4.1):

1
_ 2
VaFfCM[S]:—/JS +0g QSCM, ZESCM :g[ﬁ\/yisﬁ'@[ﬁyz,s*'?’)_g_yz,s . (3.9)

Similarly to the preceding situation, one gets tbhbust symmetric Chebyshev-MarkgaR
approximation(robust sym CM VaR):

VaRS™M[s] = —ug + o G(Z—)Ez (3.10)

4. A numerical case study

The present Section illustrates the ROM VaR sinmutamethod. Given the mean vector and the
covariance matrix of the risk factor returns, thara kurtosis of portfolio returns is targeted as
explained in Section 3.1. Based on the simulatednneolatility, skewness and kurtosis of the
portfolio return, VaR is estimated using the Cadnrissher VaR approximation, the Chebyshev-
Markov VaR upper bound and its robust approximation
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For a number of risk factors{ 345610 we generaten=r[p=10 00Boncatenated
ROM samples of the type (3.3) with D{81016,20}, p>n, and random upper Hessenberg
orthotonal matricesR"”,...,R" as specified in (2.13)-(2.14). For simplicity, wssume a zero-
mean vector of returnsy, =0, (as in the Risk Metrics methodology) and use ftil®wing
full-rank column-homogeneous angles parameterigzabibthe correlation matrixp, = (,05”))
by Brigo (2002):

)1— (@, )™

1-aa, tlaa)? a0(-1) 1sijsn. @D

o =\ i-a’ fi-af

In this situation, the spectral decompositign) =b] b, with b = (bj‘i”)) reads

Y j<d}

b =f1-a?) 2 a/™. (4.2)

Further, we assume a constant vecty = (0.1...,01)" of standard deviations of returns, so
that the spectral decomposition of the associatedréance matrixC, = o, [p, o, = B] [B,,

B, =(B{"), is given by B{" =b{"”g,. The vectora™ =(a,,....a, ) of constants in (4.1)-(4.2)

is taken from the following specification:
a® =(a,,...a,)=(- 050050~ 050050,-050). (4.3)

Once a ROM simulated sample of returixs, , has been generated, the overall sample portfolio
returns S = ixi,j ,i=1...m, as well as the sample characteristics (3.1)caleulated. Table
j=1

4.1 summarizes the results and displays correspgnifiaR approximations for the small
probability of loss £ = 0. 005(Basel 11l and Solvency Il compatible).

The following observations can be made. Wthike normal VaR (3.2) remains for fixed
(up to MC errors) rather stable across choicespof n, the CF VaR (3.5) and the CM VaR
(3.7)-(3.8) vary much withp. Since the kurtosis is increasing with one expects that VaR is
also increasing withp in agreement with increased risk by increasedokis. This is true for
the CM VaR approximations but not for the CF VaPragimation (a counterexample is the
pair (6,8)-(6,10)). Since for small kurtosis the €&R can be below the normal VaR, one also
observes that the CF VaR might discriminate too hmwith respect to normal VaR. Since the
CM VaR approximations are above or at least closhe normal VaR for the robust CM VaR,
these approximations do not share this disadvant@gethe other hand, the CM VaR upper
bound (3.7) might be too conservative to be usefpractice. The robust CM VaR lies often on
the safe side with respect to the CF VaR and appeaoe a reasonable compromise. Whether
the above observations remain true in more gesetahgs is open for further investigation.
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Example4.1: VaR approximations using sample concatenated R@Mlation, & = 0. 005

sample characteristics of portfolio return VaR sample approximations
~ A ~ ~ Normal CF VaR CM VaR robust CM
(n,p) Hs O Vs Vas appr. (3.2) |appr.(3.5) |appr.(3.7) |VaR (3.8)

(3,8) -0.00090 0.27943 -0.72004 1.10760 0.72067 0.56673 1.23146 0.71101
(3,10) -0.00197 0.28019 -0.92752  2.50553 0.72369 0.61086 1.31745 0.76108
(3,16) -0.00068 0.28020 -1.41438 6.87933 0.72243 0.77055 1.47935 0.85396
(3,20) -0.00075 0.27377 -1.81896 10.15159 0.70594 0.78652 1.49431 0.86262

(4,8) 0.00249 0.37493 -0.71406 1.14419 0.96327 0.76608 1.65659 0.95489
(4,10) -0.00043 0.37501 -0.95445 2.60568 0.96638 0.80929 1.76262 1.01731
(4,16) 0.00293 0.37249 -1.42248 7.10152 0.95655 1.04491 1.97560 1.13879
(4,20) -0.00040 0.37571 -1.75623 10.05203 0.96818 1.13616 2.06661 1.19272

(5,8) 0.00222 0.46503 -0.50198 0.79422 1.19561 1.05113 2.08150 1.20021
(5,10) 0.00169 0.46496 -0.80554 2.32418 1.19598 1.08728 2.21010 1.27464
(5,16) 0.00119 0.47206 -1.23465 6.60437 1.21475 1.45785 2.54250 1.46667
(5,20) -0.00216 0.46816 -1.53516 9.49184 1.20806 1.61382 2.62973 1.51842

(6,8) 0.00060 0.56451 -0.34874 0.63112 1.45349 1.36697 2.56020 1.47713
(6,10) 0.00012 0.55771 -0.73850 2.19073 1.43644 1.34630 2.66379 1.53711
(6,16) 0.00037 0.55892 -1.27634 6.66214 1.43931 1.68324 2.99690 1.72923
(6,20) 0.00217 0.55993 -1.54007 9.81751 1.44011 1.98895 3.16545 1.82573

(10,16) | 0.00194 0.94655 -1.11161 5.85605 2.43622 2.91843 5.06326 2.92097
(10,20) | 0.00942 0.92664 -1.45863 9.54017 2.37744 3.39026 5.25837 3.03040

To conclude, one can state that the considered io@lROMVaR semi-parametric approach
clearly demonstrates the important variability chR/ due to higher than normal kurtosis in
portfolio returns. Unlike parametric models likau@ent t, normal mixture and Student t mixture
models, this approach does not suffer from modd &and is an appropriate complementary
substitute of the parametric VaR method, which a¢ able to capture non-normality effects.
Moreover, the simplicity and reasonable performamfe concatenated ROM simulation
competes well with a general MC VaR method thaluishes non-linear (via delta-gamma
approach) and non-normality effects.
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